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Critiques of classification parity
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Recap
• COMPAS: risk scoring system predicting recidivism


- Y: observed reoffend,  X: 20-dim feature based on questionnaire


• ProPublica: COMPAS has different false positive rates 
P( predicted high risk | not reoffend ), and FNR across 
Blacks and Whites


• Northepoint: but COMPAS has similar predictive value 
P( reoffend | predicted high risk)


• Chouldechova: impossible to satisfy these simultaneously
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General view
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Perspectives matter
• Viewpoints vary substantially between stakeholders


• Defendant: what is the probability I’ll be wrongly labeled 
high-risk?
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Predicted low risk Predicted high risk

Re-offended

Did not re-offend True Negative False Positive

True PositiveFalse Negative

FPR = FP / (FP + TN)
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Perspectives matter
• Viewpoints vary substantially between stakeholders


• Decision-maker: of those I’ve predicted high-risk, what 
fraction will re-offend?
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Predicted low risk Predicted high risk

Re-offended

Did not re-offend True Negative False Positive

True PositiveFalse Negative

Predictive value



B9145: Reliable Statistical Learning 
Hongseok Namkoong

Classification parity
• Equalize FPR, FNR, PV across pre-defined demographic 

groups


• More generally, we can equalize any measure of performance
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Slides by Sharad Goel

P(Y = 1 |X)
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• Threshold rule maximizes social welfare, if errors are 
equally costly across individuals

Slides by Sharad Goel
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P(Y = 1 |X, R = blue)

P(Y = 1 |X, R = red)
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Recap

• FPR = FP / (FP + TN)


• FPR = Wouldn’t have reoffended & “predict high risk” 

                                  Wouldn’t have reoffended


• In Broward County, FL, FPR was 31% for Blacks, and 15% 
White
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Inframarginality

• Infra-marginal: below from the margins

- This means a metric depends on things away from the threshold


• FPR is a infra-marginal statistic

- It depends on the entire risk distribution, not just the threshold

- In general, metrics from confusion matrix suffer similar issues


• This leads to misleading fairness notions when risk 
distributions differ across groups
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Limitations

• Argument so far based on when Y and X are fixed

- In a world where the legal, political, economic systems work against 

marginalized communities, data will embody inequities and biases

- Both label and features biased


• Based on P(Y = 1 | X) being known

- Estimating this uniformly over features X is notoriously difficult

- Model selection nontrivial
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Limitations

• Distribution shift

- All discussion so far based on data from Broward County, FL

- Demographics (X), Y | X changes over time and space


• Agents’ behavior may change in response to introduction of 
the system; introduces dynamics through time and space


• Externalities
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More broadly

• Should this system exist at all?


• Is detaining people at higher risk of recidivating the right 
intervention?


• Structural shifts in the socioeconomic, legal, political system

- When / how can prediction models help? As opposed to replicating 

the patterns in the world

- different recidivism rates is a result of historical social and economic 

discrimination
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Worst-case subpopulations, 
tail-performance, and 

distributional robustness
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Links

https://arxiv.org/abs/1810.08750
https://arxiv.org/abs/2007.13982

https://www2.isye.gatech.edu/people/faculty/Alex_Shapiro/SPbook.pdf

https://arxiv.org/abs/1806.08010
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Rest of the lecture

• So far, we focused on binary classification problems with 
pre-defined demographic groups


• What about generic loss minimization problems?


• Goal: guarantee good performance (low loss) uniformly 
over demographic subgroups

- Quantify what “uniformly” means

- Quantify what “demographic subgroups” mean


• Previous caveats apply about (very) limited scope
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• Loss/Objective               where              is parameter/
decision to be learned, and                is random data


• Optimize average performance under 


     Linear regression


     SVM (Classification) 


     Deep neural networks 

Standard Approach: Average Loss
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More examples: newsvendor, portfolio, scheduling…
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Challenge 1: Long-tails
• Long-tailed data is ubiquitous in modern applications


- At Google, a constant fraction of queries are new each day


• Tail inputs often determine quality of service
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MSR Learning to Rank [Qin & Liu ’13]
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• Warfarin is the most widely used 
blood-thinner worldwide


• Task: learn to predict therapeutic        
warfarin dosage


• Personalized treatment 
recommendation based on 
regression models [International Warfarin 
Pharmacogenetics Consortium ’09]


- Worked best out of polynomial regression, kernel 
methods, neural networks, regression splines, 
boosting [IWPC ’09]

Example: Predicting Warfarin Dosage

Tail performance is orders of magnitude  
worse than average

Another use for Warfarin: rat poison



Other examples:


• Language identification 

      [Blodgett et al. ’16, Jurgens et al. ’17]


• Part of speech tagging [Hovy & Sgaard ’15]


• Video captioning [Tatman ’17]


• Recommenders [Ekstrand et al. ’17, ’18]

Challenge 2: Lack of Diversity in Data

• “Clinical trials for new drugs skew heavily white”

- From 1993-2013, 98.1% of all studies on respiratory diseases     

did not report inclusion of minority subjects [Burchard et al. ’18]


- Racial minorities more likely to suffer from respiratory diseases


• Majority of image data from US & Western Europe

ImageNet: country of origin

[Shankar et al. ’17]

[Oh et al. ’15, 
Burchard et al. ’15, 
SA Editors ’18]



Example: Facial Recognition
• Labeled Faces in the Wild, a gold standard dataset for face 

recognition, is 77.5% male, and 83.5% White [Han and Jain ’14]


• Commercial gender classification softwares have disparate 
performance on different subpopulations

Gendered Shades: Intersectional accuracy disparity
[Buolamwini and Gebru ’18]



• In some applications, demographic information is unavailable (e.g. 
speech recognition), or illegal to use (e.g. insurance)


• Protected groups are hard to define a priori

- variables often comprise continuous spectrum (e.g. skin color)

- performance determined in an intersectional fashion


• Accounting for intersections gives exponentially many subgroups

- computational & statistical difficulties

First Idea: Pre-defined groups

Problems

[Meinshausen & 

 Buhlmann ’15]

• Separate model for each group


• One model for worst-off group

EPg [`(✓g;Z)]
<latexit sha1_base64="jzOmPhG0DCJvWWtuPNbYR32mg/8="></latexit><latexit sha1_base64="jzOmPhG0DCJvWWtuPNbYR32mg/8="></latexit><latexit sha1_base64="jzOmPhG0DCJvWWtuPNbYR32mg/8="></latexit><latexit sha1_base64="jzOmPhG0DCJvWWtuPNbYR32mg/8="></latexit>

max
g2G

EPg [`(✓;Z)]
<latexit sha1_base64="s5An/auV4//sY0hZcONkr7S77gk="></latexit><latexit sha1_base64="s5An/auV4//sY0hZcONkr7S77gk="></latexit><latexit sha1_base64="s5An/auV4//sY0hZcONkr7S77gk="></latexit><latexit sha1_base64="s5An/auV4//sY0hZcONkr7S77gk="></latexit>

Given pre-defined demographic groups g 2 G,
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See also [Kearns et al. ’18, Kim et al. ’19] 



Error per racial group

Example: Predicting Warfarin Dosage



Error per racial group for  
patients with high dosage (> 49mg)

Example: Predicting Warfarin Dosage



• Guarantee uniform performance across 
subpopulations


• Computationally efficient


• Characterize statistical price of subpopulation 
performance

Preview
Automatically find worst-off subpopulations,  

and optimize performance on them
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Subpopulations

P: base distribution

•     is a subpopulation of P if it’s a mixture component

subpopulationis aQ
<latexit sha1_base64="U7T8JL7YIE0MxapymYQI10NX+ts=">AAACEHicbVDLSgMxFL3js9ZX1aWbYBHcWGZE0GXFjcsW7APaoWTSjA3NY0gyQhkKfoPgVn/Dnbj1D/wLP8FM24VtvRA499xzOTcnSjgz1ve/vZXVtfWNzcJWcXtnd2+/dHDYNCrVhDaI4kq3I2woZ5I2LLOcthNNsYg4bUXD23zeeqTaMCXv7SihocAPksWMYOuoTte1VFqc1ce9Utmv+JNCyyCYgTLMqtYr/XT7iqTC7ROOjekEfmLDDGvLCKfjYjc1NMFk6Bw6DkosqAmzycljdOqYPoqVdk9aNGH/bmRYGDMSkVMKbAdmcZaT/806qY2vw4zJJLVUkqlRnHJkFcr/j/pMU2L5yAFMNHO3IjLAGhPrUppzMdZlZJzAnAsnVSaPKFgMZBk0LypBUAnql+XqzdM0rAIcwwmcQQBXUIU7qEEDCCh4gVd48569d+/D+5xKV7xZwEcwV97XL8/5nwg=</latexit><latexit sha1_base64="U7T8JL7YIE0MxapymYQI10NX+ts=">AAACEHicbVDLSgMxFL3js9ZX1aWbYBHcWGZE0GXFjcsW7APaoWTSjA3NY0gyQhkKfoPgVn/Dnbj1D/wLP8FM24VtvRA499xzOTcnSjgz1ve/vZXVtfWNzcJWcXtnd2+/dHDYNCrVhDaI4kq3I2woZ5I2LLOcthNNsYg4bUXD23zeeqTaMCXv7SihocAPksWMYOuoTte1VFqc1ce9Utmv+JNCyyCYgTLMqtYr/XT7iqTC7ROOjekEfmLDDGvLCKfjYjc1NMFk6Bw6DkosqAmzycljdOqYPoqVdk9aNGH/bmRYGDMSkVMKbAdmcZaT/806qY2vw4zJJLVUkqlRnHJkFcr/j/pMU2L5yAFMNHO3IjLAGhPrUppzMdZlZJzAnAsnVSaPKFgMZBk0LypBUAnql+XqzdM0rAIcwwmcQQBXUIU7qEEDCCh4gVd48569d+/D+5xKV7xZwEcwV97XL8/5nwg=</latexit><latexit sha1_base64="U7T8JL7YIE0MxapymYQI10NX+ts=">AAACEHicbVDLSgMxFL3js9ZX1aWbYBHcWGZE0GXFjcsW7APaoWTSjA3NY0gyQhkKfoPgVn/Dnbj1D/wLP8FM24VtvRA499xzOTcnSjgz1ve/vZXVtfWNzcJWcXtnd2+/dHDYNCrVhDaI4kq3I2woZ5I2LLOcthNNsYg4bUXD23zeeqTaMCXv7SihocAPksWMYOuoTte1VFqc1ce9Utmv+JNCyyCYgTLMqtYr/XT7iqTC7ROOjekEfmLDDGvLCKfjYjc1NMFk6Bw6DkosqAmzycljdOqYPoqVdk9aNGH/bmRYGDMSkVMKbAdmcZaT/806qY2vw4zJJLVUkqlRnHJkFcr/j/pMU2L5yAFMNHO3IjLAGhPrUppzMdZlZJzAnAsnVSaPKFgMZBk0LypBUAnql+XqzdM0rAIcwwmcQQBXUIU7qEEDCCh4gVd48569d+/D+5xKV7xZwEcwV97XL8/5nwg=</latexit><latexit sha1_base64="U7T8JL7YIE0MxapymYQI10NX+ts=">AAACEHicbVDLSgMxFL3js9ZX1aWbYBHcWGZE0GXFjcsW7APaoWTSjA3NY0gyQhkKfoPgVn/Dnbj1D/wLP8FM24VtvRA499xzOTcnSjgz1ve/vZXVtfWNzcJWcXtnd2+/dHDYNCrVhDaI4kq3I2woZ5I2LLOcthNNsYg4bUXD23zeeqTaMCXv7SihocAPksWMYOuoTte1VFqc1ce9Utmv+JNCyyCYgTLMqtYr/XT7iqTC7ROOjekEfmLDDGvLCKfjYjc1NMFk6Bw6DkosqAmzycljdOqYPoqVdk9aNGH/bmRYGDMSkVMKbAdmcZaT/806qY2vw4zJJLVUkqlRnHJkFcr/j/pMU2L5yAFMNHO3IjLAGhPrUppzMdZlZJzAnAsnVSaPKFgMZBk0LypBUAnql+XqzdM0rAIcwwmcQQBXUIU7qEEDCCh4gVd48569d+/D+5xKV7xZwEcwV97XL8/5nwg=</latexit>

Q
<latexit sha1_base64="U7T8JL7YIE0MxapymYQI10NX+ts=">AAACEHicbVDLSgMxFL3js9ZX1aWbYBHcWGZE0GXFjcsW7APaoWTSjA3NY0gyQhkKfoPgVn/Dnbj1D/wLP8FM24VtvRA499xzOTcnSjgz1ve/vZXVtfWNzcJWcXtnd2+/dHDYNCrVhDaI4kq3I2woZ5I2LLOcthNNsYg4bUXD23zeeqTaMCXv7SihocAPksWMYOuoTte1VFqc1ce9Utmv+JNCyyCYgTLMqtYr/XT7iqTC7ROOjekEfmLDDGvLCKfjYjc1NMFk6Bw6DkosqAmzycljdOqYPoqVdk9aNGH/bmRYGDMSkVMKbAdmcZaT/806qY2vw4zJJLVUkqlRnHJkFcr/j/pMU2L5yAFMNHO3IjLAGhPrUppzMdZlZJzAnAsnVSaPKFgMZBk0LypBUAnql+XqzdM0rAIcwwmcQQBXUIU7qEEDCCh4gVd48569d+/D+5xKV7xZwEcwV97XL8/5nwg=</latexit><latexit sha1_base64="U7T8JL7YIE0MxapymYQI10NX+ts=">AAACEHicbVDLSgMxFL3js9ZX1aWbYBHcWGZE0GXFjcsW7APaoWTSjA3NY0gyQhkKfoPgVn/Dnbj1D/wLP8FM24VtvRA499xzOTcnSjgz1ve/vZXVtfWNzcJWcXtnd2+/dHDYNCrVhDaI4kq3I2woZ5I2LLOcthNNsYg4bUXD23zeeqTaMCXv7SihocAPksWMYOuoTte1VFqc1ce9Utmv+JNCyyCYgTLMqtYr/XT7iqTC7ROOjekEfmLDDGvLCKfjYjc1NMFk6Bw6DkosqAmzycljdOqYPoqVdk9aNGH/bmRYGDMSkVMKbAdmcZaT/806qY2vw4zJJLVUkqlRnHJkFcr/j/pMU2L5yAFMNHO3IjLAGhPrUppzMdZlZJzAnAsnVSaPKFgMZBk0LypBUAnql+XqzdM0rAIcwwmcQQBXUIU7qEEDCCh4gVd48569d+/D+5xKV7xZwEcwV97XL8/5nwg=</latexit><latexit sha1_base64="U7T8JL7YIE0MxapymYQI10NX+ts=">AAACEHicbVDLSgMxFL3js9ZX1aWbYBHcWGZE0GXFjcsW7APaoWTSjA3NY0gyQhkKfoPgVn/Dnbj1D/wLP8FM24VtvRA499xzOTcnSjgz1ve/vZXVtfWNzcJWcXtnd2+/dHDYNCrVhDaI4kq3I2woZ5I2LLOcthNNsYg4bUXD23zeeqTaMCXv7SihocAPksWMYOuoTte1VFqc1ce9Utmv+JNCyyCYgTLMqtYr/XT7iqTC7ROOjekEfmLDDGvLCKfjYjc1NMFk6Bw6DkosqAmzycljdOqYPoqVdk9aNGH/bmRYGDMSkVMKbAdmcZaT/806qY2vw4zJJLVUkqlRnHJkFcr/j/pMU2L5yAFMNHO3IjLAGhPrUppzMdZlZJzAnAsnVSaPKFgMZBk0LypBUAnql+XqzdM0rAIcwwmcQQBXUIU7qEEDCCh4gVd48569d+/D+5xKV7xZwEcwV97XL8/5nwg=</latexit><latexit sha1_base64="U7T8JL7YIE0MxapymYQI10NX+ts=">AAACEHicbVDLSgMxFL3js9ZX1aWbYBHcWGZE0GXFjcsW7APaoWTSjA3NY0gyQhkKfoPgVn/Dnbj1D/wLP8FM24VtvRA499xzOTcnSjgz1ve/vZXVtfWNzcJWcXtnd2+/dHDYNCrVhDaI4kq3I2woZ5I2LLOcthNNsYg4bUXD23zeeqTaMCXv7SihocAPksWMYOuoTte1VFqc1ce9Utmv+JNCyyCYgTLMqtYr/XT7iqTC7ROOjekEfmLDDGvLCKfjYjc1NMFk6Bw6DkosqAmzycljdOqYPoqVdk9aNGH/bmRYGDMSkVMKbAdmcZaT/806qY2vw4zJJLVUkqlRnHJkFcr/j/pMU2L5yAFMNHO3IjLAGhPrUppzMdZlZJzAnAsnVSaPKFgMZBk0LypBUAnql+XqzdM0rAIcwwmcQQBXUIU7qEEDCCh4gVd48569d+/D+5xKV7xZwEcwV97XL8/5nwg=</latexit>

9proportion a 2 (0, 1], prob. Q0

s.t. P (·) = aQ+ (1� a)Q0
<latexit sha1_base64="EvTwDlKdaA27PaqE3uxZuEsqcRI="></latexit><latexit sha1_base64="EvTwDlKdaA27PaqE3uxZuEsqcRI="></latexit><latexit sha1_base64="EvTwDlKdaA27PaqE3uxZuEsqcRI="></latexit><latexit sha1_base64="EvTwDlKdaA27PaqE3uxZuEsqcRI="></latexit>

Q0
<latexit sha1_base64="6XlrGZe9ahhy+FNV3lt9bFt+7V4=">AAACEnicbZDLSgMxGIUz9VbrrerSTbCIbiwzIuiy4sZlC/YC7VAymUwbmsuYZIRhKPgQglt9DXfi1hfwLXwEM20XtvWHwOGcE/6fL4gZ1cZ1v53Cyura+kZxs7S1vbO7V94/aGmZKEyaWDKpOgHShFFBmoYaRjqxIogHjLSD0W2etx+J0lSKe5PGxOdoIGhEMTLW8nshUqOBQmnWOB33yxW36k4GLgtvJipgNvV++acXSpxwIgxmSOuu58bGz5AyFDMyLvUSTWKER2hAulYKxIn2s8nRY3hinRBGUtknDJy4f39kiGud8sA2OTJDvZjl5n9ZNzHRtZ9RESeGCDxdFCUMGglzAjCkimDDUisQVtTeCvEQKYSN5TS3RRtLSduCPue2KnWOyFsEsixaF1XPq3qNy0rt5mkKqwiOwDE4Ax64AjVwB+qgCTB4AC/gFbw5z8678+F8TqsFZwb4EMyN8/ULJx+fuw==</latexit><latexit sha1_base64="6XlrGZe9ahhy+FNV3lt9bFt+7V4=">AAACEnicbZDLSgMxGIUz9VbrrerSTbCIbiwzIuiy4sZlC/YC7VAymUwbmsuYZIRhKPgQglt9DXfi1hfwLXwEM20XtvWHwOGcE/6fL4gZ1cZ1v53Cyura+kZxs7S1vbO7V94/aGmZKEyaWDKpOgHShFFBmoYaRjqxIogHjLSD0W2etx+J0lSKe5PGxOdoIGhEMTLW8nshUqOBQmnWOB33yxW36k4GLgtvJipgNvV++acXSpxwIgxmSOuu58bGz5AyFDMyLvUSTWKER2hAulYKxIn2s8nRY3hinRBGUtknDJy4f39kiGud8sA2OTJDvZjl5n9ZNzHRtZ9RESeGCDxdFCUMGglzAjCkimDDUisQVtTeCvEQKYSN5TS3RRtLSduCPue2KnWOyFsEsixaF1XPq3qNy0rt5mkKqwiOwDE4Ax64AjVwB+qgCTB4AC/gFbw5z8678+F8TqsFZwb4EMyN8/ULJx+fuw==</latexit><latexit sha1_base64="6XlrGZe9ahhy+FNV3lt9bFt+7V4=">AAACEnicbZDLSgMxGIUz9VbrrerSTbCIbiwzIuiy4sZlC/YC7VAymUwbmsuYZIRhKPgQglt9DXfi1hfwLXwEM20XtvWHwOGcE/6fL4gZ1cZ1v53Cyura+kZxs7S1vbO7V94/aGmZKEyaWDKpOgHShFFBmoYaRjqxIogHjLSD0W2etx+J0lSKe5PGxOdoIGhEMTLW8nshUqOBQmnWOB33yxW36k4GLgtvJipgNvV++acXSpxwIgxmSOuu58bGz5AyFDMyLvUSTWKER2hAulYKxIn2s8nRY3hinRBGUtknDJy4f39kiGud8sA2OTJDvZjl5n9ZNzHRtZ9RESeGCDxdFCUMGglzAjCkimDDUisQVtTeCvEQKYSN5TS3RRtLSduCPue2KnWOyFsEsixaF1XPq3qNy0rt5mkKqwiOwDE4Ax64AjVwB+qgCTB4AC/gFbw5z8678+F8TqsFZwb4EMyN8/ULJx+fuw==</latexit><latexit sha1_base64="6XlrGZe9ahhy+FNV3lt9bFt+7V4=">AAACEnicbZDLSgMxGIUz9VbrrerSTbCIbiwzIuiy4sZlC/YC7VAymUwbmsuYZIRhKPgQglt9DXfi1hfwLXwEM20XtvWHwOGcE/6fL4gZ1cZ1v53Cyura+kZxs7S1vbO7V94/aGmZKEyaWDKpOgHShFFBmoYaRjqxIogHjLSD0W2etx+J0lSKe5PGxOdoIGhEMTLW8nshUqOBQmnWOB33yxW36k4GLgtvJipgNvV++acXSpxwIgxmSOuu58bGz5AyFDMyLvUSTWKER2hAulYKxIn2s8nRY3hinRBGUtknDJy4f39kiGud8sA2OTJDvZjl5n9ZNzHRtZ9RESeGCDxdFCUMGglzAjCkimDDUisQVtTeCvEQKYSN5TS3RRtLSduCPue2KnWOyFsEsixaF1XPq3qNy0rt5mkKqwiOwDE4Ax64AjVwB+qgCTB4AC/gFbw5z8678+F8TqsFZwb4EMyN8/ULJx+fuw==</latexit> Q

<latexit sha1_base64="U7T8JL7YIE0MxapymYQI10NX+ts=">AAACEHicbVDLSgMxFL3js9ZX1aWbYBHcWGZE0GXFjcsW7APaoWTSjA3NY0gyQhkKfoPgVn/Dnbj1D/wLP8FM24VtvRA499xzOTcnSjgz1ve/vZXVtfWNzcJWcXtnd2+/dHDYNCrVhDaI4kq3I2woZ5I2LLOcthNNsYg4bUXD23zeeqTaMCXv7SihocAPksWMYOuoTte1VFqc1ce9Utmv+JNCyyCYgTLMqtYr/XT7iqTC7ROOjekEfmLDDGvLCKfjYjc1NMFk6Bw6DkosqAmzycljdOqYPoqVdk9aNGH/bmRYGDMSkVMKbAdmcZaT/806qY2vw4zJJLVUkqlRnHJkFcr/j/pMU2L5yAFMNHO3IjLAGhPrUppzMdZlZJzAnAsnVSaPKFgMZBk0LypBUAnql+XqzdM0rAIcwwmcQQBXUIU7qEEDCCh4gVd48569d+/D+5xKV7xZwEcwV97XL8/5nwg=</latexit><latexit sha1_base64="U7T8JL7YIE0MxapymYQI10NX+ts=">AAACEHicbVDLSgMxFL3js9ZX1aWbYBHcWGZE0GXFjcsW7APaoWTSjA3NY0gyQhkKfoPgVn/Dnbj1D/wLP8FM24VtvRA499xzOTcnSjgz1ve/vZXVtfWNzcJWcXtnd2+/dHDYNCrVhDaI4kq3I2woZ5I2LLOcthNNsYg4bUXD23zeeqTaMCXv7SihocAPksWMYOuoTte1VFqc1ce9Utmv+JNCyyCYgTLMqtYr/XT7iqTC7ROOjekEfmLDDGvLCKfjYjc1NMFk6Bw6DkosqAmzycljdOqYPoqVdk9aNGH/bmRYGDMSkVMKbAdmcZaT/806qY2vw4zJJLVUkqlRnHJkFcr/j/pMU2L5yAFMNHO3IjLAGhPrUppzMdZlZJzAnAsnVSaPKFgMZBk0LypBUAnql+XqzdM0rAIcwwmcQQBXUIU7qEEDCCh4gVd48569d+/D+5xKV7xZwEcwV97XL8/5nwg=</latexit><latexit sha1_base64="U7T8JL7YIE0MxapymYQI10NX+ts=">AAACEHicbVDLSgMxFL3js9ZX1aWbYBHcWGZE0GXFjcsW7APaoWTSjA3NY0gyQhkKfoPgVn/Dnbj1D/wLP8FM24VtvRA499xzOTcnSjgz1ve/vZXVtfWNzcJWcXtnd2+/dHDYNCrVhDaI4kq3I2woZ5I2LLOcthNNsYg4bUXD23zeeqTaMCXv7SihocAPksWMYOuoTte1VFqc1ce9Utmv+JNCyyCYgTLMqtYr/XT7iqTC7ROOjekEfmLDDGvLCKfjYjc1NMFk6Bw6DkosqAmzycljdOqYPoqVdk9aNGH/bmRYGDMSkVMKbAdmcZaT/806qY2vw4zJJLVUkqlRnHJkFcr/j/pMU2L5yAFMNHO3IjLAGhPrUppzMdZlZJzAnAsnVSaPKFgMZBk0LypBUAnql+XqzdM0rAIcwwmcQQBXUIU7qEEDCCh4gVd48569d+/D+5xKV7xZwEcwV97XL8/5nwg=</latexit><latexit sha1_base64="U7T8JL7YIE0MxapymYQI10NX+ts=">AAACEHicbVDLSgMxFL3js9ZX1aWbYBHcWGZE0GXFjcsW7APaoWTSjA3NY0gyQhkKfoPgVn/Dnbj1D/wLP8FM24VtvRA499xzOTcnSjgz1ve/vZXVtfWNzcJWcXtnd2+/dHDYNCrVhDaI4kq3I2woZ5I2LLOcthNNsYg4bUXD23zeeqTaMCXv7SihocAPksWMYOuoTte1VFqc1ce9Utmv+JNCyyCYgTLMqtYr/XT7iqTC7ROOjekEfmLDDGvLCKfjYjc1NMFk6Bw6DkosqAmzycljdOqYPoqVdk9aNGH/bmRYGDMSkVMKbAdmcZaT/806qY2vw4zJJLVUkqlRnHJkFcr/j/pMU2L5yAFMNHO3IjLAGhPrUppzMdZlZJzAnAsnVSaPKFgMZBk0LypBUAnql+XqzdM0rAIcwwmcQQBXUIU7qEEDCCh4gVd48569d+/D+5xKV7xZwEcwV97XL8/5nwg=</latexit>



`(✓;Z)
<latexit sha1_base64="VzBnNA+MS+yEpOVfDpk1cQpQCzE=">AAACF3icbVDLSgNBEJz1GeNr1aOXwSDEg2FXBAUvQS8eI5gHJiHMTmaTIbM7y3RvIIR8iOBVf8ObePXoX/gJTh4Hk1jQUFRV000FiZKAnvftrKyurW9sZray2zu7e/vuwWEFdGq4KHOttKkFDISSsSijRCVqiREsCpSoBr27sV/tCwNSx484SEQzYp1YhpIztFLLdRtKA+Qb2BXIbujTWcvNeQVvArpM/BnJkRlKLfen0dY8jUSMXDGAuu8l2Bwyg5IrMco2UhAJ4z3WEXVLYxYJaA4nn4/oqVXaNNTGTox0ov7dGLIIYBAFNhkx7MKiNxb/8+ophtfNoYyTFEXMp4fCVFHUdFwDbUsjOKqBJYwbaX+lvMsM42jLmrsCaKsCG4DzyEY1jGxF/mIhy6RyUfAtf7jMFW9nZWXIMTkheeKTK1Ik96REyoSTPnkhr+TNeXbenQ/ncxpdcWY7R2QOztcvuBSf/g==</latexit><latexit sha1_base64="VzBnNA+MS+yEpOVfDpk1cQpQCzE=">AAACF3icbVDLSgNBEJz1GeNr1aOXwSDEg2FXBAUvQS8eI5gHJiHMTmaTIbM7y3RvIIR8iOBVf8ObePXoX/gJTh4Hk1jQUFRV000FiZKAnvftrKyurW9sZray2zu7e/vuwWEFdGq4KHOttKkFDISSsSijRCVqiREsCpSoBr27sV/tCwNSx484SEQzYp1YhpIztFLLdRtKA+Qb2BXIbujTWcvNeQVvArpM/BnJkRlKLfen0dY8jUSMXDGAuu8l2Bwyg5IrMco2UhAJ4z3WEXVLYxYJaA4nn4/oqVXaNNTGTox0ov7dGLIIYBAFNhkx7MKiNxb/8+ophtfNoYyTFEXMp4fCVFHUdFwDbUsjOKqBJYwbaX+lvMsM42jLmrsCaKsCG4DzyEY1jGxF/mIhy6RyUfAtf7jMFW9nZWXIMTkheeKTK1Ik96REyoSTPnkhr+TNeXbenQ/ncxpdcWY7R2QOztcvuBSf/g==</latexit><latexit sha1_base64="VzBnNA+MS+yEpOVfDpk1cQpQCzE=">AAACF3icbVDLSgNBEJz1GeNr1aOXwSDEg2FXBAUvQS8eI5gHJiHMTmaTIbM7y3RvIIR8iOBVf8ObePXoX/gJTh4Hk1jQUFRV000FiZKAnvftrKyurW9sZray2zu7e/vuwWEFdGq4KHOttKkFDISSsSijRCVqiREsCpSoBr27sV/tCwNSx484SEQzYp1YhpIztFLLdRtKA+Qb2BXIbujTWcvNeQVvArpM/BnJkRlKLfen0dY8jUSMXDGAuu8l2Bwyg5IrMco2UhAJ4z3WEXVLYxYJaA4nn4/oqVXaNNTGTox0ov7dGLIIYBAFNhkx7MKiNxb/8+ophtfNoYyTFEXMp4fCVFHUdFwDbUsjOKqBJYwbaX+lvMsM42jLmrsCaKsCG4DzyEY1jGxF/mIhy6RyUfAtf7jMFW9nZWXIMTkheeKTK1Ik96REyoSTPnkhr+TNeXbenQ/ncxpdcWY7R2QOztcvuBSf/g==</latexit><latexit sha1_base64="VzBnNA+MS+yEpOVfDpk1cQpQCzE=">AAACF3icbVDLSgNBEJz1GeNr1aOXwSDEg2FXBAUvQS8eI5gHJiHMTmaTIbM7y3RvIIR8iOBVf8ObePXoX/gJTh4Hk1jQUFRV000FiZKAnvftrKyurW9sZray2zu7e/vuwWEFdGq4KHOttKkFDISSsSijRCVqiREsCpSoBr27sV/tCwNSx484SEQzYp1YhpIztFLLdRtKA+Qb2BXIbujTWcvNeQVvArpM/BnJkRlKLfen0dY8jUSMXDGAuu8l2Bwyg5IrMco2UhAJ4z3WEXVLYxYJaA4nn4/oqVXaNNTGTox0ov7dGLIIYBAFNhkx7MKiNxb/8+ophtfNoYyTFEXMp4fCVFHUdFwDbUsjOKqBJYwbaX+lvMsM42jLmrsCaKsCG4DzyEY1jGxF/mIhy6RyUfAtf7jMFW9nZWXIMTkheeKTK1Ik96REyoSTPnkhr+TNeXbenQ/ncxpdcWY7R2QOztcvuBSf/g==</latexit>

Subpopulations

P: base distribution

•     is a subpopulation of P if it’s a mixture component

subpopulationis aQ
<latexit sha1_base64="U7T8JL7YIE0MxapymYQI10NX+ts=">AAACEHicbVDLSgMxFL3js9ZX1aWbYBHcWGZE0GXFjcsW7APaoWTSjA3NY0gyQhkKfoPgVn/Dnbj1D/wLP8FM24VtvRA499xzOTcnSjgz1ve/vZXVtfWNzcJWcXtnd2+/dHDYNCrVhDaI4kq3I2woZ5I2LLOcthNNsYg4bUXD23zeeqTaMCXv7SihocAPksWMYOuoTte1VFqc1ce9Utmv+JNCyyCYgTLMqtYr/XT7iqTC7ROOjekEfmLDDGvLCKfjYjc1NMFk6Bw6DkosqAmzycljdOqYPoqVdk9aNGH/bmRYGDMSkVMKbAdmcZaT/806qY2vw4zJJLVUkqlRnHJkFcr/j/pMU2L5yAFMNHO3IjLAGhPrUppzMdZlZJzAnAsnVSaPKFgMZBk0LypBUAnql+XqzdM0rAIcwwmcQQBXUIU7qEEDCCh4gVd48569d+/D+5xKV7xZwEcwV97XL8/5nwg=</latexit><latexit sha1_base64="U7T8JL7YIE0MxapymYQI10NX+ts=">AAACEHicbVDLSgMxFL3js9ZX1aWbYBHcWGZE0GXFjcsW7APaoWTSjA3NY0gyQhkKfoPgVn/Dnbj1D/wLP8FM24VtvRA499xzOTcnSjgz1ve/vZXVtfWNzcJWcXtnd2+/dHDYNCrVhDaI4kq3I2woZ5I2LLOcthNNsYg4bUXD23zeeqTaMCXv7SihocAPksWMYOuoTte1VFqc1ce9Utmv+JNCyyCYgTLMqtYr/XT7iqTC7ROOjekEfmLDDGvLCKfjYjc1NMFk6Bw6DkosqAmzycljdOqYPoqVdk9aNGH/bmRYGDMSkVMKbAdmcZaT/806qY2vw4zJJLVUkqlRnHJkFcr/j/pMU2L5yAFMNHO3IjLAGhPrUppzMdZlZJzAnAsnVSaPKFgMZBk0LypBUAnql+XqzdM0rAIcwwmcQQBXUIU7qEEDCCh4gVd48569d+/D+5xKV7xZwEcwV97XL8/5nwg=</latexit><latexit sha1_base64="U7T8JL7YIE0MxapymYQI10NX+ts=">AAACEHicbVDLSgMxFL3js9ZX1aWbYBHcWGZE0GXFjcsW7APaoWTSjA3NY0gyQhkKfoPgVn/Dnbj1D/wLP8FM24VtvRA499xzOTcnSjgz1ve/vZXVtfWNzcJWcXtnd2+/dHDYNCrVhDaI4kq3I2woZ5I2LLOcthNNsYg4bUXD23zeeqTaMCXv7SihocAPksWMYOuoTte1VFqc1ce9Utmv+JNCyyCYgTLMqtYr/XT7iqTC7ROOjekEfmLDDGvLCKfjYjc1NMFk6Bw6DkosqAmzycljdOqYPoqVdk9aNGH/bmRYGDMSkVMKbAdmcZaT/806qY2vw4zJJLVUkqlRnHJkFcr/j/pMU2L5yAFMNHO3IjLAGhPrUppzMdZlZJzAnAsnVSaPKFgMZBk0LypBUAnql+XqzdM0rAIcwwmcQQBXUIU7qEEDCCh4gVd48569d+/D+5xKV7xZwEcwV97XL8/5nwg=</latexit><latexit sha1_base64="U7T8JL7YIE0MxapymYQI10NX+ts=">AAACEHicbVDLSgMxFL3js9ZX1aWbYBHcWGZE0GXFjcsW7APaoWTSjA3NY0gyQhkKfoPgVn/Dnbj1D/wLP8FM24VtvRA499xzOTcnSjgz1ve/vZXVtfWNzcJWcXtnd2+/dHDYNCrVhDaI4kq3I2woZ5I2LLOcthNNsYg4bUXD23zeeqTaMCXv7SihocAPksWMYOuoTte1VFqc1ce9Utmv+JNCyyCYgTLMqtYr/XT7iqTC7ROOjekEfmLDDGvLCKfjYjc1NMFk6Bw6DkosqAmzycljdOqYPoqVdk9aNGH/bmRYGDMSkVMKbAdmcZaT/806qY2vw4zJJLVUkqlRnHJkFcr/j/pMU2L5yAFMNHO3IjLAGhPrUppzMdZlZJzAnAsnVSaPKFgMZBk0LypBUAnql+XqzdM0rAIcwwmcQQBXUIU7qEEDCCh4gVd48569d+/D+5xKV7xZwEcwV97XL8/5nwg=</latexit>

Q
<latexit sha1_base64="U7T8JL7YIE0MxapymYQI10NX+ts=">AAACEHicbVDLSgMxFL3js9ZX1aWbYBHcWGZE0GXFjcsW7APaoWTSjA3NY0gyQhkKfoPgVn/Dnbj1D/wLP8FM24VtvRA499xzOTcnSjgz1ve/vZXVtfWNzcJWcXtnd2+/dHDYNCrVhDaI4kq3I2woZ5I2LLOcthNNsYg4bUXD23zeeqTaMCXv7SihocAPksWMYOuoTte1VFqc1ce9Utmv+JNCyyCYgTLMqtYr/XT7iqTC7ROOjekEfmLDDGvLCKfjYjc1NMFk6Bw6DkosqAmzycljdOqYPoqVdk9aNGH/bmRYGDMSkVMKbAdmcZaT/806qY2vw4zJJLVUkqlRnHJkFcr/j/pMU2L5yAFMNHO3IjLAGhPrUppzMdZlZJzAnAsnVSaPKFgMZBk0LypBUAnql+XqzdM0rAIcwwmcQQBXUIU7qEEDCCh4gVd48569d+/D+5xKV7xZwEcwV97XL8/5nwg=</latexit><latexit sha1_base64="U7T8JL7YIE0MxapymYQI10NX+ts=">AAACEHicbVDLSgMxFL3js9ZX1aWbYBHcWGZE0GXFjcsW7APaoWTSjA3NY0gyQhkKfoPgVn/Dnbj1D/wLP8FM24VtvRA499xzOTcnSjgz1ve/vZXVtfWNzcJWcXtnd2+/dHDYNCrVhDaI4kq3I2woZ5I2LLOcthNNsYg4bUXD23zeeqTaMCXv7SihocAPksWMYOuoTte1VFqc1ce9Utmv+JNCyyCYgTLMqtYr/XT7iqTC7ROOjekEfmLDDGvLCKfjYjc1NMFk6Bw6DkosqAmzycljdOqYPoqVdk9aNGH/bmRYGDMSkVMKbAdmcZaT/806qY2vw4zJJLVUkqlRnHJkFcr/j/pMU2L5yAFMNHO3IjLAGhPrUppzMdZlZJzAnAsnVSaPKFgMZBk0LypBUAnql+XqzdM0rAIcwwmcQQBXUIU7qEEDCCh4gVd48569d+/D+5xKV7xZwEcwV97XL8/5nwg=</latexit><latexit sha1_base64="U7T8JL7YIE0MxapymYQI10NX+ts=">AAACEHicbVDLSgMxFL3js9ZX1aWbYBHcWGZE0GXFjcsW7APaoWTSjA3NY0gyQhkKfoPgVn/Dnbj1D/wLP8FM24VtvRA499xzOTcnSjgz1ve/vZXVtfWNzcJWcXtnd2+/dHDYNCrVhDaI4kq3I2woZ5I2LLOcthNNsYg4bUXD23zeeqTaMCXv7SihocAPksWMYOuoTte1VFqc1ce9Utmv+JNCyyCYgTLMqtYr/XT7iqTC7ROOjekEfmLDDGvLCKfjYjc1NMFk6Bw6DkosqAmzycljdOqYPoqVdk9aNGH/bmRYGDMSkVMKbAdmcZaT/806qY2vw4zJJLVUkqlRnHJkFcr/j/pMU2L5yAFMNHO3IjLAGhPrUppzMdZlZJzAnAsnVSaPKFgMZBk0LypBUAnql+XqzdM0rAIcwwmcQQBXUIU7qEEDCCh4gVd48569d+/D+5xKV7xZwEcwV97XL8/5nwg=</latexit><latexit sha1_base64="U7T8JL7YIE0MxapymYQI10NX+ts=">AAACEHicbVDLSgMxFL3js9ZX1aWbYBHcWGZE0GXFjcsW7APaoWTSjA3NY0gyQhkKfoPgVn/Dnbj1D/wLP8FM24VtvRA499xzOTcnSjgz1ve/vZXVtfWNzcJWcXtnd2+/dHDYNCrVhDaI4kq3I2woZ5I2LLOcthNNsYg4bUXD23zeeqTaMCXv7SihocAPksWMYOuoTte1VFqc1ce9Utmv+JNCyyCYgTLMqtYr/XT7iqTC7ROOjekEfmLDDGvLCKfjYjc1NMFk6Bw6DkosqAmzycljdOqYPoqVdk9aNGH/bmRYGDMSkVMKbAdmcZaT/806qY2vw4zJJLVUkqlRnHJkFcr/j/pMU2L5yAFMNHO3IjLAGhPrUppzMdZlZJzAnAsnVSaPKFgMZBk0LypBUAnql+XqzdM0rAIcwwmcQQBXUIU7qEEDCCh4gVd48569d+/D+5xKV7xZwEcwV97XL8/5nwg=</latexit>

9proportion a 2 (0, 1], prob. Q0

s.t. P (·) = aQ+ (1� a)Q0
<latexit sha1_base64="EvTwDlKdaA27PaqE3uxZuEsqcRI="></latexit><latexit sha1_base64="EvTwDlKdaA27PaqE3uxZuEsqcRI="></latexit><latexit sha1_base64="EvTwDlKdaA27PaqE3uxZuEsqcRI="></latexit><latexit sha1_base64="EvTwDlKdaA27PaqE3uxZuEsqcRI="></latexit>

Q0
<latexit sha1_base64="6XlrGZe9ahhy+FNV3lt9bFt+7V4=">AAACEnicbZDLSgMxGIUz9VbrrerSTbCIbiwzIuiy4sZlC/YC7VAymUwbmsuYZIRhKPgQglt9DXfi1hfwLXwEM20XtvWHwOGcE/6fL4gZ1cZ1v53Cyura+kZxs7S1vbO7V94/aGmZKEyaWDKpOgHShFFBmoYaRjqxIogHjLSD0W2etx+J0lSKe5PGxOdoIGhEMTLW8nshUqOBQmnWOB33yxW36k4GLgtvJipgNvV++acXSpxwIgxmSOuu58bGz5AyFDMyLvUSTWKER2hAulYKxIn2s8nRY3hinRBGUtknDJy4f39kiGud8sA2OTJDvZjl5n9ZNzHRtZ9RESeGCDxdFCUMGglzAjCkimDDUisQVtTeCvEQKYSN5TS3RRtLSduCPue2KnWOyFsEsixaF1XPq3qNy0rt5mkKqwiOwDE4Ax64AjVwB+qgCTB4AC/gFbw5z8678+F8TqsFZwb4EMyN8/ULJx+fuw==</latexit><latexit sha1_base64="6XlrGZe9ahhy+FNV3lt9bFt+7V4=">AAACEnicbZDLSgMxGIUz9VbrrerSTbCIbiwzIuiy4sZlC/YC7VAymUwbmsuYZIRhKPgQglt9DXfi1hfwLXwEM20XtvWHwOGcE/6fL4gZ1cZ1v53Cyura+kZxs7S1vbO7V94/aGmZKEyaWDKpOgHShFFBmoYaRjqxIogHjLSD0W2etx+J0lSKe5PGxOdoIGhEMTLW8nshUqOBQmnWOB33yxW36k4GLgtvJipgNvV++acXSpxwIgxmSOuu58bGz5AyFDMyLvUSTWKER2hAulYKxIn2s8nRY3hinRBGUtknDJy4f39kiGud8sA2OTJDvZjl5n9ZNzHRtZ9RESeGCDxdFCUMGglzAjCkimDDUisQVtTeCvEQKYSN5TS3RRtLSduCPue2KnWOyFsEsixaF1XPq3qNy0rt5mkKqwiOwDE4Ax64AjVwB+qgCTB4AC/gFbw5z8678+F8TqsFZwb4EMyN8/ULJx+fuw==</latexit><latexit sha1_base64="6XlrGZe9ahhy+FNV3lt9bFt+7V4=">AAACEnicbZDLSgMxGIUz9VbrrerSTbCIbiwzIuiy4sZlC/YC7VAymUwbmsuYZIRhKPgQglt9DXfi1hfwLXwEM20XtvWHwOGcE/6fL4gZ1cZ1v53Cyura+kZxs7S1vbO7V94/aGmZKEyaWDKpOgHShFFBmoYaRjqxIogHjLSD0W2etx+J0lSKe5PGxOdoIGhEMTLW8nshUqOBQmnWOB33yxW36k4GLgtvJipgNvV++acXSpxwIgxmSOuu58bGz5AyFDMyLvUSTWKER2hAulYKxIn2s8nRY3hinRBGUtknDJy4f39kiGud8sA2OTJDvZjl5n9ZNzHRtZ9RESeGCDxdFCUMGglzAjCkimDDUisQVtTeCvEQKYSN5TS3RRtLSduCPue2KnWOyFsEsixaF1XPq3qNy0rt5mkKqwiOwDE4Ax64AjVwB+qgCTB4AC/gFbw5z8678+F8TqsFZwb4EMyN8/ULJx+fuw==</latexit><latexit sha1_base64="6XlrGZe9ahhy+FNV3lt9bFt+7V4=">AAACEnicbZDLSgMxGIUz9VbrrerSTbCIbiwzIuiy4sZlC/YC7VAymUwbmsuYZIRhKPgQglt9DXfi1hfwLXwEM20XtvWHwOGcE/6fL4gZ1cZ1v53Cyura+kZxs7S1vbO7V94/aGmZKEyaWDKpOgHShFFBmoYaRjqxIogHjLSD0W2etx+J0lSKe5PGxOdoIGhEMTLW8nshUqOBQmnWOB33yxW36k4GLgtvJipgNvV++acXSpxwIgxmSOuu58bGz5AyFDMyLvUSTWKER2hAulYKxIn2s8nRY3hinRBGUtknDJy4f39kiGud8sA2OTJDvZjl5n9ZNzHRtZ9RESeGCDxdFCUMGglzAjCkimDDUisQVtTeCvEQKYSN5TS3RRtLSduCPue2KnWOyFsEsixaF1XPq3qNy0rt5mkKqwiOwDE4Ax64AjVwB+qgCTB4AC/gFbw5z8678+F8TqsFZwb4EMyN8/ULJx+fuw==</latexit>

Q
<latexit sha1_base64="U7T8JL7YIE0MxapymYQI10NX+ts=">AAACEHicbVDLSgMxFL3js9ZX1aWbYBHcWGZE0GXFjcsW7APaoWTSjA3NY0gyQhkKfoPgVn/Dnbj1D/wLP8FM24VtvRA499xzOTcnSjgz1ve/vZXVtfWNzcJWcXtnd2+/dHDYNCrVhDaI4kq3I2woZ5I2LLOcthNNsYg4bUXD23zeeqTaMCXv7SihocAPksWMYOuoTte1VFqc1ce9Utmv+JNCyyCYgTLMqtYr/XT7iqTC7ROOjekEfmLDDGvLCKfjYjc1NMFk6Bw6DkosqAmzycljdOqYPoqVdk9aNGH/bmRYGDMSkVMKbAdmcZaT/806qY2vw4zJJLVUkqlRnHJkFcr/j/pMU2L5yAFMNHO3IjLAGhPrUppzMdZlZJzAnAsnVSaPKFgMZBk0LypBUAnql+XqzdM0rAIcwwmcQQBXUIU7qEEDCCh4gVd48569d+/D+5xKV7xZwEcwV97XL8/5nwg=</latexit><latexit sha1_base64="U7T8JL7YIE0MxapymYQI10NX+ts=">AAACEHicbVDLSgMxFL3js9ZX1aWbYBHcWGZE0GXFjcsW7APaoWTSjA3NY0gyQhkKfoPgVn/Dnbj1D/wLP8FM24VtvRA499xzOTcnSjgz1ve/vZXVtfWNzcJWcXtnd2+/dHDYNCrVhDaI4kq3I2woZ5I2LLOcthNNsYg4bUXD23zeeqTaMCXv7SihocAPksWMYOuoTte1VFqc1ce9Utmv+JNCyyCYgTLMqtYr/XT7iqTC7ROOjekEfmLDDGvLCKfjYjc1NMFk6Bw6DkosqAmzycljdOqYPoqVdk9aNGH/bmRYGDMSkVMKbAdmcZaT/806qY2vw4zJJLVUkqlRnHJkFcr/j/pMU2L5yAFMNHO3IjLAGhPrUppzMdZlZJzAnAsnVSaPKFgMZBk0LypBUAnql+XqzdM0rAIcwwmcQQBXUIU7qEEDCCh4gVd48569d+/D+5xKV7xZwEcwV97XL8/5nwg=</latexit><latexit sha1_base64="U7T8JL7YIE0MxapymYQI10NX+ts=">AAACEHicbVDLSgMxFL3js9ZX1aWbYBHcWGZE0GXFjcsW7APaoWTSjA3NY0gyQhkKfoPgVn/Dnbj1D/wLP8FM24VtvRA499xzOTcnSjgz1ve/vZXVtfWNzcJWcXtnd2+/dHDYNCrVhDaI4kq3I2woZ5I2LLOcthNNsYg4bUXD23zeeqTaMCXv7SihocAPksWMYOuoTte1VFqc1ce9Utmv+JNCyyCYgTLMqtYr/XT7iqTC7ROOjekEfmLDDGvLCKfjYjc1NMFk6Bw6DkosqAmzycljdOqYPoqVdk9aNGH/bmRYGDMSkVMKbAdmcZaT/806qY2vw4zJJLVUkqlRnHJkFcr/j/pMU2L5yAFMNHO3IjLAGhPrUppzMdZlZJzAnAsnVSaPKFgMZBk0LypBUAnql+XqzdM0rAIcwwmcQQBXUIU7qEEDCCh4gVd48569d+/D+5xKV7xZwEcwV97XL8/5nwg=</latexit><latexit sha1_base64="U7T8JL7YIE0MxapymYQI10NX+ts=">AAACEHicbVDLSgMxFL3js9ZX1aWbYBHcWGZE0GXFjcsW7APaoWTSjA3NY0gyQhkKfoPgVn/Dnbj1D/wLP8FM24VtvRA499xzOTcnSjgz1ve/vZXVtfWNzcJWcXtnd2+/dHDYNCrVhDaI4kq3I2woZ5I2LLOcthNNsYg4bUXD23zeeqTaMCXv7SihocAPksWMYOuoTte1VFqc1ce9Utmv+JNCyyCYgTLMqtYr/XT7iqTC7ROOjekEfmLDDGvLCKfjYjc1NMFk6Bw6DkosqAmzycljdOqYPoqVdk9aNGH/bmRYGDMSkVMKbAdmcZaT/806qY2vw4zJJLVUkqlRnHJkFcr/j/pMU2L5yAFMNHO3IjLAGhPrUppzMdZlZJzAnAsnVSaPKFgMZBk0LypBUAnql+XqzdM0rAIcwwmcQQBXUIU7qEEDCCh4gVd48569d+/D+5xKV7xZwEcwV97XL8/5nwg=</latexit>



`(✓;Z)
<latexit sha1_base64="VzBnNA+MS+yEpOVfDpk1cQpQCzE=">AAACF3icbVDLSgNBEJz1GeNr1aOXwSDEg2FXBAUvQS8eI5gHJiHMTmaTIbM7y3RvIIR8iOBVf8ObePXoX/gJTh4Hk1jQUFRV000FiZKAnvftrKyurW9sZray2zu7e/vuwWEFdGq4KHOttKkFDISSsSijRCVqiREsCpSoBr27sV/tCwNSx484SEQzYp1YhpIztFLLdRtKA+Qb2BXIbujTWcvNeQVvArpM/BnJkRlKLfen0dY8jUSMXDGAuu8l2Bwyg5IrMco2UhAJ4z3WEXVLYxYJaA4nn4/oqVXaNNTGTox0ov7dGLIIYBAFNhkx7MKiNxb/8+ophtfNoYyTFEXMp4fCVFHUdFwDbUsjOKqBJYwbaX+lvMsM42jLmrsCaKsCG4DzyEY1jGxF/mIhy6RyUfAtf7jMFW9nZWXIMTkheeKTK1Ik96REyoSTPnkhr+TNeXbenQ/ncxpdcWY7R2QOztcvuBSf/g==</latexit><latexit sha1_base64="VzBnNA+MS+yEpOVfDpk1cQpQCzE=">AAACF3icbVDLSgNBEJz1GeNr1aOXwSDEg2FXBAUvQS8eI5gHJiHMTmaTIbM7y3RvIIR8iOBVf8ObePXoX/gJTh4Hk1jQUFRV000FiZKAnvftrKyurW9sZray2zu7e/vuwWEFdGq4KHOttKkFDISSsSijRCVqiREsCpSoBr27sV/tCwNSx484SEQzYp1YhpIztFLLdRtKA+Qb2BXIbujTWcvNeQVvArpM/BnJkRlKLfen0dY8jUSMXDGAuu8l2Bwyg5IrMco2UhAJ4z3WEXVLYxYJaA4nn4/oqVXaNNTGTox0ov7dGLIIYBAFNhkx7MKiNxb/8+ophtfNoYyTFEXMp4fCVFHUdFwDbUsjOKqBJYwbaX+lvMsM42jLmrsCaKsCG4DzyEY1jGxF/mIhy6RyUfAtf7jMFW9nZWXIMTkheeKTK1Ik96REyoSTPnkhr+TNeXbenQ/ncxpdcWY7R2QOztcvuBSf/g==</latexit><latexit sha1_base64="VzBnNA+MS+yEpOVfDpk1cQpQCzE=">AAACF3icbVDLSgNBEJz1GeNr1aOXwSDEg2FXBAUvQS8eI5gHJiHMTmaTIbM7y3RvIIR8iOBVf8ObePXoX/gJTh4Hk1jQUFRV000FiZKAnvftrKyurW9sZray2zu7e/vuwWEFdGq4KHOttKkFDISSsSijRCVqiREsCpSoBr27sV/tCwNSx484SEQzYp1YhpIztFLLdRtKA+Qb2BXIbujTWcvNeQVvArpM/BnJkRlKLfen0dY8jUSMXDGAuu8l2Bwyg5IrMco2UhAJ4z3WEXVLYxYJaA4nn4/oqVXaNNTGTox0ov7dGLIIYBAFNhkx7MKiNxb/8+ophtfNoYyTFEXMp4fCVFHUdFwDbUsjOKqBJYwbaX+lvMsM42jLmrsCaKsCG4DzyEY1jGxF/mIhy6RyUfAtf7jMFW9nZWXIMTkheeKTK1Ik96REyoSTPnkhr+TNeXbenQ/ncxpdcWY7R2QOztcvuBSf/g==</latexit><latexit sha1_base64="VzBnNA+MS+yEpOVfDpk1cQpQCzE=">AAACF3icbVDLSgNBEJz1GeNr1aOXwSDEg2FXBAUvQS8eI5gHJiHMTmaTIbM7y3RvIIR8iOBVf8ObePXoX/gJTh4Hk1jQUFRV000FiZKAnvftrKyurW9sZray2zu7e/vuwWEFdGq4KHOttKkFDISSsSijRCVqiREsCpSoBr27sV/tCwNSx484SEQzYp1YhpIztFLLdRtKA+Qb2BXIbujTWcvNeQVvArpM/BnJkRlKLfen0dY8jUSMXDGAuu8l2Bwyg5IrMco2UhAJ4z3WEXVLYxYJaA4nn4/oqVXaNNTGTox0ov7dGLIIYBAFNhkx7MKiNxb/8+ophtfNoYyTFEXMp4fCVFHUdFwDbUsjOKqBJYwbaX+lvMsM42jLmrsCaKsCG4DzyEY1jGxF/mIhy6RyUfAtf7jMFW9nZWXIMTkheeKTK1Ik96REyoSTPnkhr+TNeXbenQ/ncxpdcWY7R2QOztcvuBSf/g==</latexit>

Subpopulations

P: base distribution

•     is a subpopulation of P if it’s a mixture component

subpopulationis aQ
<latexit sha1_base64="U7T8JL7YIE0MxapymYQI10NX+ts=">AAACEHicbVDLSgMxFL3js9ZX1aWbYBHcWGZE0GXFjcsW7APaoWTSjA3NY0gyQhkKfoPgVn/Dnbj1D/wLP8FM24VtvRA499xzOTcnSjgz1ve/vZXVtfWNzcJWcXtnd2+/dHDYNCrVhDaI4kq3I2woZ5I2LLOcthNNsYg4bUXD23zeeqTaMCXv7SihocAPksWMYOuoTte1VFqc1ce9Utmv+JNCyyCYgTLMqtYr/XT7iqTC7ROOjekEfmLDDGvLCKfjYjc1NMFk6Bw6DkosqAmzycljdOqYPoqVdk9aNGH/bmRYGDMSkVMKbAdmcZaT/806qY2vw4zJJLVUkqlRnHJkFcr/j/pMU2L5yAFMNHO3IjLAGhPrUppzMdZlZJzAnAsnVSaPKFgMZBk0LypBUAnql+XqzdM0rAIcwwmcQQBXUIU7qEEDCCh4gVd48569d+/D+5xKV7xZwEcwV97XL8/5nwg=</latexit><latexit sha1_base64="U7T8JL7YIE0MxapymYQI10NX+ts=">AAACEHicbVDLSgMxFL3js9ZX1aWbYBHcWGZE0GXFjcsW7APaoWTSjA3NY0gyQhkKfoPgVn/Dnbj1D/wLP8FM24VtvRA499xzOTcnSjgz1ve/vZXVtfWNzcJWcXtnd2+/dHDYNCrVhDaI4kq3I2woZ5I2LLOcthNNsYg4bUXD23zeeqTaMCXv7SihocAPksWMYOuoTte1VFqc1ce9Utmv+JNCyyCYgTLMqtYr/XT7iqTC7ROOjekEfmLDDGvLCKfjYjc1NMFk6Bw6DkosqAmzycljdOqYPoqVdk9aNGH/bmRYGDMSkVMKbAdmcZaT/806qY2vw4zJJLVUkqlRnHJkFcr/j/pMU2L5yAFMNHO3IjLAGhPrUppzMdZlZJzAnAsnVSaPKFgMZBk0LypBUAnql+XqzdM0rAIcwwmcQQBXUIU7qEEDCCh4gVd48569d+/D+5xKV7xZwEcwV97XL8/5nwg=</latexit><latexit sha1_base64="U7T8JL7YIE0MxapymYQI10NX+ts=">AAACEHicbVDLSgMxFL3js9ZX1aWbYBHcWGZE0GXFjcsW7APaoWTSjA3NY0gyQhkKfoPgVn/Dnbj1D/wLP8FM24VtvRA499xzOTcnSjgz1ve/vZXVtfWNzcJWcXtnd2+/dHDYNCrVhDaI4kq3I2woZ5I2LLOcthNNsYg4bUXD23zeeqTaMCXv7SihocAPksWMYOuoTte1VFqc1ce9Utmv+JNCyyCYgTLMqtYr/XT7iqTC7ROOjekEfmLDDGvLCKfjYjc1NMFk6Bw6DkosqAmzycljdOqYPoqVdk9aNGH/bmRYGDMSkVMKbAdmcZaT/806qY2vw4zJJLVUkqlRnHJkFcr/j/pMU2L5yAFMNHO3IjLAGhPrUppzMdZlZJzAnAsnVSaPKFgMZBk0LypBUAnql+XqzdM0rAIcwwmcQQBXUIU7qEEDCCh4gVd48569d+/D+5xKV7xZwEcwV97XL8/5nwg=</latexit><latexit sha1_base64="U7T8JL7YIE0MxapymYQI10NX+ts=">AAACEHicbVDLSgMxFL3js9ZX1aWbYBHcWGZE0GXFjcsW7APaoWTSjA3NY0gyQhkKfoPgVn/Dnbj1D/wLP8FM24VtvRA499xzOTcnSjgz1ve/vZXVtfWNzcJWcXtnd2+/dHDYNCrVhDaI4kq3I2woZ5I2LLOcthNNsYg4bUXD23zeeqTaMCXv7SihocAPksWMYOuoTte1VFqc1ce9Utmv+JNCyyCYgTLMqtYr/XT7iqTC7ROOjekEfmLDDGvLCKfjYjc1NMFk6Bw6DkosqAmzycljdOqYPoqVdk9aNGH/bmRYGDMSkVMKbAdmcZaT/806qY2vw4zJJLVUkqlRnHJkFcr/j/pMU2L5yAFMNHO3IjLAGhPrUppzMdZlZJzAnAsnVSaPKFgMZBk0LypBUAnql+XqzdM0rAIcwwmcQQBXUIU7qEEDCCh4gVd48569d+/D+5xKV7xZwEcwV97XL8/5nwg=</latexit>

Q
<latexit sha1_base64="U7T8JL7YIE0MxapymYQI10NX+ts=">AAACEHicbVDLSgMxFL3js9ZX1aWbYBHcWGZE0GXFjcsW7APaoWTSjA3NY0gyQhkKfoPgVn/Dnbj1D/wLP8FM24VtvRA499xzOTcnSjgz1ve/vZXVtfWNzcJWcXtnd2+/dHDYNCrVhDaI4kq3I2woZ5I2LLOcthNNsYg4bUXD23zeeqTaMCXv7SihocAPksWMYOuoTte1VFqc1ce9Utmv+JNCyyCYgTLMqtYr/XT7iqTC7ROOjekEfmLDDGvLCKfjYjc1NMFk6Bw6DkosqAmzycljdOqYPoqVdk9aNGH/bmRYGDMSkVMKbAdmcZaT/806qY2vw4zJJLVUkqlRnHJkFcr/j/pMU2L5yAFMNHO3IjLAGhPrUppzMdZlZJzAnAsnVSaPKFgMZBk0LypBUAnql+XqzdM0rAIcwwmcQQBXUIU7qEEDCCh4gVd48569d+/D+5xKV7xZwEcwV97XL8/5nwg=</latexit><latexit sha1_base64="U7T8JL7YIE0MxapymYQI10NX+ts=">AAACEHicbVDLSgMxFL3js9ZX1aWbYBHcWGZE0GXFjcsW7APaoWTSjA3NY0gyQhkKfoPgVn/Dnbj1D/wLP8FM24VtvRA499xzOTcnSjgz1ve/vZXVtfWNzcJWcXtnd2+/dHDYNCrVhDaI4kq3I2woZ5I2LLOcthNNsYg4bUXD23zeeqTaMCXv7SihocAPksWMYOuoTte1VFqc1ce9Utmv+JNCyyCYgTLMqtYr/XT7iqTC7ROOjekEfmLDDGvLCKfjYjc1NMFk6Bw6DkosqAmzycljdOqYPoqVdk9aNGH/bmRYGDMSkVMKbAdmcZaT/806qY2vw4zJJLVUkqlRnHJkFcr/j/pMU2L5yAFMNHO3IjLAGhPrUppzMdZlZJzAnAsnVSaPKFgMZBk0LypBUAnql+XqzdM0rAIcwwmcQQBXUIU7qEEDCCh4gVd48569d+/D+5xKV7xZwEcwV97XL8/5nwg=</latexit><latexit sha1_base64="U7T8JL7YIE0MxapymYQI10NX+ts=">AAACEHicbVDLSgMxFL3js9ZX1aWbYBHcWGZE0GXFjcsW7APaoWTSjA3NY0gyQhkKfoPgVn/Dnbj1D/wLP8FM24VtvRA499xzOTcnSjgz1ve/vZXVtfWNzcJWcXtnd2+/dHDYNCrVhDaI4kq3I2woZ5I2LLOcthNNsYg4bUXD23zeeqTaMCXv7SihocAPksWMYOuoTte1VFqc1ce9Utmv+JNCyyCYgTLMqtYr/XT7iqTC7ROOjekEfmLDDGvLCKfjYjc1NMFk6Bw6DkosqAmzycljdOqYPoqVdk9aNGH/bmRYGDMSkVMKbAdmcZaT/806qY2vw4zJJLVUkqlRnHJkFcr/j/pMU2L5yAFMNHO3IjLAGhPrUppzMdZlZJzAnAsnVSaPKFgMZBk0LypBUAnql+XqzdM0rAIcwwmcQQBXUIU7qEEDCCh4gVd48569d+/D+5xKV7xZwEcwV97XL8/5nwg=</latexit><latexit sha1_base64="U7T8JL7YIE0MxapymYQI10NX+ts=">AAACEHicbVDLSgMxFL3js9ZX1aWbYBHcWGZE0GXFjcsW7APaoWTSjA3NY0gyQhkKfoPgVn/Dnbj1D/wLP8FM24VtvRA499xzOTcnSjgz1ve/vZXVtfWNzcJWcXtnd2+/dHDYNCrVhDaI4kq3I2woZ5I2LLOcthNNsYg4bUXD23zeeqTaMCXv7SihocAPksWMYOuoTte1VFqc1ce9Utmv+JNCyyCYgTLMqtYr/XT7iqTC7ROOjekEfmLDDGvLCKfjYjc1NMFk6Bw6DkosqAmzycljdOqYPoqVdk9aNGH/bmRYGDMSkVMKbAdmcZaT/806qY2vw4zJJLVUkqlRnHJkFcr/j/pMU2L5yAFMNHO3IjLAGhPrUppzMdZlZJzAnAsnVSaPKFgMZBk0LypBUAnql+XqzdM0rAIcwwmcQQBXUIU7qEEDCCh4gVd48569d+/D+5xKV7xZwEcwV97XL8/5nwg=</latexit>

9proportion a 2 (0, 1], prob. Q0

s.t. P (·) = aQ+ (1� a)Q0
<latexit sha1_base64="EvTwDlKdaA27PaqE3uxZuEsqcRI="></latexit><latexit sha1_base64="EvTwDlKdaA27PaqE3uxZuEsqcRI="></latexit><latexit sha1_base64="EvTwDlKdaA27PaqE3uxZuEsqcRI="></latexit><latexit sha1_base64="EvTwDlKdaA27PaqE3uxZuEsqcRI="></latexit>

Q0
<latexit sha1_base64="6XlrGZe9ahhy+FNV3lt9bFt+7V4=">AAACEnicbZDLSgMxGIUz9VbrrerSTbCIbiwzIuiy4sZlC/YC7VAymUwbmsuYZIRhKPgQglt9DXfi1hfwLXwEM20XtvWHwOGcE/6fL4gZ1cZ1v53Cyura+kZxs7S1vbO7V94/aGmZKEyaWDKpOgHShFFBmoYaRjqxIogHjLSD0W2etx+J0lSKe5PGxOdoIGhEMTLW8nshUqOBQmnWOB33yxW36k4GLgtvJipgNvV++acXSpxwIgxmSOuu58bGz5AyFDMyLvUSTWKER2hAulYKxIn2s8nRY3hinRBGUtknDJy4f39kiGud8sA2OTJDvZjl5n9ZNzHRtZ9RESeGCDxdFCUMGglzAjCkimDDUisQVtTeCvEQKYSN5TS3RRtLSduCPue2KnWOyFsEsixaF1XPq3qNy0rt5mkKqwiOwDE4Ax64AjVwB+qgCTB4AC/gFbw5z8678+F8TqsFZwb4EMyN8/ULJx+fuw==</latexit><latexit sha1_base64="6XlrGZe9ahhy+FNV3lt9bFt+7V4=">AAACEnicbZDLSgMxGIUz9VbrrerSTbCIbiwzIuiy4sZlC/YC7VAymUwbmsuYZIRhKPgQglt9DXfi1hfwLXwEM20XtvWHwOGcE/6fL4gZ1cZ1v53Cyura+kZxs7S1vbO7V94/aGmZKEyaWDKpOgHShFFBmoYaRjqxIogHjLSD0W2etx+J0lSKe5PGxOdoIGhEMTLW8nshUqOBQmnWOB33yxW36k4GLgtvJipgNvV++acXSpxwIgxmSOuu58bGz5AyFDMyLvUSTWKER2hAulYKxIn2s8nRY3hinRBGUtknDJy4f39kiGud8sA2OTJDvZjl5n9ZNzHRtZ9RESeGCDxdFCUMGglzAjCkimDDUisQVtTeCvEQKYSN5TS3RRtLSduCPue2KnWOyFsEsixaF1XPq3qNy0rt5mkKqwiOwDE4Ax64AjVwB+qgCTB4AC/gFbw5z8678+F8TqsFZwb4EMyN8/ULJx+fuw==</latexit><latexit sha1_base64="6XlrGZe9ahhy+FNV3lt9bFt+7V4=">AAACEnicbZDLSgMxGIUz9VbrrerSTbCIbiwzIuiy4sZlC/YC7VAymUwbmsuYZIRhKPgQglt9DXfi1hfwLXwEM20XtvWHwOGcE/6fL4gZ1cZ1v53Cyura+kZxs7S1vbO7V94/aGmZKEyaWDKpOgHShFFBmoYaRjqxIogHjLSD0W2etx+J0lSKe5PGxOdoIGhEMTLW8nshUqOBQmnWOB33yxW36k4GLgtvJipgNvV++acXSpxwIgxmSOuu58bGz5AyFDMyLvUSTWKER2hAulYKxIn2s8nRY3hinRBGUtknDJy4f39kiGud8sA2OTJDvZjl5n9ZNzHRtZ9RESeGCDxdFCUMGglzAjCkimDDUisQVtTeCvEQKYSN5TS3RRtLSduCPue2KnWOyFsEsixaF1XPq3qNy0rt5mkKqwiOwDE4Ax64AjVwB+qgCTB4AC/gFbw5z8678+F8TqsFZwb4EMyN8/ULJx+fuw==</latexit><latexit sha1_base64="6XlrGZe9ahhy+FNV3lt9bFt+7V4=">AAACEnicbZDLSgMxGIUz9VbrrerSTbCIbiwzIuiy4sZlC/YC7VAymUwbmsuYZIRhKPgQglt9DXfi1hfwLXwEM20XtvWHwOGcE/6fL4gZ1cZ1v53Cyura+kZxs7S1vbO7V94/aGmZKEyaWDKpOgHShFFBmoYaRjqxIogHjLSD0W2etx+J0lSKe5PGxOdoIGhEMTLW8nshUqOBQmnWOB33yxW36k4GLgtvJipgNvV++acXSpxwIgxmSOuu58bGz5AyFDMyLvUSTWKER2hAulYKxIn2s8nRY3hinRBGUtknDJy4f39kiGud8sA2OTJDvZjl5n9ZNzHRtZ9RESeGCDxdFCUMGglzAjCkimDDUisQVtTeCvEQKYSN5TS3RRtLSduCPue2KnWOyFsEsixaF1XPq3qNy0rt5mkKqwiOwDE4Ax64AjVwB+qgCTB4AC/gFbw5z8678+F8TqsFZwb4EMyN8/ULJx+fuw==</latexit>

Q
<latexit sha1_base64="U7T8JL7YIE0MxapymYQI10NX+ts=">AAACEHicbVDLSgMxFL3js9ZX1aWbYBHcWGZE0GXFjcsW7APaoWTSjA3NY0gyQhkKfoPgVn/Dnbj1D/wLP8FM24VtvRA499xzOTcnSjgz1ve/vZXVtfWNzcJWcXtnd2+/dHDYNCrVhDaI4kq3I2woZ5I2LLOcthNNsYg4bUXD23zeeqTaMCXv7SihocAPksWMYOuoTte1VFqc1ce9Utmv+JNCyyCYgTLMqtYr/XT7iqTC7ROOjekEfmLDDGvLCKfjYjc1NMFk6Bw6DkosqAmzycljdOqYPoqVdk9aNGH/bmRYGDMSkVMKbAdmcZaT/806qY2vw4zJJLVUkqlRnHJkFcr/j/pMU2L5yAFMNHO3IjLAGhPrUppzMdZlZJzAnAsnVSaPKFgMZBk0LypBUAnql+XqzdM0rAIcwwmcQQBXUIU7qEEDCCh4gVd48569d+/D+5xKV7xZwEcwV97XL8/5nwg=</latexit><latexit sha1_base64="U7T8JL7YIE0MxapymYQI10NX+ts=">AAACEHicbVDLSgMxFL3js9ZX1aWbYBHcWGZE0GXFjcsW7APaoWTSjA3NY0gyQhkKfoPgVn/Dnbj1D/wLP8FM24VtvRA499xzOTcnSjgz1ve/vZXVtfWNzcJWcXtnd2+/dHDYNCrVhDaI4kq3I2woZ5I2LLOcthNNsYg4bUXD23zeeqTaMCXv7SihocAPksWMYOuoTte1VFqc1ce9Utmv+JNCyyCYgTLMqtYr/XT7iqTC7ROOjekEfmLDDGvLCKfjYjc1NMFk6Bw6DkosqAmzycljdOqYPoqVdk9aNGH/bmRYGDMSkVMKbAdmcZaT/806qY2vw4zJJLVUkqlRnHJkFcr/j/pMU2L5yAFMNHO3IjLAGhPrUppzMdZlZJzAnAsnVSaPKFgMZBk0LypBUAnql+XqzdM0rAIcwwmcQQBXUIU7qEEDCCh4gVd48569d+/D+5xKV7xZwEcwV97XL8/5nwg=</latexit><latexit sha1_base64="U7T8JL7YIE0MxapymYQI10NX+ts=">AAACEHicbVDLSgMxFL3js9ZX1aWbYBHcWGZE0GXFjcsW7APaoWTSjA3NY0gyQhkKfoPgVn/Dnbj1D/wLP8FM24VtvRA499xzOTcnSjgz1ve/vZXVtfWNzcJWcXtnd2+/dHDYNCrVhDaI4kq3I2woZ5I2LLOcthNNsYg4bUXD23zeeqTaMCXv7SihocAPksWMYOuoTte1VFqc1ce9Utmv+JNCyyCYgTLMqtYr/XT7iqTC7ROOjekEfmLDDGvLCKfjYjc1NMFk6Bw6DkosqAmzycljdOqYPoqVdk9aNGH/bmRYGDMSkVMKbAdmcZaT/806qY2vw4zJJLVUkqlRnHJkFcr/j/pMU2L5yAFMNHO3IjLAGhPrUppzMdZlZJzAnAsnVSaPKFgMZBk0LypBUAnql+XqzdM0rAIcwwmcQQBXUIU7qEEDCCh4gVd48569d+/D+5xKV7xZwEcwV97XL8/5nwg=</latexit><latexit sha1_base64="U7T8JL7YIE0MxapymYQI10NX+ts=">AAACEHicbVDLSgMxFL3js9ZX1aWbYBHcWGZE0GXFjcsW7APaoWTSjA3NY0gyQhkKfoPgVn/Dnbj1D/wLP8FM24VtvRA499xzOTcnSjgz1ve/vZXVtfWNzcJWcXtnd2+/dHDYNCrVhDaI4kq3I2woZ5I2LLOcthNNsYg4bUXD23zeeqTaMCXv7SihocAPksWMYOuoTte1VFqc1ce9Utmv+JNCyyCYgTLMqtYr/XT7iqTC7ROOjekEfmLDDGvLCKfjYjc1NMFk6Bw6DkosqAmzycljdOqYPoqVdk9aNGH/bmRYGDMSkVMKbAdmcZaT/806qY2vw4zJJLVUkqlRnHJkFcr/j/pMU2L5yAFMNHO3IjLAGhPrUppzMdZlZJzAnAsnVSaPKFgMZBk0LypBUAnql+XqzdM0rAIcwwmcQQBXUIU7qEEDCCh4gVd48569d+/D+5xKV7xZwEcwV97XL8/5nwg=</latexit>



`(✓;Z)
<latexit sha1_base64="VzBnNA+MS+yEpOVfDpk1cQpQCzE=">AAACF3icbVDLSgNBEJz1GeNr1aOXwSDEg2FXBAUvQS8eI5gHJiHMTmaTIbM7y3RvIIR8iOBVf8ObePXoX/gJTh4Hk1jQUFRV000FiZKAnvftrKyurW9sZray2zu7e/vuwWEFdGq4KHOttKkFDISSsSijRCVqiREsCpSoBr27sV/tCwNSx484SEQzYp1YhpIztFLLdRtKA+Qb2BXIbujTWcvNeQVvArpM/BnJkRlKLfen0dY8jUSMXDGAuu8l2Bwyg5IrMco2UhAJ4z3WEXVLYxYJaA4nn4/oqVXaNNTGTox0ov7dGLIIYBAFNhkx7MKiNxb/8+ophtfNoYyTFEXMp4fCVFHUdFwDbUsjOKqBJYwbaX+lvMsM42jLmrsCaKsCG4DzyEY1jGxF/mIhy6RyUfAtf7jMFW9nZWXIMTkheeKTK1Ik96REyoSTPnkhr+TNeXbenQ/ncxpdcWY7R2QOztcvuBSf/g==</latexit><latexit sha1_base64="VzBnNA+MS+yEpOVfDpk1cQpQCzE=">AAACF3icbVDLSgNBEJz1GeNr1aOXwSDEg2FXBAUvQS8eI5gHJiHMTmaTIbM7y3RvIIR8iOBVf8ObePXoX/gJTh4Hk1jQUFRV000FiZKAnvftrKyurW9sZray2zu7e/vuwWEFdGq4KHOttKkFDISSsSijRCVqiREsCpSoBr27sV/tCwNSx484SEQzYp1YhpIztFLLdRtKA+Qb2BXIbujTWcvNeQVvArpM/BnJkRlKLfen0dY8jUSMXDGAuu8l2Bwyg5IrMco2UhAJ4z3WEXVLYxYJaA4nn4/oqVXaNNTGTox0ov7dGLIIYBAFNhkx7MKiNxb/8+ophtfNoYyTFEXMp4fCVFHUdFwDbUsjOKqBJYwbaX+lvMsM42jLmrsCaKsCG4DzyEY1jGxF/mIhy6RyUfAtf7jMFW9nZWXIMTkheeKTK1Ik96REyoSTPnkhr+TNeXbenQ/ncxpdcWY7R2QOztcvuBSf/g==</latexit><latexit sha1_base64="VzBnNA+MS+yEpOVfDpk1cQpQCzE=">AAACF3icbVDLSgNBEJz1GeNr1aOXwSDEg2FXBAUvQS8eI5gHJiHMTmaTIbM7y3RvIIR8iOBVf8ObePXoX/gJTh4Hk1jQUFRV000FiZKAnvftrKyurW9sZray2zu7e/vuwWEFdGq4KHOttKkFDISSsSijRCVqiREsCpSoBr27sV/tCwNSx484SEQzYp1YhpIztFLLdRtKA+Qb2BXIbujTWcvNeQVvArpM/BnJkRlKLfen0dY8jUSMXDGAuu8l2Bwyg5IrMco2UhAJ4z3WEXVLYxYJaA4nn4/oqVXaNNTGTox0ov7dGLIIYBAFNhkx7MKiNxb/8+ophtfNoYyTFEXMp4fCVFHUdFwDbUsjOKqBJYwbaX+lvMsM42jLmrsCaKsCG4DzyEY1jGxF/mIhy6RyUfAtf7jMFW9nZWXIMTkheeKTK1Ik96REyoSTPnkhr+TNeXbenQ/ncxpdcWY7R2QOztcvuBSf/g==</latexit><latexit sha1_base64="VzBnNA+MS+yEpOVfDpk1cQpQCzE=">AAACF3icbVDLSgNBEJz1GeNr1aOXwSDEg2FXBAUvQS8eI5gHJiHMTmaTIbM7y3RvIIR8iOBVf8ObePXoX/gJTh4Hk1jQUFRV000FiZKAnvftrKyurW9sZray2zu7e/vuwWEFdGq4KHOttKkFDISSsSijRCVqiREsCpSoBr27sV/tCwNSx484SEQzYp1YhpIztFLLdRtKA+Qb2BXIbujTWcvNeQVvArpM/BnJkRlKLfen0dY8jUSMXDGAuu8l2Bwyg5IrMco2UhAJ4z3WEXVLYxYJaA4nn4/oqVXaNNTGTox0ov7dGLIIYBAFNhkx7MKiNxb/8+ophtfNoYyTFEXMp4fCVFHUdFwDbUsjOKqBJYwbaX+lvMsM42jLmrsCaKsCG4DzyEY1jGxF/mIhy6RyUfAtf7jMFW9nZWXIMTkheeKTK1Ik96REyoSTPnkhr+TNeXbenQ/ncxpdcWY7R2QOztcvuBSf/g==</latexit>

Subpopulations

P: base distribution

•     is a subpopulation of P if it’s a mixture component

subpopulationis aQ
<latexit sha1_base64="U7T8JL7YIE0MxapymYQI10NX+ts=">AAACEHicbVDLSgMxFL3js9ZX1aWbYBHcWGZE0GXFjcsW7APaoWTSjA3NY0gyQhkKfoPgVn/Dnbj1D/wLP8FM24VtvRA499xzOTcnSjgz1ve/vZXVtfWNzcJWcXtnd2+/dHDYNCrVhDaI4kq3I2woZ5I2LLOcthNNsYg4bUXD23zeeqTaMCXv7SihocAPksWMYOuoTte1VFqc1ce9Utmv+JNCyyCYgTLMqtYr/XT7iqTC7ROOjekEfmLDDGvLCKfjYjc1NMFk6Bw6DkosqAmzycljdOqYPoqVdk9aNGH/bmRYGDMSkVMKbAdmcZaT/806qY2vw4zJJLVUkqlRnHJkFcr/j/pMU2L5yAFMNHO3IjLAGhPrUppzMdZlZJzAnAsnVSaPKFgMZBk0LypBUAnql+XqzdM0rAIcwwmcQQBXUIU7qEEDCCh4gVd48569d+/D+5xKV7xZwEcwV97XL8/5nwg=</latexit><latexit sha1_base64="U7T8JL7YIE0MxapymYQI10NX+ts=">AAACEHicbVDLSgMxFL3js9ZX1aWbYBHcWGZE0GXFjcsW7APaoWTSjA3NY0gyQhkKfoPgVn/Dnbj1D/wLP8FM24VtvRA499xzOTcnSjgz1ve/vZXVtfWNzcJWcXtnd2+/dHDYNCrVhDaI4kq3I2woZ5I2LLOcthNNsYg4bUXD23zeeqTaMCXv7SihocAPksWMYOuoTte1VFqc1ce9Utmv+JNCyyCYgTLMqtYr/XT7iqTC7ROOjekEfmLDDGvLCKfjYjc1NMFk6Bw6DkosqAmzycljdOqYPoqVdk9aNGH/bmRYGDMSkVMKbAdmcZaT/806qY2vw4zJJLVUkqlRnHJkFcr/j/pMU2L5yAFMNHO3IjLAGhPrUppzMdZlZJzAnAsnVSaPKFgMZBk0LypBUAnql+XqzdM0rAIcwwmcQQBXUIU7qEEDCCh4gVd48569d+/D+5xKV7xZwEcwV97XL8/5nwg=</latexit><latexit sha1_base64="U7T8JL7YIE0MxapymYQI10NX+ts=">AAACEHicbVDLSgMxFL3js9ZX1aWbYBHcWGZE0GXFjcsW7APaoWTSjA3NY0gyQhkKfoPgVn/Dnbj1D/wLP8FM24VtvRA499xzOTcnSjgz1ve/vZXVtfWNzcJWcXtnd2+/dHDYNCrVhDaI4kq3I2woZ5I2LLOcthNNsYg4bUXD23zeeqTaMCXv7SihocAPksWMYOuoTte1VFqc1ce9Utmv+JNCyyCYgTLMqtYr/XT7iqTC7ROOjekEfmLDDGvLCKfjYjc1NMFk6Bw6DkosqAmzycljdOqYPoqVdk9aNGH/bmRYGDMSkVMKbAdmcZaT/806qY2vw4zJJLVUkqlRnHJkFcr/j/pMU2L5yAFMNHO3IjLAGhPrUppzMdZlZJzAnAsnVSaPKFgMZBk0LypBUAnql+XqzdM0rAIcwwmcQQBXUIU7qEEDCCh4gVd48569d+/D+5xKV7xZwEcwV97XL8/5nwg=</latexit><latexit sha1_base64="U7T8JL7YIE0MxapymYQI10NX+ts=">AAACEHicbVDLSgMxFL3js9ZX1aWbYBHcWGZE0GXFjcsW7APaoWTSjA3NY0gyQhkKfoPgVn/Dnbj1D/wLP8FM24VtvRA499xzOTcnSjgz1ve/vZXVtfWNzcJWcXtnd2+/dHDYNCrVhDaI4kq3I2woZ5I2LLOcthNNsYg4bUXD23zeeqTaMCXv7SihocAPksWMYOuoTte1VFqc1ce9Utmv+JNCyyCYgTLMqtYr/XT7iqTC7ROOjekEfmLDDGvLCKfjYjc1NMFk6Bw6DkosqAmzycljdOqYPoqVdk9aNGH/bmRYGDMSkVMKbAdmcZaT/806qY2vw4zJJLVUkqlRnHJkFcr/j/pMU2L5yAFMNHO3IjLAGhPrUppzMdZlZJzAnAsnVSaPKFgMZBk0LypBUAnql+XqzdM0rAIcwwmcQQBXUIU7qEEDCCh4gVd48569d+/D+5xKV7xZwEcwV97XL8/5nwg=</latexit>

Q
<latexit sha1_base64="U7T8JL7YIE0MxapymYQI10NX+ts=">AAACEHicbVDLSgMxFL3js9ZX1aWbYBHcWGZE0GXFjcsW7APaoWTSjA3NY0gyQhkKfoPgVn/Dnbj1D/wLP8FM24VtvRA499xzOTcnSjgz1ve/vZXVtfWNzcJWcXtnd2+/dHDYNCrVhDaI4kq3I2woZ5I2LLOcthNNsYg4bUXD23zeeqTaMCXv7SihocAPksWMYOuoTte1VFqc1ce9Utmv+JNCyyCYgTLMqtYr/XT7iqTC7ROOjekEfmLDDGvLCKfjYjc1NMFk6Bw6DkosqAmzycljdOqYPoqVdk9aNGH/bmRYGDMSkVMKbAdmcZaT/806qY2vw4zJJLVUkqlRnHJkFcr/j/pMU2L5yAFMNHO3IjLAGhPrUppzMdZlZJzAnAsnVSaPKFgMZBk0LypBUAnql+XqzdM0rAIcwwmcQQBXUIU7qEEDCCh4gVd48569d+/D+5xKV7xZwEcwV97XL8/5nwg=</latexit><latexit sha1_base64="U7T8JL7YIE0MxapymYQI10NX+ts=">AAACEHicbVDLSgMxFL3js9ZX1aWbYBHcWGZE0GXFjcsW7APaoWTSjA3NY0gyQhkKfoPgVn/Dnbj1D/wLP8FM24VtvRA499xzOTcnSjgz1ve/vZXVtfWNzcJWcXtnd2+/dHDYNCrVhDaI4kq3I2woZ5I2LLOcthNNsYg4bUXD23zeeqTaMCXv7SihocAPksWMYOuoTte1VFqc1ce9Utmv+JNCyyCYgTLMqtYr/XT7iqTC7ROOjekEfmLDDGvLCKfjYjc1NMFk6Bw6DkosqAmzycljdOqYPoqVdk9aNGH/bmRYGDMSkVMKbAdmcZaT/806qY2vw4zJJLVUkqlRnHJkFcr/j/pMU2L5yAFMNHO3IjLAGhPrUppzMdZlZJzAnAsnVSaPKFgMZBk0LypBUAnql+XqzdM0rAIcwwmcQQBXUIU7qEEDCCh4gVd48569d+/D+5xKV7xZwEcwV97XL8/5nwg=</latexit><latexit sha1_base64="U7T8JL7YIE0MxapymYQI10NX+ts=">AAACEHicbVDLSgMxFL3js9ZX1aWbYBHcWGZE0GXFjcsW7APaoWTSjA3NY0gyQhkKfoPgVn/Dnbj1D/wLP8FM24VtvRA499xzOTcnSjgz1ve/vZXVtfWNzcJWcXtnd2+/dHDYNCrVhDaI4kq3I2woZ5I2LLOcthNNsYg4bUXD23zeeqTaMCXv7SihocAPksWMYOuoTte1VFqc1ce9Utmv+JNCyyCYgTLMqtYr/XT7iqTC7ROOjekEfmLDDGvLCKfjYjc1NMFk6Bw6DkosqAmzycljdOqYPoqVdk9aNGH/bmRYGDMSkVMKbAdmcZaT/806qY2vw4zJJLVUkqlRnHJkFcr/j/pMU2L5yAFMNHO3IjLAGhPrUppzMdZlZJzAnAsnVSaPKFgMZBk0LypBUAnql+XqzdM0rAIcwwmcQQBXUIU7qEEDCCh4gVd48569d+/D+5xKV7xZwEcwV97XL8/5nwg=</latexit><latexit sha1_base64="U7T8JL7YIE0MxapymYQI10NX+ts=">AAACEHicbVDLSgMxFL3js9ZX1aWbYBHcWGZE0GXFjcsW7APaoWTSjA3NY0gyQhkKfoPgVn/Dnbj1D/wLP8FM24VtvRA499xzOTcnSjgz1ve/vZXVtfWNzcJWcXtnd2+/dHDYNCrVhDaI4kq3I2woZ5I2LLOcthNNsYg4bUXD23zeeqTaMCXv7SihocAPksWMYOuoTte1VFqc1ce9Utmv+JNCyyCYgTLMqtYr/XT7iqTC7ROOjekEfmLDDGvLCKfjYjc1NMFk6Bw6DkosqAmzycljdOqYPoqVdk9aNGH/bmRYGDMSkVMKbAdmcZaT/806qY2vw4zJJLVUkqlRnHJkFcr/j/pMU2L5yAFMNHO3IjLAGhPrUppzMdZlZJzAnAsnVSaPKFgMZBk0LypBUAnql+XqzdM0rAIcwwmcQQBXUIU7qEEDCCh4gVd48569d+/D+5xKV7xZwEcwV97XL8/5nwg=</latexit>

9proportion a 2 (0, 1], prob. Q0

s.t. P (·) = aQ+ (1� a)Q0
<latexit sha1_base64="EvTwDlKdaA27PaqE3uxZuEsqcRI="></latexit><latexit sha1_base64="EvTwDlKdaA27PaqE3uxZuEsqcRI="></latexit><latexit sha1_base64="EvTwDlKdaA27PaqE3uxZuEsqcRI="></latexit><latexit sha1_base64="EvTwDlKdaA27PaqE3uxZuEsqcRI="></latexit>

Q0
<latexit sha1_base64="6XlrGZe9ahhy+FNV3lt9bFt+7V4=">AAACEnicbZDLSgMxGIUz9VbrrerSTbCIbiwzIuiy4sZlC/YC7VAymUwbmsuYZIRhKPgQglt9DXfi1hfwLXwEM20XtvWHwOGcE/6fL4gZ1cZ1v53Cyura+kZxs7S1vbO7V94/aGmZKEyaWDKpOgHShFFBmoYaRjqxIogHjLSD0W2etx+J0lSKe5PGxOdoIGhEMTLW8nshUqOBQmnWOB33yxW36k4GLgtvJipgNvV++acXSpxwIgxmSOuu58bGz5AyFDMyLvUSTWKER2hAulYKxIn2s8nRY3hinRBGUtknDJy4f39kiGud8sA2OTJDvZjl5n9ZNzHRtZ9RESeGCDxdFCUMGglzAjCkimDDUisQVtTeCvEQKYSN5TS3RRtLSduCPue2KnWOyFsEsixaF1XPq3qNy0rt5mkKqwiOwDE4Ax64AjVwB+qgCTB4AC/gFbw5z8678+F8TqsFZwb4EMyN8/ULJx+fuw==</latexit><latexit sha1_base64="6XlrGZe9ahhy+FNV3lt9bFt+7V4=">AAACEnicbZDLSgMxGIUz9VbrrerSTbCIbiwzIuiy4sZlC/YC7VAymUwbmsuYZIRhKPgQglt9DXfi1hfwLXwEM20XtvWHwOGcE/6fL4gZ1cZ1v53Cyura+kZxs7S1vbO7V94/aGmZKEyaWDKpOgHShFFBmoYaRjqxIogHjLSD0W2etx+J0lSKe5PGxOdoIGhEMTLW8nshUqOBQmnWOB33yxW36k4GLgtvJipgNvV++acXSpxwIgxmSOuu58bGz5AyFDMyLvUSTWKER2hAulYKxIn2s8nRY3hinRBGUtknDJy4f39kiGud8sA2OTJDvZjl5n9ZNzHRtZ9RESeGCDxdFCUMGglzAjCkimDDUisQVtTeCvEQKYSN5TS3RRtLSduCPue2KnWOyFsEsixaF1XPq3qNy0rt5mkKqwiOwDE4Ax64AjVwB+qgCTB4AC/gFbw5z8678+F8TqsFZwb4EMyN8/ULJx+fuw==</latexit><latexit sha1_base64="6XlrGZe9ahhy+FNV3lt9bFt+7V4=">AAACEnicbZDLSgMxGIUz9VbrrerSTbCIbiwzIuiy4sZlC/YC7VAymUwbmsuYZIRhKPgQglt9DXfi1hfwLXwEM20XtvWHwOGcE/6fL4gZ1cZ1v53Cyura+kZxs7S1vbO7V94/aGmZKEyaWDKpOgHShFFBmoYaRjqxIogHjLSD0W2etx+J0lSKe5PGxOdoIGhEMTLW8nshUqOBQmnWOB33yxW36k4GLgtvJipgNvV++acXSpxwIgxmSOuu58bGz5AyFDMyLvUSTWKER2hAulYKxIn2s8nRY3hinRBGUtknDJy4f39kiGud8sA2OTJDvZjl5n9ZNzHRtZ9RESeGCDxdFCUMGglzAjCkimDDUisQVtTeCvEQKYSN5TS3RRtLSduCPue2KnWOyFsEsixaF1XPq3qNy0rt5mkKqwiOwDE4Ax64AjVwB+qgCTB4AC/gFbw5z8678+F8TqsFZwb4EMyN8/ULJx+fuw==</latexit><latexit sha1_base64="6XlrGZe9ahhy+FNV3lt9bFt+7V4=">AAACEnicbZDLSgMxGIUz9VbrrerSTbCIbiwzIuiy4sZlC/YC7VAymUwbmsuYZIRhKPgQglt9DXfi1hfwLXwEM20XtvWHwOGcE/6fL4gZ1cZ1v53Cyura+kZxs7S1vbO7V94/aGmZKEyaWDKpOgHShFFBmoYaRjqxIogHjLSD0W2etx+J0lSKe5PGxOdoIGhEMTLW8nshUqOBQmnWOB33yxW36k4GLgtvJipgNvV++acXSpxwIgxmSOuu58bGz5AyFDMyLvUSTWKER2hAulYKxIn2s8nRY3hinRBGUtknDJy4f39kiGud8sA2OTJDvZjl5n9ZNzHRtZ9RESeGCDxdFCUMGglzAjCkimDDUisQVtTeCvEQKYSN5TS3RRtLSduCPue2KnWOyFsEsixaF1XPq3qNy0rt5mkKqwiOwDE4Ax64AjVwB+qgCTB4AC/gFbw5z8678+F8TqsFZwb4EMyN8/ULJx+fuw==</latexit>

Q
<latexit sha1_base64="U7T8JL7YIE0MxapymYQI10NX+ts=">AAACEHicbVDLSgMxFL3js9ZX1aWbYBHcWGZE0GXFjcsW7APaoWTSjA3NY0gyQhkKfoPgVn/Dnbj1D/wLP8FM24VtvRA499xzOTcnSjgz1ve/vZXVtfWNzcJWcXtnd2+/dHDYNCrVhDaI4kq3I2woZ5I2LLOcthNNsYg4bUXD23zeeqTaMCXv7SihocAPksWMYOuoTte1VFqc1ce9Utmv+JNCyyCYgTLMqtYr/XT7iqTC7ROOjekEfmLDDGvLCKfjYjc1NMFk6Bw6DkosqAmzycljdOqYPoqVdk9aNGH/bmRYGDMSkVMKbAdmcZaT/806qY2vw4zJJLVUkqlRnHJkFcr/j/pMU2L5yAFMNHO3IjLAGhPrUppzMdZlZJzAnAsnVSaPKFgMZBk0LypBUAnql+XqzdM0rAIcwwmcQQBXUIU7qEEDCCh4gVd48569d+/D+5xKV7xZwEcwV97XL8/5nwg=</latexit><latexit sha1_base64="U7T8JL7YIE0MxapymYQI10NX+ts=">AAACEHicbVDLSgMxFL3js9ZX1aWbYBHcWGZE0GXFjcsW7APaoWTSjA3NY0gyQhkKfoPgVn/Dnbj1D/wLP8FM24VtvRA499xzOTcnSjgz1ve/vZXVtfWNzcJWcXtnd2+/dHDYNCrVhDaI4kq3I2woZ5I2LLOcthNNsYg4bUXD23zeeqTaMCXv7SihocAPksWMYOuoTte1VFqc1ce9Utmv+JNCyyCYgTLMqtYr/XT7iqTC7ROOjekEfmLDDGvLCKfjYjc1NMFk6Bw6DkosqAmzycljdOqYPoqVdk9aNGH/bmRYGDMSkVMKbAdmcZaT/806qY2vw4zJJLVUkqlRnHJkFcr/j/pMU2L5yAFMNHO3IjLAGhPrUppzMdZlZJzAnAsnVSaPKFgMZBk0LypBUAnql+XqzdM0rAIcwwmcQQBXUIU7qEEDCCh4gVd48569d+/D+5xKV7xZwEcwV97XL8/5nwg=</latexit><latexit sha1_base64="U7T8JL7YIE0MxapymYQI10NX+ts=">AAACEHicbVDLSgMxFL3js9ZX1aWbYBHcWGZE0GXFjcsW7APaoWTSjA3NY0gyQhkKfoPgVn/Dnbj1D/wLP8FM24VtvRA499xzOTcnSjgz1ve/vZXVtfWNzcJWcXtnd2+/dHDYNCrVhDaI4kq3I2woZ5I2LLOcthNNsYg4bUXD23zeeqTaMCXv7SihocAPksWMYOuoTte1VFqc1ce9Utmv+JNCyyCYgTLMqtYr/XT7iqTC7ROOjekEfmLDDGvLCKfjYjc1NMFk6Bw6DkosqAmzycljdOqYPoqVdk9aNGH/bmRYGDMSkVMKbAdmcZaT/806qY2vw4zJJLVUkqlRnHJkFcr/j/pMU2L5yAFMNHO3IjLAGhPrUppzMdZlZJzAnAsnVSaPKFgMZBk0LypBUAnql+XqzdM0rAIcwwmcQQBXUIU7qEEDCCh4gVd48569d+/D+5xKV7xZwEcwV97XL8/5nwg=</latexit><latexit sha1_base64="U7T8JL7YIE0MxapymYQI10NX+ts=">AAACEHicbVDLSgMxFL3js9ZX1aWbYBHcWGZE0GXFjcsW7APaoWTSjA3NY0gyQhkKfoPgVn/Dnbj1D/wLP8FM24VtvRA499xzOTcnSjgz1ve/vZXVtfWNzcJWcXtnd2+/dHDYNCrVhDaI4kq3I2woZ5I2LLOcthNNsYg4bUXD23zeeqTaMCXv7SihocAPksWMYOuoTte1VFqc1ce9Utmv+JNCyyCYgTLMqtYr/XT7iqTC7ROOjekEfmLDDGvLCKfjYjc1NMFk6Bw6DkosqAmzycljdOqYPoqVdk9aNGH/bmRYGDMSkVMKbAdmcZaT/806qY2vw4zJJLVUkqlRnHJkFcr/j/pMU2L5yAFMNHO3IjLAGhPrUppzMdZlZJzAnAsnVSaPKFgMZBk0LypBUAnql+XqzdM0rAIcwwmcQQBXUIU7qEEDCCh4gVd48569d+/D+5xKV7xZwEcwV97XL8/5nwg=</latexit>



`(✓;Z)
<latexit sha1_base64="VzBnNA+MS+yEpOVfDpk1cQpQCzE=">AAACF3icbVDLSgNBEJz1GeNr1aOXwSDEg2FXBAUvQS8eI5gHJiHMTmaTIbM7y3RvIIR8iOBVf8ObePXoX/gJTh4Hk1jQUFRV000FiZKAnvftrKyurW9sZray2zu7e/vuwWEFdGq4KHOttKkFDISSsSijRCVqiREsCpSoBr27sV/tCwNSx484SEQzYp1YhpIztFLLdRtKA+Qb2BXIbujTWcvNeQVvArpM/BnJkRlKLfen0dY8jUSMXDGAuu8l2Bwyg5IrMco2UhAJ4z3WEXVLYxYJaA4nn4/oqVXaNNTGTox0ov7dGLIIYBAFNhkx7MKiNxb/8+ophtfNoYyTFEXMp4fCVFHUdFwDbUsjOKqBJYwbaX+lvMsM42jLmrsCaKsCG4DzyEY1jGxF/mIhy6RyUfAtf7jMFW9nZWXIMTkheeKTK1Ik96REyoSTPnkhr+TNeXbenQ/ncxpdcWY7R2QOztcvuBSf/g==</latexit><latexit sha1_base64="VzBnNA+MS+yEpOVfDpk1cQpQCzE=">AAACF3icbVDLSgNBEJz1GeNr1aOXwSDEg2FXBAUvQS8eI5gHJiHMTmaTIbM7y3RvIIR8iOBVf8ObePXoX/gJTh4Hk1jQUFRV000FiZKAnvftrKyurW9sZray2zu7e/vuwWEFdGq4KHOttKkFDISSsSijRCVqiREsCpSoBr27sV/tCwNSx484SEQzYp1YhpIztFLLdRtKA+Qb2BXIbujTWcvNeQVvArpM/BnJkRlKLfen0dY8jUSMXDGAuu8l2Bwyg5IrMco2UhAJ4z3WEXVLYxYJaA4nn4/oqVXaNNTGTox0ov7dGLIIYBAFNhkx7MKiNxb/8+ophtfNoYyTFEXMp4fCVFHUdFwDbUsjOKqBJYwbaX+lvMsM42jLmrsCaKsCG4DzyEY1jGxF/mIhy6RyUfAtf7jMFW9nZWXIMTkheeKTK1Ik96REyoSTPnkhr+TNeXbenQ/ncxpdcWY7R2QOztcvuBSf/g==</latexit><latexit sha1_base64="VzBnNA+MS+yEpOVfDpk1cQpQCzE=">AAACF3icbVDLSgNBEJz1GeNr1aOXwSDEg2FXBAUvQS8eI5gHJiHMTmaTIbM7y3RvIIR8iOBVf8ObePXoX/gJTh4Hk1jQUFRV000FiZKAnvftrKyurW9sZray2zu7e/vuwWEFdGq4KHOttKkFDISSsSijRCVqiREsCpSoBr27sV/tCwNSx484SEQzYp1YhpIztFLLdRtKA+Qb2BXIbujTWcvNeQVvArpM/BnJkRlKLfen0dY8jUSMXDGAuu8l2Bwyg5IrMco2UhAJ4z3WEXVLYxYJaA4nn4/oqVXaNNTGTox0ov7dGLIIYBAFNhkx7MKiNxb/8+ophtfNoYyTFEXMp4fCVFHUdFwDbUsjOKqBJYwbaX+lvMsM42jLmrsCaKsCG4DzyEY1jGxF/mIhy6RyUfAtf7jMFW9nZWXIMTkheeKTK1Ik96REyoSTPnkhr+TNeXbenQ/ncxpdcWY7R2QOztcvuBSf/g==</latexit><latexit sha1_base64="VzBnNA+MS+yEpOVfDpk1cQpQCzE=">AAACF3icbVDLSgNBEJz1GeNr1aOXwSDEg2FXBAUvQS8eI5gHJiHMTmaTIbM7y3RvIIR8iOBVf8ObePXoX/gJTh4Hk1jQUFRV000FiZKAnvftrKyurW9sZray2zu7e/vuwWEFdGq4KHOttKkFDISSsSijRCVqiREsCpSoBr27sV/tCwNSx484SEQzYp1YhpIztFLLdRtKA+Qb2BXIbujTWcvNeQVvArpM/BnJkRlKLfen0dY8jUSMXDGAuu8l2Bwyg5IrMco2UhAJ4z3WEXVLYxYJaA4nn4/oqVXaNNTGTox0ov7dGLIIYBAFNhkx7MKiNxb/8+ophtfNoYyTFEXMp4fCVFHUdFwDbUsjOKqBJYwbaX+lvMsM42jLmrsCaKsCG4DzyEY1jGxF/mIhy6RyUfAtf7jMFW9nZWXIMTkheeKTK1Ik96REyoSTPnkhr+TNeXbenQ/ncxpdcWY7R2QOztcvuBSf/g==</latexit>

Subpopulations

P: base distribution

•     is a subpopulation of P if it’s a mixture component

subpopulationis aQ
<latexit sha1_base64="U7T8JL7YIE0MxapymYQI10NX+ts=">AAACEHicbVDLSgMxFL3js9ZX1aWbYBHcWGZE0GXFjcsW7APaoWTSjA3NY0gyQhkKfoPgVn/Dnbj1D/wLP8FM24VtvRA499xzOTcnSjgz1ve/vZXVtfWNzcJWcXtnd2+/dHDYNCrVhDaI4kq3I2woZ5I2LLOcthNNsYg4bUXD23zeeqTaMCXv7SihocAPksWMYOuoTte1VFqc1ce9Utmv+JNCyyCYgTLMqtYr/XT7iqTC7ROOjekEfmLDDGvLCKfjYjc1NMFk6Bw6DkosqAmzycljdOqYPoqVdk9aNGH/bmRYGDMSkVMKbAdmcZaT/806qY2vw4zJJLVUkqlRnHJkFcr/j/pMU2L5yAFMNHO3IjLAGhPrUppzMdZlZJzAnAsnVSaPKFgMZBk0LypBUAnql+XqzdM0rAIcwwmcQQBXUIU7qEEDCCh4gVd48569d+/D+5xKV7xZwEcwV97XL8/5nwg=</latexit><latexit sha1_base64="U7T8JL7YIE0MxapymYQI10NX+ts=">AAACEHicbVDLSgMxFL3js9ZX1aWbYBHcWGZE0GXFjcsW7APaoWTSjA3NY0gyQhkKfoPgVn/Dnbj1D/wLP8FM24VtvRA499xzOTcnSjgz1ve/vZXVtfWNzcJWcXtnd2+/dHDYNCrVhDaI4kq3I2woZ5I2LLOcthNNsYg4bUXD23zeeqTaMCXv7SihocAPksWMYOuoTte1VFqc1ce9Utmv+JNCyyCYgTLMqtYr/XT7iqTC7ROOjekEfmLDDGvLCKfjYjc1NMFk6Bw6DkosqAmzycljdOqYPoqVdk9aNGH/bmRYGDMSkVMKbAdmcZaT/806qY2vw4zJJLVUkqlRnHJkFcr/j/pMU2L5yAFMNHO3IjLAGhPrUppzMdZlZJzAnAsnVSaPKFgMZBk0LypBUAnql+XqzdM0rAIcwwmcQQBXUIU7qEEDCCh4gVd48569d+/D+5xKV7xZwEcwV97XL8/5nwg=</latexit><latexit sha1_base64="U7T8JL7YIE0MxapymYQI10NX+ts=">AAACEHicbVDLSgMxFL3js9ZX1aWbYBHcWGZE0GXFjcsW7APaoWTSjA3NY0gyQhkKfoPgVn/Dnbj1D/wLP8FM24VtvRA499xzOTcnSjgz1ve/vZXVtfWNzcJWcXtnd2+/dHDYNCrVhDaI4kq3I2woZ5I2LLOcthNNsYg4bUXD23zeeqTaMCXv7SihocAPksWMYOuoTte1VFqc1ce9Utmv+JNCyyCYgTLMqtYr/XT7iqTC7ROOjekEfmLDDGvLCKfjYjc1NMFk6Bw6DkosqAmzycljdOqYPoqVdk9aNGH/bmRYGDMSkVMKbAdmcZaT/806qY2vw4zJJLVUkqlRnHJkFcr/j/pMU2L5yAFMNHO3IjLAGhPrUppzMdZlZJzAnAsnVSaPKFgMZBk0LypBUAnql+XqzdM0rAIcwwmcQQBXUIU7qEEDCCh4gVd48569d+/D+5xKV7xZwEcwV97XL8/5nwg=</latexit><latexit sha1_base64="U7T8JL7YIE0MxapymYQI10NX+ts=">AAACEHicbVDLSgMxFL3js9ZX1aWbYBHcWGZE0GXFjcsW7APaoWTSjA3NY0gyQhkKfoPgVn/Dnbj1D/wLP8FM24VtvRA499xzOTcnSjgz1ve/vZXVtfWNzcJWcXtnd2+/dHDYNCrVhDaI4kq3I2woZ5I2LLOcthNNsYg4bUXD23zeeqTaMCXv7SihocAPksWMYOuoTte1VFqc1ce9Utmv+JNCyyCYgTLMqtYr/XT7iqTC7ROOjekEfmLDDGvLCKfjYjc1NMFk6Bw6DkosqAmzycljdOqYPoqVdk9aNGH/bmRYGDMSkVMKbAdmcZaT/806qY2vw4zJJLVUkqlRnHJkFcr/j/pMU2L5yAFMNHO3IjLAGhPrUppzMdZlZJzAnAsnVSaPKFgMZBk0LypBUAnql+XqzdM0rAIcwwmcQQBXUIU7qEEDCCh4gVd48569d+/D+5xKV7xZwEcwV97XL8/5nwg=</latexit>

Q
<latexit sha1_base64="U7T8JL7YIE0MxapymYQI10NX+ts=">AAACEHicbVDLSgMxFL3js9ZX1aWbYBHcWGZE0GXFjcsW7APaoWTSjA3NY0gyQhkKfoPgVn/Dnbj1D/wLP8FM24VtvRA499xzOTcnSjgz1ve/vZXVtfWNzcJWcXtnd2+/dHDYNCrVhDaI4kq3I2woZ5I2LLOcthNNsYg4bUXD23zeeqTaMCXv7SihocAPksWMYOuoTte1VFqc1ce9Utmv+JNCyyCYgTLMqtYr/XT7iqTC7ROOjekEfmLDDGvLCKfjYjc1NMFk6Bw6DkosqAmzycljdOqYPoqVdk9aNGH/bmRYGDMSkVMKbAdmcZaT/806qY2vw4zJJLVUkqlRnHJkFcr/j/pMU2L5yAFMNHO3IjLAGhPrUppzMdZlZJzAnAsnVSaPKFgMZBk0LypBUAnql+XqzdM0rAIcwwmcQQBXUIU7qEEDCCh4gVd48569d+/D+5xKV7xZwEcwV97XL8/5nwg=</latexit><latexit sha1_base64="U7T8JL7YIE0MxapymYQI10NX+ts=">AAACEHicbVDLSgMxFL3js9ZX1aWbYBHcWGZE0GXFjcsW7APaoWTSjA3NY0gyQhkKfoPgVn/Dnbj1D/wLP8FM24VtvRA499xzOTcnSjgz1ve/vZXVtfWNzcJWcXtnd2+/dHDYNCrVhDaI4kq3I2woZ5I2LLOcthNNsYg4bUXD23zeeqTaMCXv7SihocAPksWMYOuoTte1VFqc1ce9Utmv+JNCyyCYgTLMqtYr/XT7iqTC7ROOjekEfmLDDGvLCKfjYjc1NMFk6Bw6DkosqAmzycljdOqYPoqVdk9aNGH/bmRYGDMSkVMKbAdmcZaT/806qY2vw4zJJLVUkqlRnHJkFcr/j/pMU2L5yAFMNHO3IjLAGhPrUppzMdZlZJzAnAsnVSaPKFgMZBk0LypBUAnql+XqzdM0rAIcwwmcQQBXUIU7qEEDCCh4gVd48569d+/D+5xKV7xZwEcwV97XL8/5nwg=</latexit><latexit sha1_base64="U7T8JL7YIE0MxapymYQI10NX+ts=">AAACEHicbVDLSgMxFL3js9ZX1aWbYBHcWGZE0GXFjcsW7APaoWTSjA3NY0gyQhkKfoPgVn/Dnbj1D/wLP8FM24VtvRA499xzOTcnSjgz1ve/vZXVtfWNzcJWcXtnd2+/dHDYNCrVhDaI4kq3I2woZ5I2LLOcthNNsYg4bUXD23zeeqTaMCXv7SihocAPksWMYOuoTte1VFqc1ce9Utmv+JNCyyCYgTLMqtYr/XT7iqTC7ROOjekEfmLDDGvLCKfjYjc1NMFk6Bw6DkosqAmzycljdOqYPoqVdk9aNGH/bmRYGDMSkVMKbAdmcZaT/806qY2vw4zJJLVUkqlRnHJkFcr/j/pMU2L5yAFMNHO3IjLAGhPrUppzMdZlZJzAnAsnVSaPKFgMZBk0LypBUAnql+XqzdM0rAIcwwmcQQBXUIU7qEEDCCh4gVd48569d+/D+5xKV7xZwEcwV97XL8/5nwg=</latexit><latexit sha1_base64="U7T8JL7YIE0MxapymYQI10NX+ts=">AAACEHicbVDLSgMxFL3js9ZX1aWbYBHcWGZE0GXFjcsW7APaoWTSjA3NY0gyQhkKfoPgVn/Dnbj1D/wLP8FM24VtvRA499xzOTcnSjgz1ve/vZXVtfWNzcJWcXtnd2+/dHDYNCrVhDaI4kq3I2woZ5I2LLOcthNNsYg4bUXD23zeeqTaMCXv7SihocAPksWMYOuoTte1VFqc1ce9Utmv+JNCyyCYgTLMqtYr/XT7iqTC7ROOjekEfmLDDGvLCKfjYjc1NMFk6Bw6DkosqAmzycljdOqYPoqVdk9aNGH/bmRYGDMSkVMKbAdmcZaT/806qY2vw4zJJLVUkqlRnHJkFcr/j/pMU2L5yAFMNHO3IjLAGhPrUppzMdZlZJzAnAsnVSaPKFgMZBk0LypBUAnql+XqzdM0rAIcwwmcQQBXUIU7qEEDCCh4gVd48569d+/D+5xKV7xZwEcwV97XL8/5nwg=</latexit>

9proportion a 2 (0, 1], prob. Q0

s.t. P (·) = aQ+ (1� a)Q0
<latexit sha1_base64="EvTwDlKdaA27PaqE3uxZuEsqcRI="></latexit><latexit sha1_base64="EvTwDlKdaA27PaqE3uxZuEsqcRI="></latexit><latexit sha1_base64="EvTwDlKdaA27PaqE3uxZuEsqcRI="></latexit><latexit sha1_base64="EvTwDlKdaA27PaqE3uxZuEsqcRI="></latexit>

Q0
<latexit sha1_base64="6XlrGZe9ahhy+FNV3lt9bFt+7V4=">AAACEnicbZDLSgMxGIUz9VbrrerSTbCIbiwzIuiy4sZlC/YC7VAymUwbmsuYZIRhKPgQglt9DXfi1hfwLXwEM20XtvWHwOGcE/6fL4gZ1cZ1v53Cyura+kZxs7S1vbO7V94/aGmZKEyaWDKpOgHShFFBmoYaRjqxIogHjLSD0W2etx+J0lSKe5PGxOdoIGhEMTLW8nshUqOBQmnWOB33yxW36k4GLgtvJipgNvV++acXSpxwIgxmSOuu58bGz5AyFDMyLvUSTWKER2hAulYKxIn2s8nRY3hinRBGUtknDJy4f39kiGud8sA2OTJDvZjl5n9ZNzHRtZ9RESeGCDxdFCUMGglzAjCkimDDUisQVtTeCvEQKYSN5TS3RRtLSduCPue2KnWOyFsEsixaF1XPq3qNy0rt5mkKqwiOwDE4Ax64AjVwB+qgCTB4AC/gFbw5z8678+F8TqsFZwb4EMyN8/ULJx+fuw==</latexit><latexit sha1_base64="6XlrGZe9ahhy+FNV3lt9bFt+7V4=">AAACEnicbZDLSgMxGIUz9VbrrerSTbCIbiwzIuiy4sZlC/YC7VAymUwbmsuYZIRhKPgQglt9DXfi1hfwLXwEM20XtvWHwOGcE/6fL4gZ1cZ1v53Cyura+kZxs7S1vbO7V94/aGmZKEyaWDKpOgHShFFBmoYaRjqxIogHjLSD0W2etx+J0lSKe5PGxOdoIGhEMTLW8nshUqOBQmnWOB33yxW36k4GLgtvJipgNvV++acXSpxwIgxmSOuu58bGz5AyFDMyLvUSTWKER2hAulYKxIn2s8nRY3hinRBGUtknDJy4f39kiGud8sA2OTJDvZjl5n9ZNzHRtZ9RESeGCDxdFCUMGglzAjCkimDDUisQVtTeCvEQKYSN5TS3RRtLSduCPue2KnWOyFsEsixaF1XPq3qNy0rt5mkKqwiOwDE4Ax64AjVwB+qgCTB4AC/gFbw5z8678+F8TqsFZwb4EMyN8/ULJx+fuw==</latexit><latexit sha1_base64="6XlrGZe9ahhy+FNV3lt9bFt+7V4=">AAACEnicbZDLSgMxGIUz9VbrrerSTbCIbiwzIuiy4sZlC/YC7VAymUwbmsuYZIRhKPgQglt9DXfi1hfwLXwEM20XtvWHwOGcE/6fL4gZ1cZ1v53Cyura+kZxs7S1vbO7V94/aGmZKEyaWDKpOgHShFFBmoYaRjqxIogHjLSD0W2etx+J0lSKe5PGxOdoIGhEMTLW8nshUqOBQmnWOB33yxW36k4GLgtvJipgNvV++acXSpxwIgxmSOuu58bGz5AyFDMyLvUSTWKER2hAulYKxIn2s8nRY3hinRBGUtknDJy4f39kiGud8sA2OTJDvZjl5n9ZNzHRtZ9RESeGCDxdFCUMGglzAjCkimDDUisQVtTeCvEQKYSN5TS3RRtLSduCPue2KnWOyFsEsixaF1XPq3qNy0rt5mkKqwiOwDE4Ax64AjVwB+qgCTB4AC/gFbw5z8678+F8TqsFZwb4EMyN8/ULJx+fuw==</latexit><latexit sha1_base64="6XlrGZe9ahhy+FNV3lt9bFt+7V4=">AAACEnicbZDLSgMxGIUz9VbrrerSTbCIbiwzIuiy4sZlC/YC7VAymUwbmsuYZIRhKPgQglt9DXfi1hfwLXwEM20XtvWHwOGcE/6fL4gZ1cZ1v53Cyura+kZxs7S1vbO7V94/aGmZKEyaWDKpOgHShFFBmoYaRjqxIogHjLSD0W2etx+J0lSKe5PGxOdoIGhEMTLW8nshUqOBQmnWOB33yxW36k4GLgtvJipgNvV++acXSpxwIgxmSOuu58bGz5AyFDMyLvUSTWKER2hAulYKxIn2s8nRY3hinRBGUtknDJy4f39kiGud8sA2OTJDvZjl5n9ZNzHRtZ9RESeGCDxdFCUMGglzAjCkimDDUisQVtTeCvEQKYSN5TS3RRtLSduCPue2KnWOyFsEsixaF1XPq3qNy0rt5mkKqwiOwDE4Ax64AjVwB+qgCTB4AC/gFbw5z8678+F8TqsFZwb4EMyN8/ULJx+fuw==</latexit>

Q
<latexit sha1_base64="U7T8JL7YIE0MxapymYQI10NX+ts=">AAACEHicbVDLSgMxFL3js9ZX1aWbYBHcWGZE0GXFjcsW7APaoWTSjA3NY0gyQhkKfoPgVn/Dnbj1D/wLP8FM24VtvRA499xzOTcnSjgz1ve/vZXVtfWNzcJWcXtnd2+/dHDYNCrVhDaI4kq3I2woZ5I2LLOcthNNsYg4bUXD23zeeqTaMCXv7SihocAPksWMYOuoTte1VFqc1ce9Utmv+JNCyyCYgTLMqtYr/XT7iqTC7ROOjekEfmLDDGvLCKfjYjc1NMFk6Bw6DkosqAmzycljdOqYPoqVdk9aNGH/bmRYGDMSkVMKbAdmcZaT/806qY2vw4zJJLVUkqlRnHJkFcr/j/pMU2L5yAFMNHO3IjLAGhPrUppzMdZlZJzAnAsnVSaPKFgMZBk0LypBUAnql+XqzdM0rAIcwwmcQQBXUIU7qEEDCCh4gVd48569d+/D+5xKV7xZwEcwV97XL8/5nwg=</latexit><latexit sha1_base64="U7T8JL7YIE0MxapymYQI10NX+ts=">AAACEHicbVDLSgMxFL3js9ZX1aWbYBHcWGZE0GXFjcsW7APaoWTSjA3NY0gyQhkKfoPgVn/Dnbj1D/wLP8FM24VtvRA499xzOTcnSjgz1ve/vZXVtfWNzcJWcXtnd2+/dHDYNCrVhDaI4kq3I2woZ5I2LLOcthNNsYg4bUXD23zeeqTaMCXv7SihocAPksWMYOuoTte1VFqc1ce9Utmv+JNCyyCYgTLMqtYr/XT7iqTC7ROOjekEfmLDDGvLCKfjYjc1NMFk6Bw6DkosqAmzycljdOqYPoqVdk9aNGH/bmRYGDMSkVMKbAdmcZaT/806qY2vw4zJJLVUkqlRnHJkFcr/j/pMU2L5yAFMNHO3IjLAGhPrUppzMdZlZJzAnAsnVSaPKFgMZBk0LypBUAnql+XqzdM0rAIcwwmcQQBXUIU7qEEDCCh4gVd48569d+/D+5xKV7xZwEcwV97XL8/5nwg=</latexit><latexit sha1_base64="U7T8JL7YIE0MxapymYQI10NX+ts=">AAACEHicbVDLSgMxFL3js9ZX1aWbYBHcWGZE0GXFjcsW7APaoWTSjA3NY0gyQhkKfoPgVn/Dnbj1D/wLP8FM24VtvRA499xzOTcnSjgz1ve/vZXVtfWNzcJWcXtnd2+/dHDYNCrVhDaI4kq3I2woZ5I2LLOcthNNsYg4bUXD23zeeqTaMCXv7SihocAPksWMYOuoTte1VFqc1ce9Utmv+JNCyyCYgTLMqtYr/XT7iqTC7ROOjekEfmLDDGvLCKfjYjc1NMFk6Bw6DkosqAmzycljdOqYPoqVdk9aNGH/bmRYGDMSkVMKbAdmcZaT/806qY2vw4zJJLVUkqlRnHJkFcr/j/pMU2L5yAFMNHO3IjLAGhPrUppzMdZlZJzAnAsnVSaPKFgMZBk0LypBUAnql+XqzdM0rAIcwwmcQQBXUIU7qEEDCCh4gVd48569d+/D+5xKV7xZwEcwV97XL8/5nwg=</latexit><latexit sha1_base64="U7T8JL7YIE0MxapymYQI10NX+ts=">AAACEHicbVDLSgMxFL3js9ZX1aWbYBHcWGZE0GXFjcsW7APaoWTSjA3NY0gyQhkKfoPgVn/Dnbj1D/wLP8FM24VtvRA499xzOTcnSjgz1ve/vZXVtfWNzcJWcXtnd2+/dHDYNCrVhDaI4kq3I2woZ5I2LLOcthNNsYg4bUXD23zeeqTaMCXv7SihocAPksWMYOuoTte1VFqc1ce9Utmv+JNCyyCYgTLMqtYr/XT7iqTC7ROOjekEfmLDDGvLCKfjYjc1NMFk6Bw6DkosqAmzycljdOqYPoqVdk9aNGH/bmRYGDMSkVMKbAdmcZaT/806qY2vw4zJJLVUkqlRnHJkFcr/j/pMU2L5yAFMNHO3IjLAGhPrUppzMdZlZJzAnAsnVSaPKFgMZBk0LypBUAnql+XqzdM0rAIcwwmcQQBXUIU7qEEDCCh4gVd48569d+/D+5xKV7xZwEcwV97XL8/5nwg=</latexit>



Subpopulations
•     is a subpopulation of P if it’s a mixture component

subpopulationis aQ
<latexit sha1_base64="U7T8JL7YIE0MxapymYQI10NX+ts=">AAACEHicbVDLSgMxFL3js9ZX1aWbYBHcWGZE0GXFjcsW7APaoWTSjA3NY0gyQhkKfoPgVn/Dnbj1D/wLP8FM24VtvRA499xzOTcnSjgz1ve/vZXVtfWNzcJWcXtnd2+/dHDYNCrVhDaI4kq3I2woZ5I2LLOcthNNsYg4bUXD23zeeqTaMCXv7SihocAPksWMYOuoTte1VFqc1ce9Utmv+JNCyyCYgTLMqtYr/XT7iqTC7ROOjekEfmLDDGvLCKfjYjc1NMFk6Bw6DkosqAmzycljdOqYPoqVdk9aNGH/bmRYGDMSkVMKbAdmcZaT/806qY2vw4zJJLVUkqlRnHJkFcr/j/pMU2L5yAFMNHO3IjLAGhPrUppzMdZlZJzAnAsnVSaPKFgMZBk0LypBUAnql+XqzdM0rAIcwwmcQQBXUIU7qEEDCCh4gVd48569d+/D+5xKV7xZwEcwV97XL8/5nwg=</latexit><latexit sha1_base64="U7T8JL7YIE0MxapymYQI10NX+ts=">AAACEHicbVDLSgMxFL3js9ZX1aWbYBHcWGZE0GXFjcsW7APaoWTSjA3NY0gyQhkKfoPgVn/Dnbj1D/wLP8FM24VtvRA499xzOTcnSjgz1ve/vZXVtfWNzcJWcXtnd2+/dHDYNCrVhDaI4kq3I2woZ5I2LLOcthNNsYg4bUXD23zeeqTaMCXv7SihocAPksWMYOuoTte1VFqc1ce9Utmv+JNCyyCYgTLMqtYr/XT7iqTC7ROOjekEfmLDDGvLCKfjYjc1NMFk6Bw6DkosqAmzycljdOqYPoqVdk9aNGH/bmRYGDMSkVMKbAdmcZaT/806qY2vw4zJJLVUkqlRnHJkFcr/j/pMU2L5yAFMNHO3IjLAGhPrUppzMdZlZJzAnAsnVSaPKFgMZBk0LypBUAnql+XqzdM0rAIcwwmcQQBXUIU7qEEDCCh4gVd48569d+/D+5xKV7xZwEcwV97XL8/5nwg=</latexit><latexit sha1_base64="U7T8JL7YIE0MxapymYQI10NX+ts=">AAACEHicbVDLSgMxFL3js9ZX1aWbYBHcWGZE0GXFjcsW7APaoWTSjA3NY0gyQhkKfoPgVn/Dnbj1D/wLP8FM24VtvRA499xzOTcnSjgz1ve/vZXVtfWNzcJWcXtnd2+/dHDYNCrVhDaI4kq3I2woZ5I2LLOcthNNsYg4bUXD23zeeqTaMCXv7SihocAPksWMYOuoTte1VFqc1ce9Utmv+JNCyyCYgTLMqtYr/XT7iqTC7ROOjekEfmLDDGvLCKfjYjc1NMFk6Bw6DkosqAmzycljdOqYPoqVdk9aNGH/bmRYGDMSkVMKbAdmcZaT/806qY2vw4zJJLVUkqlRnHJkFcr/j/pMU2L5yAFMNHO3IjLAGhPrUppzMdZlZJzAnAsnVSaPKFgMZBk0LypBUAnql+XqzdM0rAIcwwmcQQBXUIU7qEEDCCh4gVd48569d+/D+5xKV7xZwEcwV97XL8/5nwg=</latexit><latexit sha1_base64="U7T8JL7YIE0MxapymYQI10NX+ts=">AAACEHicbVDLSgMxFL3js9ZX1aWbYBHcWGZE0GXFjcsW7APaoWTSjA3NY0gyQhkKfoPgVn/Dnbj1D/wLP8FM24VtvRA499xzOTcnSjgz1ve/vZXVtfWNzcJWcXtnd2+/dHDYNCrVhDaI4kq3I2woZ5I2LLOcthNNsYg4bUXD23zeeqTaMCXv7SihocAPksWMYOuoTte1VFqc1ce9Utmv+JNCyyCYgTLMqtYr/XT7iqTC7ROOjekEfmLDDGvLCKfjYjc1NMFk6Bw6DkosqAmzycljdOqYPoqVdk9aNGH/bmRYGDMSkVMKbAdmcZaT/806qY2vw4zJJLVUkqlRnHJkFcr/j/pMU2L5yAFMNHO3IjLAGhPrUppzMdZlZJzAnAsnVSaPKFgMZBk0LypBUAnql+XqzdM0rAIcwwmcQQBXUIU7qEEDCCh4gVd48569d+/D+5xKV7xZwEcwV97XL8/5nwg=</latexit>

Q
<latexit sha1_base64="U7T8JL7YIE0MxapymYQI10NX+ts=">AAACEHicbVDLSgMxFL3js9ZX1aWbYBHcWGZE0GXFjcsW7APaoWTSjA3NY0gyQhkKfoPgVn/Dnbj1D/wLP8FM24VtvRA499xzOTcnSjgz1ve/vZXVtfWNzcJWcXtnd2+/dHDYNCrVhDaI4kq3I2woZ5I2LLOcthNNsYg4bUXD23zeeqTaMCXv7SihocAPksWMYOuoTte1VFqc1ce9Utmv+JNCyyCYgTLMqtYr/XT7iqTC7ROOjekEfmLDDGvLCKfjYjc1NMFk6Bw6DkosqAmzycljdOqYPoqVdk9aNGH/bmRYGDMSkVMKbAdmcZaT/806qY2vw4zJJLVUkqlRnHJkFcr/j/pMU2L5yAFMNHO3IjLAGhPrUppzMdZlZJzAnAsnVSaPKFgMZBk0LypBUAnql+XqzdM0rAIcwwmcQQBXUIU7qEEDCCh4gVd48569d+/D+5xKV7xZwEcwV97XL8/5nwg=</latexit><latexit sha1_base64="U7T8JL7YIE0MxapymYQI10NX+ts=">AAACEHicbVDLSgMxFL3js9ZX1aWbYBHcWGZE0GXFjcsW7APaoWTSjA3NY0gyQhkKfoPgVn/Dnbj1D/wLP8FM24VtvRA499xzOTcnSjgz1ve/vZXVtfWNzcJWcXtnd2+/dHDYNCrVhDaI4kq3I2woZ5I2LLOcthNNsYg4bUXD23zeeqTaMCXv7SihocAPksWMYOuoTte1VFqc1ce9Utmv+JNCyyCYgTLMqtYr/XT7iqTC7ROOjekEfmLDDGvLCKfjYjc1NMFk6Bw6DkosqAmzycljdOqYPoqVdk9aNGH/bmRYGDMSkVMKbAdmcZaT/806qY2vw4zJJLVUkqlRnHJkFcr/j/pMU2L5yAFMNHO3IjLAGhPrUppzMdZlZJzAnAsnVSaPKFgMZBk0LypBUAnql+XqzdM0rAIcwwmcQQBXUIU7qEEDCCh4gVd48569d+/D+5xKV7xZwEcwV97XL8/5nwg=</latexit><latexit sha1_base64="U7T8JL7YIE0MxapymYQI10NX+ts=">AAACEHicbVDLSgMxFL3js9ZX1aWbYBHcWGZE0GXFjcsW7APaoWTSjA3NY0gyQhkKfoPgVn/Dnbj1D/wLP8FM24VtvRA499xzOTcnSjgz1ve/vZXVtfWNzcJWcXtnd2+/dHDYNCrVhDaI4kq3I2woZ5I2LLOcthNNsYg4bUXD23zeeqTaMCXv7SihocAPksWMYOuoTte1VFqc1ce9Utmv+JNCyyCYgTLMqtYr/XT7iqTC7ROOjekEfmLDDGvLCKfjYjc1NMFk6Bw6DkosqAmzycljdOqYPoqVdk9aNGH/bmRYGDMSkVMKbAdmcZaT/806qY2vw4zJJLVUkqlRnHJkFcr/j/pMU2L5yAFMNHO3IjLAGhPrUppzMdZlZJzAnAsnVSaPKFgMZBk0LypBUAnql+XqzdM0rAIcwwmcQQBXUIU7qEEDCCh4gVd48569d+/D+5xKV7xZwEcwV97XL8/5nwg=</latexit><latexit sha1_base64="U7T8JL7YIE0MxapymYQI10NX+ts=">AAACEHicbVDLSgMxFL3js9ZX1aWbYBHcWGZE0GXFjcsW7APaoWTSjA3NY0gyQhkKfoPgVn/Dnbj1D/wLP8FM24VtvRA499xzOTcnSjgz1ve/vZXVtfWNzcJWcXtnd2+/dHDYNCrVhDaI4kq3I2woZ5I2LLOcthNNsYg4bUXD23zeeqTaMCXv7SihocAPksWMYOuoTte1VFqc1ce9Utmv+JNCyyCYgTLMqtYr/XT7iqTC7ROOjekEfmLDDGvLCKfjYjc1NMFk6Bw6DkosqAmzycljdOqYPoqVdk9aNGH/bmRYGDMSkVMKbAdmcZaT/806qY2vw4zJJLVUkqlRnHJkFcr/j/pMU2L5yAFMNHO3IjLAGhPrUppzMdZlZJzAnAsnVSaPKFgMZBk0LypBUAnql+XqzdM0rAIcwwmcQQBXUIU7qEEDCCh4gVd48569d+/D+5xKV7xZwEcwV97XL8/5nwg=</latexit>

9proportion a 2 (0, 1], prob. Q0

s.t. P (·) = aQ+ (1� a)Q0
<latexit sha1_base64="EvTwDlKdaA27PaqE3uxZuEsqcRI="></latexit><latexit sha1_base64="EvTwDlKdaA27PaqE3uxZuEsqcRI="></latexit><latexit sha1_base64="EvTwDlKdaA27PaqE3uxZuEsqcRI="></latexit><latexit sha1_base64="EvTwDlKdaA27PaqE3uxZuEsqcRI="></latexit>

Notation
Q ⌫ ↵

<latexit sha1_base64="dGmimO7HKucBAKBifyCBEJSYO5o=">AAACJ3icbVBPS8MwHE3nvzn/VT16CQ7Bi6MVQY8DPXjcwP2BtYw0TV1YktYkFUbp1e8ieNWv4U306DfwI5huPbjNHwQe771fXvKChFGlHefLqqysrq1vVDdrW9s7u3v2/kFXxanEpINjFst+gBRhVJCOppqRfiIJ4gEjvWB8Xei9RyIVjcWdniTE5+he0IhipA01tKFnCCI0yto59FSKMXmAniRh5iGWjFA+tOtOw5kOXAZuCeqgnNbQ/vHCGKfcXIoZUmrgOon2MyQ1xYzkNS9VJEF4bGIHBgrEifKz6U9yeGKYEEaxNEdoOGX/bmSIKzXhgXFypEdqUSvI/7RBqqMrP6MiSTUReBYUpQzqGBa1wJBKgjWbGICwpOatEI+QRFib8uZSlDbVKWNQZ9xYY1VU5C4Wsgy65w3Xbbjti3rzpiyrCo7AMTgFLrgETXALWqADMHgCL+AVvFnP1rv1YX3OrBWr3DkEc2N9/wIM0aef</latexit><latexit sha1_base64="dGmimO7HKucBAKBifyCBEJSYO5o=">AAACJ3icbVBPS8MwHE3nvzn/VT16CQ7Bi6MVQY8DPXjcwP2BtYw0TV1YktYkFUbp1e8ieNWv4U306DfwI5huPbjNHwQe771fXvKChFGlHefLqqysrq1vVDdrW9s7u3v2/kFXxanEpINjFst+gBRhVJCOppqRfiIJ4gEjvWB8Xei9RyIVjcWdniTE5+he0IhipA01tKFnCCI0yto59FSKMXmAniRh5iGWjFA+tOtOw5kOXAZuCeqgnNbQ/vHCGKfcXIoZUmrgOon2MyQ1xYzkNS9VJEF4bGIHBgrEifKz6U9yeGKYEEaxNEdoOGX/bmSIKzXhgXFypEdqUSvI/7RBqqMrP6MiSTUReBYUpQzqGBa1wJBKgjWbGICwpOatEI+QRFib8uZSlDbVKWNQZ9xYY1VU5C4Wsgy65w3Xbbjti3rzpiyrCo7AMTgFLrgETXALWqADMHgCL+AVvFnP1rv1YX3OrBWr3DkEc2N9/wIM0aef</latexit><latexit sha1_base64="dGmimO7HKucBAKBifyCBEJSYO5o=">AAACJ3icbVBPS8MwHE3nvzn/VT16CQ7Bi6MVQY8DPXjcwP2BtYw0TV1YktYkFUbp1e8ieNWv4U306DfwI5huPbjNHwQe771fXvKChFGlHefLqqysrq1vVDdrW9s7u3v2/kFXxanEpINjFst+gBRhVJCOppqRfiIJ4gEjvWB8Xei9RyIVjcWdniTE5+he0IhipA01tKFnCCI0yto59FSKMXmAniRh5iGWjFA+tOtOw5kOXAZuCeqgnNbQ/vHCGKfcXIoZUmrgOon2MyQ1xYzkNS9VJEF4bGIHBgrEifKz6U9yeGKYEEaxNEdoOGX/bmSIKzXhgXFypEdqUSvI/7RBqqMrP6MiSTUReBYUpQzqGBa1wJBKgjWbGICwpOatEI+QRFib8uZSlDbVKWNQZ9xYY1VU5C4Wsgy65w3Xbbjti3rzpiyrCo7AMTgFLrgETXALWqADMHgCL+AVvFnP1rv1YX3OrBWr3DkEc2N9/wIM0aef</latexit><latexit sha1_base64="dGmimO7HKucBAKBifyCBEJSYO5o=">AAACJ3icbVBPS8MwHE3nvzn/VT16CQ7Bi6MVQY8DPXjcwP2BtYw0TV1YktYkFUbp1e8ieNWv4U306DfwI5huPbjNHwQe771fXvKChFGlHefLqqysrq1vVDdrW9s7u3v2/kFXxanEpINjFst+gBRhVJCOppqRfiIJ4gEjvWB8Xei9RyIVjcWdniTE5+he0IhipA01tKFnCCI0yto59FSKMXmAniRh5iGWjFA+tOtOw5kOXAZuCeqgnNbQ/vHCGKfcXIoZUmrgOon2MyQ1xYzkNS9VJEF4bGIHBgrEifKz6U9yeGKYEEaxNEdoOGX/bmSIKzXhgXFypEdqUSvI/7RBqqMrP6MiSTUReBYUpQzqGBa1wJBKgjWbGICwpOatEI+QRFib8uZSlDbVKWNQZ9xYY1VU5C4Wsgy65w3Xbbjti3rzpiyrCo7AMTgFLrgETXALWqADMHgCL+AVvFnP1rv1YX3OrBWr3DkEc2N9/wIM0aef</latexit>

(
Q :

9probability Q0, and a � ↵

s.t. P = aQ+ (1� a)Q0

)

<latexit sha1_base64="Z88CETpdBBIr1H+7sJq6mIxvoxY="></latexit><latexit sha1_base64="Z88CETpdBBIr1H+7sJq6mIxvoxY="></latexit><latexit sha1_base64="Z88CETpdBBIr1H+7sJq6mIxvoxY="></latexit><latexit sha1_base64="Z88CETpdBBIr1H+7sJq6mIxvoxY="></latexit>

subpopulation with proportion larger than ↵ 2 (0, 1]
<latexit sha1_base64="qDcu8JtBqUrLNMzX/g0+CcfktTY=">AAACHnicbVDLSsNAFJ3UV62vqAsXbgaL0IWWjAi6LOjCZQX7gCaUyWTSDp1MwsxEKCH/IrjV33AnbvUv/AQnbRa2emDgcM653DvHTzhT2nG+rMrK6tr6RnWztrW9s7tn7x90VZxKQjsk5rHs+1hRzgTtaKY57SeS4sjntOdPbgq/90ilYrF40NOEehEeCRYygrWRhvaRK2mQuZgnYwxdJmDDOYPIy4d23Wk6M8C/BJWkDkq0h/a3G8QkjajQhGOlBshJtJdhqRnhNK+5qaIJJhM8ogNDBY6o8rLZB3J4apQAhrE0T2g4U39PZDhSahr5JhlhPVbLXiH+5w1SHV57GRNJqqkg80VhyqGOYdEGDJikRPOpIZhIZm6FZIwlJtp0trBFadOYMgF1HplorIqK0HIhf0n3oolQE91f1lu3ZVlVcAxOQAMgcAVa4A60QQcQkINn8AJerSfrzXq3PubRilXOHIIFWJ8/MiuiSA==</latexit><latexit sha1_base64="qDcu8JtBqUrLNMzX/g0+CcfktTY=">AAACHnicbVDLSsNAFJ3UV62vqAsXbgaL0IWWjAi6LOjCZQX7gCaUyWTSDp1MwsxEKCH/IrjV33AnbvUv/AQnbRa2emDgcM653DvHTzhT2nG+rMrK6tr6RnWztrW9s7tn7x90VZxKQjsk5rHs+1hRzgTtaKY57SeS4sjntOdPbgq/90ilYrF40NOEehEeCRYygrWRhvaRK2mQuZgnYwxdJmDDOYPIy4d23Wk6M8C/BJWkDkq0h/a3G8QkjajQhGOlBshJtJdhqRnhNK+5qaIJJhM8ogNDBY6o8rLZB3J4apQAhrE0T2g4U39PZDhSahr5JhlhPVbLXiH+5w1SHV57GRNJqqkg80VhyqGOYdEGDJikRPOpIZhIZm6FZIwlJtp0trBFadOYMgF1HplorIqK0HIhf0n3oolQE91f1lu3ZVlVcAxOQAMgcAVa4A60QQcQkINn8AJerSfrzXq3PubRilXOHIIFWJ8/MiuiSA==</latexit><latexit sha1_base64="qDcu8JtBqUrLNMzX/g0+CcfktTY=">AAACHnicbVDLSsNAFJ3UV62vqAsXbgaL0IWWjAi6LOjCZQX7gCaUyWTSDp1MwsxEKCH/IrjV33AnbvUv/AQnbRa2emDgcM653DvHTzhT2nG+rMrK6tr6RnWztrW9s7tn7x90VZxKQjsk5rHs+1hRzgTtaKY57SeS4sjntOdPbgq/90ilYrF40NOEehEeCRYygrWRhvaRK2mQuZgnYwxdJmDDOYPIy4d23Wk6M8C/BJWkDkq0h/a3G8QkjajQhGOlBshJtJdhqRnhNK+5qaIJJhM8ogNDBY6o8rLZB3J4apQAhrE0T2g4U39PZDhSahr5JhlhPVbLXiH+5w1SHV57GRNJqqkg80VhyqGOYdEGDJikRPOpIZhIZm6FZIwlJtp0trBFadOYMgF1HplorIqK0HIhf0n3oolQE91f1lu3ZVlVcAxOQAMgcAVa4A60QQcQkINn8AJerSfrzXq3PubRilXOHIIFWJ8/MiuiSA==</latexit><latexit sha1_base64="qDcu8JtBqUrLNMzX/g0+CcfktTY=">AAACHnicbVDLSsNAFJ3UV62vqAsXbgaL0IWWjAi6LOjCZQX7gCaUyWTSDp1MwsxEKCH/IrjV33AnbvUv/AQnbRa2emDgcM653DvHTzhT2nG+rMrK6tr6RnWztrW9s7tn7x90VZxKQjsk5rHs+1hRzgTtaKY57SeS4sjntOdPbgq/90ilYrF40NOEehEeCRYygrWRhvaRK2mQuZgnYwxdJmDDOYPIy4d23Wk6M8C/BJWkDkq0h/a3G8QkjajQhGOlBshJtJdhqRnhNK+5qaIJJhM8ogNDBY6o8rLZB3J4apQAhrE0T2g4U39PZDhSahr5JhlhPVbLXiH+5w1SHV57GRNJqqkg80VhyqGOYdEGDJikRPOpIZhIZm6FZIwlJtp0trBFadOYMgF1HplorIqK0HIhf0n3oolQE91f1lu3ZVlVcAxOQAMgcAVa4A60QQcQkINn8AJerSfrzXq3PubRilXOHIIFWJ8/MiuiSA==</latexit>



Subpopulations

Notation
Q ⌫ ↵

<latexit sha1_base64="dGmimO7HKucBAKBifyCBEJSYO5o=">AAACJ3icbVBPS8MwHE3nvzn/VT16CQ7Bi6MVQY8DPXjcwP2BtYw0TV1YktYkFUbp1e8ieNWv4U306DfwI5huPbjNHwQe771fXvKChFGlHefLqqysrq1vVDdrW9s7u3v2/kFXxanEpINjFst+gBRhVJCOppqRfiIJ4gEjvWB8Xei9RyIVjcWdniTE5+he0IhipA01tKFnCCI0yto59FSKMXmAniRh5iGWjFA+tOtOw5kOXAZuCeqgnNbQ/vHCGKfcXIoZUmrgOon2MyQ1xYzkNS9VJEF4bGIHBgrEifKz6U9yeGKYEEaxNEdoOGX/bmSIKzXhgXFypEdqUSvI/7RBqqMrP6MiSTUReBYUpQzqGBa1wJBKgjWbGICwpOatEI+QRFib8uZSlDbVKWNQZ9xYY1VU5C4Wsgy65w3Xbbjti3rzpiyrCo7AMTgFLrgETXALWqADMHgCL+AVvFnP1rv1YX3OrBWr3DkEc2N9/wIM0aef</latexit><latexit sha1_base64="dGmimO7HKucBAKBifyCBEJSYO5o=">AAACJ3icbVBPS8MwHE3nvzn/VT16CQ7Bi6MVQY8DPXjcwP2BtYw0TV1YktYkFUbp1e8ieNWv4U306DfwI5huPbjNHwQe771fXvKChFGlHefLqqysrq1vVDdrW9s7u3v2/kFXxanEpINjFst+gBRhVJCOppqRfiIJ4gEjvWB8Xei9RyIVjcWdniTE5+he0IhipA01tKFnCCI0yto59FSKMXmAniRh5iGWjFA+tOtOw5kOXAZuCeqgnNbQ/vHCGKfcXIoZUmrgOon2MyQ1xYzkNS9VJEF4bGIHBgrEifKz6U9yeGKYEEaxNEdoOGX/bmSIKzXhgXFypEdqUSvI/7RBqqMrP6MiSTUReBYUpQzqGBa1wJBKgjWbGICwpOatEI+QRFib8uZSlDbVKWNQZ9xYY1VU5C4Wsgy65w3Xbbjti3rzpiyrCo7AMTgFLrgETXALWqADMHgCL+AVvFnP1rv1YX3OrBWr3DkEc2N9/wIM0aef</latexit><latexit sha1_base64="dGmimO7HKucBAKBifyCBEJSYO5o=">AAACJ3icbVBPS8MwHE3nvzn/VT16CQ7Bi6MVQY8DPXjcwP2BtYw0TV1YktYkFUbp1e8ieNWv4U306DfwI5huPbjNHwQe771fXvKChFGlHefLqqysrq1vVDdrW9s7u3v2/kFXxanEpINjFst+gBRhVJCOppqRfiIJ4gEjvWB8Xei9RyIVjcWdniTE5+he0IhipA01tKFnCCI0yto59FSKMXmAniRh5iGWjFA+tOtOw5kOXAZuCeqgnNbQ/vHCGKfcXIoZUmrgOon2MyQ1xYzkNS9VJEF4bGIHBgrEifKz6U9yeGKYEEaxNEdoOGX/bmSIKzXhgXFypEdqUSvI/7RBqqMrP6MiSTUReBYUpQzqGBa1wJBKgjWbGICwpOatEI+QRFib8uZSlDbVKWNQZ9xYY1VU5C4Wsgy65w3Xbbjti3rzpiyrCo7AMTgFLrgETXALWqADMHgCL+AVvFnP1rv1YX3OrBWr3DkEc2N9/wIM0aef</latexit><latexit sha1_base64="dGmimO7HKucBAKBifyCBEJSYO5o=">AAACJ3icbVBPS8MwHE3nvzn/VT16CQ7Bi6MVQY8DPXjcwP2BtYw0TV1YktYkFUbp1e8ieNWv4U306DfwI5huPbjNHwQe771fXvKChFGlHefLqqysrq1vVDdrW9s7u3v2/kFXxanEpINjFst+gBRhVJCOppqRfiIJ4gEjvWB8Xei9RyIVjcWdniTE5+he0IhipA01tKFnCCI0yto59FSKMXmAniRh5iGWjFA+tOtOw5kOXAZuCeqgnNbQ/vHCGKfcXIoZUmrgOon2MyQ1xYzkNS9VJEF4bGIHBgrEifKz6U9yeGKYEEaxNEdoOGX/bmSIKzXhgXFypEdqUSvI/7RBqqMrP6MiSTUReBYUpQzqGBa1wJBKgjWbGICwpOatEI+QRFib8uZSlDbVKWNQZ9xYY1VU5C4Wsgy65w3Xbbjti3rzpiyrCo7AMTgFLrgETXALWqADMHgCL+AVvFnP1rv1YX3OrBWr3DkEc2N9/wIM0aef</latexit>

(
Q :

9probability Q0, and a � ↵

s.t. P = aQ+ (1� a)Q0

)

<latexit sha1_base64="Z88CETpdBBIr1H+7sJq6mIxvoxY="></latexit><latexit sha1_base64="Z88CETpdBBIr1H+7sJq6mIxvoxY="></latexit><latexit sha1_base64="Z88CETpdBBIr1H+7sJq6mIxvoxY="></latexit><latexit sha1_base64="Z88CETpdBBIr1H+7sJq6mIxvoxY="></latexit>

subpopulation with proportion larger than ↵ 2 (0, 1]
<latexit sha1_base64="qDcu8JtBqUrLNMzX/g0+CcfktTY=">AAACHnicbVDLSsNAFJ3UV62vqAsXbgaL0IWWjAi6LOjCZQX7gCaUyWTSDp1MwsxEKCH/IrjV33AnbvUv/AQnbRa2emDgcM653DvHTzhT2nG+rMrK6tr6RnWztrW9s7tn7x90VZxKQjsk5rHs+1hRzgTtaKY57SeS4sjntOdPbgq/90ilYrF40NOEehEeCRYygrWRhvaRK2mQuZgnYwxdJmDDOYPIy4d23Wk6M8C/BJWkDkq0h/a3G8QkjajQhGOlBshJtJdhqRnhNK+5qaIJJhM8ogNDBY6o8rLZB3J4apQAhrE0T2g4U39PZDhSahr5JhlhPVbLXiH+5w1SHV57GRNJqqkg80VhyqGOYdEGDJikRPOpIZhIZm6FZIwlJtp0trBFadOYMgF1HplorIqK0HIhf0n3oolQE91f1lu3ZVlVcAxOQAMgcAVa4A60QQcQkINn8AJerSfrzXq3PubRilXOHIIFWJ8/MiuiSA==</latexit><latexit sha1_base64="qDcu8JtBqUrLNMzX/g0+CcfktTY=">AAACHnicbVDLSsNAFJ3UV62vqAsXbgaL0IWWjAi6LOjCZQX7gCaUyWTSDp1MwsxEKCH/IrjV33AnbvUv/AQnbRa2emDgcM653DvHTzhT2nG+rMrK6tr6RnWztrW9s7tn7x90VZxKQjsk5rHs+1hRzgTtaKY57SeS4sjntOdPbgq/90ilYrF40NOEehEeCRYygrWRhvaRK2mQuZgnYwxdJmDDOYPIy4d23Wk6M8C/BJWkDkq0h/a3G8QkjajQhGOlBshJtJdhqRnhNK+5qaIJJhM8ogNDBY6o8rLZB3J4apQAhrE0T2g4U39PZDhSahr5JhlhPVbLXiH+5w1SHV57GRNJqqkg80VhyqGOYdEGDJikRPOpIZhIZm6FZIwlJtp0trBFadOYMgF1HplorIqK0HIhf0n3oolQE91f1lu3ZVlVcAxOQAMgcAVa4A60QQcQkINn8AJerSfrzXq3PubRilXOHIIFWJ8/MiuiSA==</latexit><latexit sha1_base64="qDcu8JtBqUrLNMzX/g0+CcfktTY=">AAACHnicbVDLSsNAFJ3UV62vqAsXbgaL0IWWjAi6LOjCZQX7gCaUyWTSDp1MwsxEKCH/IrjV33AnbvUv/AQnbRa2emDgcM653DvHTzhT2nG+rMrK6tr6RnWztrW9s7tn7x90VZxKQjsk5rHs+1hRzgTtaKY57SeS4sjntOdPbgq/90ilYrF40NOEehEeCRYygrWRhvaRK2mQuZgnYwxdJmDDOYPIy4d23Wk6M8C/BJWkDkq0h/a3G8QkjajQhGOlBshJtJdhqRnhNK+5qaIJJhM8ogNDBY6o8rLZB3J4apQAhrE0T2g4U39PZDhSahr5JhlhPVbLXiH+5w1SHV57GRNJqqkg80VhyqGOYdEGDJikRPOpIZhIZm6FZIwlJtp0trBFadOYMgF1HplorIqK0HIhf0n3oolQE91f1lu3ZVlVcAxOQAMgcAVa4A60QQcQkINn8AJerSfrzXq3PubRilXOHIIFWJ8/MiuiSA==</latexit><latexit sha1_base64="qDcu8JtBqUrLNMzX/g0+CcfktTY=">AAACHnicbVDLSsNAFJ3UV62vqAsXbgaL0IWWjAi6LOjCZQX7gCaUyWTSDp1MwsxEKCH/IrjV33AnbvUv/AQnbRa2emDgcM653DvHTzhT2nG+rMrK6tr6RnWztrW9s7tn7x90VZxKQjsk5rHs+1hRzgTtaKY57SeS4sjntOdPbgq/90ilYrF40NOEehEeCRYygrWRhvaRK2mQuZgnYwxdJmDDOYPIy4d23Wk6M8C/BJWkDkq0h/a3G8QkjajQhGOlBshJtJdhqRnhNK+5qaIJJhM8ogNDBY6o8rLZB3J4apQAhrE0T2g4U39PZDhSahr5JhlhPVbLXiH+5w1SHV57GRNJqqkg80VhyqGOYdEGDJikRPOpIZhIZm6FZIwlJtp0trBFadOYMgF1HplorIqK0HIhf0n3oolQE91f1lu3ZVlVcAxOQAMgcAVa4A60QQcQkINn8AJerSfrzXq3PubRilXOHIIFWJ8/MiuiSA==</latexit>

• Worst-case loss over subpopulations larger than ↵ 2 (0, 1]
<latexit sha1_base64="qDcu8JtBqUrLNMzX/g0+CcfktTY=">AAACHnicbVDLSsNAFJ3UV62vqAsXbgaL0IWWjAi6LOjCZQX7gCaUyWTSDp1MwsxEKCH/IrjV33AnbvUv/AQnbRa2emDgcM653DvHTzhT2nG+rMrK6tr6RnWztrW9s7tn7x90VZxKQjsk5rHs+1hRzgTtaKY57SeS4sjntOdPbgq/90ilYrF40NOEehEeCRYygrWRhvaRK2mQuZgnYwxdJmDDOYPIy4d23Wk6M8C/BJWkDkq0h/a3G8QkjajQhGOlBshJtJdhqRnhNK+5qaIJJhM8ogNDBY6o8rLZB3J4apQAhrE0T2g4U39PZDhSahr5JhlhPVbLXiH+5w1SHV57GRNJqqkg80VhyqGOYdEGDJikRPOpIZhIZm6FZIwlJtp0trBFadOYMgF1HplorIqK0HIhf0n3oolQE91f1lu3ZVlVcAxOQAMgcAVa4A60QQcQkINn8AJerSfrzXq3PubRilXOHIIFWJ8/MiuiSA==</latexit><latexit sha1_base64="qDcu8JtBqUrLNMzX/g0+CcfktTY=">AAACHnicbVDLSsNAFJ3UV62vqAsXbgaL0IWWjAi6LOjCZQX7gCaUyWTSDp1MwsxEKCH/IrjV33AnbvUv/AQnbRa2emDgcM653DvHTzhT2nG+rMrK6tr6RnWztrW9s7tn7x90VZxKQjsk5rHs+1hRzgTtaKY57SeS4sjntOdPbgq/90ilYrF40NOEehEeCRYygrWRhvaRK2mQuZgnYwxdJmDDOYPIy4d23Wk6M8C/BJWkDkq0h/a3G8QkjajQhGOlBshJtJdhqRnhNK+5qaIJJhM8ogNDBY6o8rLZB3J4apQAhrE0T2g4U39PZDhSahr5JhlhPVbLXiH+5w1SHV57GRNJqqkg80VhyqGOYdEGDJikRPOpIZhIZm6FZIwlJtp0trBFadOYMgF1HplorIqK0HIhf0n3oolQE91f1lu3ZVlVcAxOQAMgcAVa4A60QQcQkINn8AJerSfrzXq3PubRilXOHIIFWJ8/MiuiSA==</latexit><latexit sha1_base64="qDcu8JtBqUrLNMzX/g0+CcfktTY=">AAACHnicbVDLSsNAFJ3UV62vqAsXbgaL0IWWjAi6LOjCZQX7gCaUyWTSDp1MwsxEKCH/IrjV33AnbvUv/AQnbRa2emDgcM653DvHTzhT2nG+rMrK6tr6RnWztrW9s7tn7x90VZxKQjsk5rHs+1hRzgTtaKY57SeS4sjntOdPbgq/90ilYrF40NOEehEeCRYygrWRhvaRK2mQuZgnYwxdJmDDOYPIy4d23Wk6M8C/BJWkDkq0h/a3G8QkjajQhGOlBshJtJdhqRnhNK+5qaIJJhM8ogNDBY6o8rLZB3J4apQAhrE0T2g4U39PZDhSahr5JhlhPVbLXiH+5w1SHV57GRNJqqkg80VhyqGOYdEGDJikRPOpIZhIZm6FZIwlJtp0trBFadOYMgF1HplorIqK0HIhf0n3oolQE91f1lu3ZVlVcAxOQAMgcAVa4A60QQcQkINn8AJerSfrzXq3PubRilXOHIIFWJ8/MiuiSA==</latexit><latexit sha1_base64="qDcu8JtBqUrLNMzX/g0+CcfktTY=">AAACHnicbVDLSsNAFJ3UV62vqAsXbgaL0IWWjAi6LOjCZQX7gCaUyWTSDp1MwsxEKCH/IrjV33AnbvUv/AQnbRa2emDgcM653DvHTzhT2nG+rMrK6tr6RnWztrW9s7tn7x90VZxKQjsk5rHs+1hRzgTtaKY57SeS4sjntOdPbgq/90ilYrF40NOEehEeCRYygrWRhvaRK2mQuZgnYwxdJmDDOYPIy4d23Wk6M8C/BJWkDkq0h/a3G8QkjajQhGOlBshJtJdhqRnhNK+5qaIJJhM8ogNDBY6o8rLZB3J4apQAhrE0T2g4U39PZDhSahr5JhlhPVbLXiH+5w1SHV57GRNJqqkg80VhyqGOYdEGDJikRPOpIZhIZm6FZIwlJtp0trBFadOYMgF1HplorIqK0HIhf0n3oolQE91f1lu3ZVlVcAxOQAMgcAVa4A60QQcQkINn8AJerSfrzXq3PubRilXOHIIFWJ8/MiuiSA==</latexit>

sup
Q⌫↵

EQ[`(✓;Z)]
<latexit sha1_base64="7/8rFXwp2nBc/Iq0hKbXVRl5NDk="></latexit><latexit sha1_base64="7/8rFXwp2nBc/Iq0hKbXVRl5NDk="></latexit><latexit sha1_base64="7/8rFXwp2nBc/Iq0hKbXVRl5NDk="></latexit><latexit sha1_base64="7/8rFXwp2nBc/Iq0hKbXVRl5NDk="></latexit>



Risk Aversion

pdf(L)
<latexit sha1_base64="lmzBfxRbdSd2HwJVSnIN3imQ/70=">AAACEnicbZDLSgMxGIUz9VbrrerSTbAIdWGZEUGXFTcuXFSwF2iHkslk2tBcxiQjlmHAhxDc6mu4E7e+gG/hI5heFrb1h8DhnBP+ny+IGdXGdb+d3NLyyupafr2wsbm1vVPc3WtomShM6lgyqVoB0oRRQeqGGkZasSKIB4w0g8HVKG8+EKWpFHdmGBOfo56gEcXIWMvv8EA+pnEYZeWb426x5Fbc8cBF4U1FCUyn1i3+dEKJE06EwQxp3fbc2PgpUoZiRrJCJ9EkRniAeqRtpUCcaD8dH53BI+uEMJLKPmHg2P37I0Vc6yEPbJMj09fz2cj8L2snJrrwUyrixBCBJ4uihEEj4YgADKki2LChFQgram+FuI8UwsZymtmijaWkbUGfcFuVOrOIvHkgi6JxWvGsvj0rVS+fJrDy4AAcgjLwwDmogmtQA3WAwT14Aa/gzXl23p0P53NSzTlTwPtgZpyvX78Un3o=</latexit><latexit sha1_base64="lmzBfxRbdSd2HwJVSnIN3imQ/70=">AAACEnicbZDLSgMxGIUz9VbrrerSTbAIdWGZEUGXFTcuXFSwF2iHkslk2tBcxiQjlmHAhxDc6mu4E7e+gG/hI5heFrb1h8DhnBP+ny+IGdXGdb+d3NLyyupafr2wsbm1vVPc3WtomShM6lgyqVoB0oRRQeqGGkZasSKIB4w0g8HVKG8+EKWpFHdmGBOfo56gEcXIWMvv8EA+pnEYZeWb426x5Fbc8cBF4U1FCUyn1i3+dEKJE06EwQxp3fbc2PgpUoZiRrJCJ9EkRniAeqRtpUCcaD8dH53BI+uEMJLKPmHg2P37I0Vc6yEPbJMj09fz2cj8L2snJrrwUyrixBCBJ4uihEEj4YgADKki2LChFQgram+FuI8UwsZymtmijaWkbUGfcFuVOrOIvHkgi6JxWvGsvj0rVS+fJrDy4AAcgjLwwDmogmtQA3WAwT14Aa/gzXl23p0P53NSzTlTwPtgZpyvX78Un3o=</latexit><latexit sha1_base64="lmzBfxRbdSd2HwJVSnIN3imQ/70=">AAACEnicbZDLSgMxGIUz9VbrrerSTbAIdWGZEUGXFTcuXFSwF2iHkslk2tBcxiQjlmHAhxDc6mu4E7e+gG/hI5heFrb1h8DhnBP+ny+IGdXGdb+d3NLyyupafr2wsbm1vVPc3WtomShM6lgyqVoB0oRRQeqGGkZasSKIB4w0g8HVKG8+EKWpFHdmGBOfo56gEcXIWMvv8EA+pnEYZeWb426x5Fbc8cBF4U1FCUyn1i3+dEKJE06EwQxp3fbc2PgpUoZiRrJCJ9EkRniAeqRtpUCcaD8dH53BI+uEMJLKPmHg2P37I0Vc6yEPbJMj09fz2cj8L2snJrrwUyrixBCBJ4uihEEj4YgADKki2LChFQgram+FuI8UwsZymtmijaWkbUGfcFuVOrOIvHkgi6JxWvGsvj0rVS+fJrDy4AAcgjLwwDmogmtQA3WAwT14Aa/gzXl23p0P53NSzTlTwPtgZpyvX78Un3o=</latexit><latexit sha1_base64="lmzBfxRbdSd2HwJVSnIN3imQ/70=">AAACEnicbZDLSgMxGIUz9VbrrerSTbAIdWGZEUGXFTcuXFSwF2iHkslk2tBcxiQjlmHAhxDc6mu4E7e+gG/hI5heFrb1h8DhnBP+ny+IGdXGdb+d3NLyyupafr2wsbm1vVPc3WtomShM6lgyqVoB0oRRQeqGGkZasSKIB4w0g8HVKG8+EKWpFHdmGBOfo56gEcXIWMvv8EA+pnEYZeWb426x5Fbc8cBF4U1FCUyn1i3+dEKJE06EwQxp3fbc2PgpUoZiRrJCJ9EkRniAeqRtpUCcaD8dH53BI+uEMJLKPmHg2P37I0Vc6yEPbJMj09fz2cj8L2snJrrwUyrixBCBJ4uihEEj4YgADKki2LChFQgram+FuI8UwsZymtmijaWkbUGfcFuVOrOIvHkgi6JxWvGsvj0rVS+fJrDy4AAcgjLwwDmogmtQA3WAwT14Aa/gzXl23p0P53NSzTlTwPtgZpyvX78Un3o=</latexit>

E[`(✓1;Z)] � E[`(✓2;Z)]
<latexit sha1_base64="HKr4iwn6tfX+UTAo2kYrhlCRr5s="></latexit><latexit sha1_base64="HKr4iwn6tfX+UTAo2kYrhlCRr5s="></latexit><latexit sha1_base64="HKr4iwn6tfX+UTAo2kYrhlCRr5s="></latexit><latexit sha1_base64="HKr4iwn6tfX+UTAo2kYrhlCRr5s="></latexit>

Tail[`(✓1;Z)]  Tail[`(✓2;Z)]
<latexit sha1_base64="pouPGL+Vaxq3vSQKwQ5C32UjkQU="></latexit><latexit sha1_base64="pouPGL+Vaxq3vSQKwQ5C32UjkQU="></latexit><latexit sha1_base64="pouPGL+Vaxq3vSQKwQ5C32UjkQU="></latexit><latexit sha1_base64="pouPGL+Vaxq3vSQKwQ5C32UjkQU="></latexit>

`(✓1;Z)
<latexit sha1_base64="XFKVJY86x7ZNg/oUmuGU11IASUM=">AAACH3icbZDNSgMxFIUz/lv/qm4EN8Ei6EKZEUHBTcWNSwVri51SMumtDWYmQ+4doQwVX0Vwq6/hTtz6Fj6C6c/CqhcCh3NOuMkXpVoh+f6nNzE5NT0zOzdfWFhcWl4prq5do8mshIo02thaJBC0SqBCijTUUgsijjRUo7uzfl69B4vKJFfUTaERi9tEtZUU5KxmcSPUBnEntNDKQ+oAiWbQO+E3u81iyd/3B8P/imAkSmw0F83iV9gyMoshIakFYj3wU2rkwpKSGnqFMENIhbwTt1B3MhExYCMf/KDHt53T4m1j3UmID9yfN3IRI3bjyDVjQR38nfXN/7J6Ru3jRq6SNCNI5HBRO9OcDO/j4C1lQZLuOiGkVe6tXHaEFZIctLEtSA4ZugLuxa5qsOcQBb+B/BXXB/uB05eHpfLp4xDWHNtkW2yHBeyIldk5u2AVJtkDe2Yv7NV78t68d+9jWJ3wRoDX2dh4n99efaPs</latexit><latexit sha1_base64="XFKVJY86x7ZNg/oUmuGU11IASUM=">AAACH3icbZDNSgMxFIUz/lv/qm4EN8Ei6EKZEUHBTcWNSwVri51SMumtDWYmQ+4doQwVX0Vwq6/hTtz6Fj6C6c/CqhcCh3NOuMkXpVoh+f6nNzE5NT0zOzdfWFhcWl4prq5do8mshIo02thaJBC0SqBCijTUUgsijjRUo7uzfl69B4vKJFfUTaERi9tEtZUU5KxmcSPUBnEntNDKQ+oAiWbQO+E3u81iyd/3B8P/imAkSmw0F83iV9gyMoshIakFYj3wU2rkwpKSGnqFMENIhbwTt1B3MhExYCMf/KDHt53T4m1j3UmID9yfN3IRI3bjyDVjQR38nfXN/7J6Ru3jRq6SNCNI5HBRO9OcDO/j4C1lQZLuOiGkVe6tXHaEFZIctLEtSA4ZugLuxa5qsOcQBb+B/BXXB/uB05eHpfLp4xDWHNtkW2yHBeyIldk5u2AVJtkDe2Yv7NV78t68d+9jWJ3wRoDX2dh4n99efaPs</latexit><latexit sha1_base64="XFKVJY86x7ZNg/oUmuGU11IASUM=">AAACH3icbZDNSgMxFIUz/lv/qm4EN8Ei6EKZEUHBTcWNSwVri51SMumtDWYmQ+4doQwVX0Vwq6/hTtz6Fj6C6c/CqhcCh3NOuMkXpVoh+f6nNzE5NT0zOzdfWFhcWl4prq5do8mshIo02thaJBC0SqBCijTUUgsijjRUo7uzfl69B4vKJFfUTaERi9tEtZUU5KxmcSPUBnEntNDKQ+oAiWbQO+E3u81iyd/3B8P/imAkSmw0F83iV9gyMoshIakFYj3wU2rkwpKSGnqFMENIhbwTt1B3MhExYCMf/KDHt53T4m1j3UmID9yfN3IRI3bjyDVjQR38nfXN/7J6Ru3jRq6SNCNI5HBRO9OcDO/j4C1lQZLuOiGkVe6tXHaEFZIctLEtSA4ZugLuxa5qsOcQBb+B/BXXB/uB05eHpfLp4xDWHNtkW2yHBeyIldk5u2AVJtkDe2Yv7NV78t68d+9jWJ3wRoDX2dh4n99efaPs</latexit><latexit sha1_base64="XFKVJY86x7ZNg/oUmuGU11IASUM=">AAACH3icbZDNSgMxFIUz/lv/qm4EN8Ei6EKZEUHBTcWNSwVri51SMumtDWYmQ+4doQwVX0Vwq6/hTtz6Fj6C6c/CqhcCh3NOuMkXpVoh+f6nNzE5NT0zOzdfWFhcWl4prq5do8mshIo02thaJBC0SqBCijTUUgsijjRUo7uzfl69B4vKJFfUTaERi9tEtZUU5KxmcSPUBnEntNDKQ+oAiWbQO+E3u81iyd/3B8P/imAkSmw0F83iV9gyMoshIakFYj3wU2rkwpKSGnqFMENIhbwTt1B3MhExYCMf/KDHt53T4m1j3UmID9yfN3IRI3bjyDVjQR38nfXN/7J6Ru3jRq6SNCNI5HBRO9OcDO/j4C1lQZLuOiGkVe6tXHaEFZIctLEtSA4ZugLuxa5qsOcQBb+B/BXXB/uB05eHpfLp4xDWHNtkW2yHBeyIldk5u2AVJtkDe2Yv7NV78t68d+9jWJ3wRoDX2dh4n99efaPs</latexit>`(✓2;Z)

<latexit sha1_base64="skEQkUNAPHNZIVeRnejIm3INrs8=">AAACGXicbZDLSgMxFIYz9Vbrrdalm2AR6sIyUwQFNxU3LivYC7alZNK0Dc1MhpwzYikF30Nwq6/hTty68i18BNPLwrYeCPz8/x/O4fMjJQFd99tJrKyurW8kN1Nb2zu7e+n9TAV0bLgoc620qfkMhJKhKKNEJWqRESzwlaj6/etxXn0QBqQO73AQiWbAuqHsSM7QWq10pqE0QK6BPYGsVbik9yetdNbNu5Ohy8KbiSyZTamV/mm0NY8DESJXDKDuuRE2h8yg5EqMUo0YRMR4n3VF3cqQBQKaw8ntI3psnTbtaGNfiHTi/v0xZAHAIPBtM2DYg8VsbP6X1WPsXDSHMoxiFCGfLurEiqKmYxC0LY3gqAZWMG6kvZXyHjOMo8U1twXQwgJbgNPAVjWMLCJvEciyqBTyntW3Z9ni1dMUVpIckiOSIx45J0VyQ0qkTDh5JC/klbw5z8678+F8TqsJZwb4gMyN8/ULITihIg==</latexit><latexit sha1_base64="skEQkUNAPHNZIVeRnejIm3INrs8=">AAACGXicbZDLSgMxFIYz9Vbrrdalm2AR6sIyUwQFNxU3LivYC7alZNK0Dc1MhpwzYikF30Nwq6/hTty68i18BNPLwrYeCPz8/x/O4fMjJQFd99tJrKyurW8kN1Nb2zu7e+n9TAV0bLgoc620qfkMhJKhKKNEJWqRESzwlaj6/etxXn0QBqQO73AQiWbAuqHsSM7QWq10pqE0QK6BPYGsVbik9yetdNbNu5Ohy8KbiSyZTamV/mm0NY8DESJXDKDuuRE2h8yg5EqMUo0YRMR4n3VF3cqQBQKaw8ntI3psnTbtaGNfiHTi/v0xZAHAIPBtM2DYg8VsbP6X1WPsXDSHMoxiFCGfLurEiqKmYxC0LY3gqAZWMG6kvZXyHjOMo8U1twXQwgJbgNPAVjWMLCJvEciyqBTyntW3Z9ni1dMUVpIckiOSIx45J0VyQ0qkTDh5JC/klbw5z8678+F8TqsJZwb4gMyN8/ULITihIg==</latexit><latexit sha1_base64="skEQkUNAPHNZIVeRnejIm3INrs8=">AAACGXicbZDLSgMxFIYz9Vbrrdalm2AR6sIyUwQFNxU3LivYC7alZNK0Dc1MhpwzYikF30Nwq6/hTty68i18BNPLwrYeCPz8/x/O4fMjJQFd99tJrKyurW8kN1Nb2zu7e+n9TAV0bLgoc620qfkMhJKhKKNEJWqRESzwlaj6/etxXn0QBqQO73AQiWbAuqHsSM7QWq10pqE0QK6BPYGsVbik9yetdNbNu5Ohy8KbiSyZTamV/mm0NY8DESJXDKDuuRE2h8yg5EqMUo0YRMR4n3VF3cqQBQKaw8ntI3psnTbtaGNfiHTi/v0xZAHAIPBtM2DYg8VsbP6X1WPsXDSHMoxiFCGfLurEiqKmYxC0LY3gqAZWMG6kvZXyHjOMo8U1twXQwgJbgNPAVjWMLCJvEciyqBTyntW3Z9ni1dMUVpIckiOSIx45J0VyQ0qkTDh5JC/klbw5z8678+F8TqsJZwb4gMyN8/ULITihIg==</latexit><latexit sha1_base64="skEQkUNAPHNZIVeRnejIm3INrs8=">AAACGXicbZDLSgMxFIYz9Vbrrdalm2AR6sIyUwQFNxU3LivYC7alZNK0Dc1MhpwzYikF30Nwq6/hTty68i18BNPLwrYeCPz8/x/O4fMjJQFd99tJrKyurW8kN1Nb2zu7e+n9TAV0bLgoc620qfkMhJKhKKNEJWqRESzwlaj6/etxXn0QBqQO73AQiWbAuqHsSM7QWq10pqE0QK6BPYGsVbik9yetdNbNu5Ohy8KbiSyZTamV/mm0NY8DESJXDKDuuRE2h8yg5EqMUo0YRMR4n3VF3cqQBQKaw8ntI3psnTbtaGNfiHTi/v0xZAHAIPBtM2DYg8VsbP6X1WPsXDSHMoxiFCGfLurEiqKmYxC0LY3gqAZWMG6kvZXyHjOMo8U1twXQwgJbgNPAVjWMLCJvEciyqBTyntW3Z9ni1dMUVpIckiOSIx45J0VyQ0qkTDh5JC/klbw5z8678+F8TqsJZwb4gMyN8/ULITihIg==</latexit>

Risk-aversion:  prefer        over        .    ✓1
<latexit sha1_base64="CJASpDG60VeOY6LsZRKxQyBLiSY=">AAACE3icbZDNSsNAFIUn9a/Wv6pLN8EiuLEkIuiy4sZlBfsDbSyTyU07dCYJMzdCCQVfQnCrr+FO3PoAvoWP4KTtwrZeGDicc4Z7+fxEcI2O820VVlbX1jeKm6Wt7Z3dvfL+QVPHqWLQYLGIVdunGgSPoIEcBbQTBVT6Alr+8CbPW4+gNI+jexwl4Enaj3jIGUVjPXQVBFkXB4C054575YpTdSZjLwt3JipkNvVe+acbxCyVECETVOuO6yToZVQhZwLGpW6qIaFsSPvQMTKiErSXTa4e2yfGCewwVuZFaE/cvz8yKrUeSd80JcWBXsxy87+sk2J45WU8SlKEiE0XhamwMbZzBHbAFTAUIyMoU9zcarMBVZShATW3RaPBpE1Bn0lTjXWOyF0Esiya51XX6LuLSu36aQqrSI7IMTklLrkkNXJL6qRBGFHkhbySN+vZerc+rM9ptWDNAB+SubG+fgEIg6A0</latexit><latexit sha1_base64="CJASpDG60VeOY6LsZRKxQyBLiSY=">AAACE3icbZDNSsNAFIUn9a/Wv6pLN8EiuLEkIuiy4sZlBfsDbSyTyU07dCYJMzdCCQVfQnCrr+FO3PoAvoWP4KTtwrZeGDicc4Z7+fxEcI2O820VVlbX1jeKm6Wt7Z3dvfL+QVPHqWLQYLGIVdunGgSPoIEcBbQTBVT6Alr+8CbPW4+gNI+jexwl4Enaj3jIGUVjPXQVBFkXB4C054575YpTdSZjLwt3JipkNvVe+acbxCyVECETVOuO6yToZVQhZwLGpW6qIaFsSPvQMTKiErSXTa4e2yfGCewwVuZFaE/cvz8yKrUeSd80JcWBXsxy87+sk2J45WU8SlKEiE0XhamwMbZzBHbAFTAUIyMoU9zcarMBVZShATW3RaPBpE1Bn0lTjXWOyF0Esiya51XX6LuLSu36aQqrSI7IMTklLrkkNXJL6qRBGFHkhbySN+vZerc+rM9ptWDNAB+SubG+fgEIg6A0</latexit><latexit sha1_base64="CJASpDG60VeOY6LsZRKxQyBLiSY=">AAACE3icbZDNSsNAFIUn9a/Wv6pLN8EiuLEkIuiy4sZlBfsDbSyTyU07dCYJMzdCCQVfQnCrr+FO3PoAvoWP4KTtwrZeGDicc4Z7+fxEcI2O820VVlbX1jeKm6Wt7Z3dvfL+QVPHqWLQYLGIVdunGgSPoIEcBbQTBVT6Alr+8CbPW4+gNI+jexwl4Enaj3jIGUVjPXQVBFkXB4C054575YpTdSZjLwt3JipkNvVe+acbxCyVECETVOuO6yToZVQhZwLGpW6qIaFsSPvQMTKiErSXTa4e2yfGCewwVuZFaE/cvz8yKrUeSd80JcWBXsxy87+sk2J45WU8SlKEiE0XhamwMbZzBHbAFTAUIyMoU9zcarMBVZShATW3RaPBpE1Bn0lTjXWOyF0Esiya51XX6LuLSu36aQqrSI7IMTklLrkkNXJL6qRBGFHkhbySN+vZerc+rM9ptWDNAB+SubG+fgEIg6A0</latexit><latexit sha1_base64="CJASpDG60VeOY6LsZRKxQyBLiSY=">AAACE3icbZDNSsNAFIUn9a/Wv6pLN8EiuLEkIuiy4sZlBfsDbSyTyU07dCYJMzdCCQVfQnCrr+FO3PoAvoWP4KTtwrZeGDicc4Z7+fxEcI2O820VVlbX1jeKm6Wt7Z3dvfL+QVPHqWLQYLGIVdunGgSPoIEcBbQTBVT6Alr+8CbPW4+gNI+jexwl4Enaj3jIGUVjPXQVBFkXB4C054575YpTdSZjLwt3JipkNvVe+acbxCyVECETVOuO6yToZVQhZwLGpW6qIaFsSPvQMTKiErSXTa4e2yfGCewwVuZFaE/cvz8yKrUeSd80JcWBXsxy87+sk2J45WU8SlKEiE0XhamwMbZzBHbAFTAUIyMoU9zcarMBVZShATW3RaPBpE1Bn0lTjXWOyF0Esiya51XX6LuLSu36aQqrSI7IMTklLrkkNXJL6qRBGFHkhbySN+vZerc+rM9ptWDNAB+SubG+fgEIg6A0</latexit>

✓2
<latexit sha1_base64="K2VQKYZu5yOAPxvrhXSkPi8Q0cI=">AAACDXicbVDLSgMxFM3UV62vqks3wSK4scwUQZcVNy4r2Ae0Q8mkmTY0jyG5I5Sh4B8IbvU33Ilbv8G/8BNMHwvbeiBwOOeEe++JEsEt+P63l1tb39jcym8Xdnb39g+Kh0cNq1NDWZ1qoU0rIpYJrlgdOAjWSgwjMhKsGQ1vJ37zkRnLtXqAUcJCSfqKx5wScFKrAwMGpFvpFkt+2Z8Cr5JgTkpojlq3+NPpaZpKpoAKYm078BMIM2KAU8HGhU5qWULokPRZ21FFJLNhNt13jM+c0sOxNu4pwFP174+MSGtHMnJJSWBgl72J+J/XTiG+DjOukhSYorNBcSowaDw5Hve4YRTEyBFCDXe7YjoghlBwFS1MseAKsi5gL6SLajt2FQXLhaySRqUcOH5/WarePM3KyqMTdIrOUYCuUBXdoRqqI4oEekGv6M179t69D+9zFs1584KP0QK8r1/kN51q</latexit><latexit sha1_base64="K2VQKYZu5yOAPxvrhXSkPi8Q0cI=">AAACDXicbVDLSgMxFM3UV62vqks3wSK4scwUQZcVNy4r2Ae0Q8mkmTY0jyG5I5Sh4B8IbvU33Ilbv8G/8BNMHwvbeiBwOOeEe++JEsEt+P63l1tb39jcym8Xdnb39g+Kh0cNq1NDWZ1qoU0rIpYJrlgdOAjWSgwjMhKsGQ1vJ37zkRnLtXqAUcJCSfqKx5wScFKrAwMGpFvpFkt+2Z8Cr5JgTkpojlq3+NPpaZpKpoAKYm078BMIM2KAU8HGhU5qWULokPRZ21FFJLNhNt13jM+c0sOxNu4pwFP174+MSGtHMnJJSWBgl72J+J/XTiG+DjOukhSYorNBcSowaDw5Hve4YRTEyBFCDXe7YjoghlBwFS1MseAKsi5gL6SLajt2FQXLhaySRqUcOH5/WarePM3KyqMTdIrOUYCuUBXdoRqqI4oEekGv6M179t69D+9zFs1584KP0QK8r1/kN51q</latexit><latexit sha1_base64="K2VQKYZu5yOAPxvrhXSkPi8Q0cI=">AAACDXicbVDLSgMxFM3UV62vqks3wSK4scwUQZcVNy4r2Ae0Q8mkmTY0jyG5I5Sh4B8IbvU33Ilbv8G/8BNMHwvbeiBwOOeEe++JEsEt+P63l1tb39jcym8Xdnb39g+Kh0cNq1NDWZ1qoU0rIpYJrlgdOAjWSgwjMhKsGQ1vJ37zkRnLtXqAUcJCSfqKx5wScFKrAwMGpFvpFkt+2Z8Cr5JgTkpojlq3+NPpaZpKpoAKYm078BMIM2KAU8HGhU5qWULokPRZ21FFJLNhNt13jM+c0sOxNu4pwFP174+MSGtHMnJJSWBgl72J+J/XTiG+DjOukhSYorNBcSowaDw5Hve4YRTEyBFCDXe7YjoghlBwFS1MseAKsi5gL6SLajt2FQXLhaySRqUcOH5/WarePM3KyqMTdIrOUYCuUBXdoRqqI4oEekGv6M179t69D+9zFs1584KP0QK8r1/kN51q</latexit><latexit sha1_base64="K2VQKYZu5yOAPxvrhXSkPi8Q0cI=">AAACDXicbVDLSgMxFM3UV62vqks3wSK4scwUQZcVNy4r2Ae0Q8mkmTY0jyG5I5Sh4B8IbvU33Ilbv8G/8BNMHwvbeiBwOOeEe++JEsEt+P63l1tb39jcym8Xdnb39g+Kh0cNq1NDWZ1qoU0rIpYJrlgdOAjWSgwjMhKsGQ1vJ37zkRnLtXqAUcJCSfqKx5wScFKrAwMGpFvpFkt+2Z8Cr5JgTkpojlq3+NPpaZpKpoAKYm078BMIM2KAU8HGhU5qWULokPRZ21FFJLNhNt13jM+c0sOxNu4pwFP174+MSGtHMnJJSWBgl72J+J/XTiG+DjOukhSYorNBcSowaDw5Hve4YRTEyBFCDXe7YjoghlBwFS1MseAKsi5gL6SLajt2FQXLhaySRqUcOH5/WarePM3KyqMTdIrOUYCuUBXdoRqqI4oEekGv6M179t69D+9zFs1584KP0QK8r1/kN51q</latexit>



Conditional Value-at-Risk

[Rockafellar and Uryasev ’00]

(1� ↵)-quantile of `(✓;Z)
<latexit sha1_base64="hpRXB15bA3rAtL1CbfsgI/p7+jk="></latexit><latexit sha1_base64="hpRXB15bA3rAtL1CbfsgI/p7+jk="></latexit><latexit sha1_base64="hpRXB15bA3rAtL1CbfsgI/p7+jk="></latexit><latexit sha1_base64="hpRXB15bA3rAtL1CbfsgI/p7+jk="></latexit>

`(✓;Z)
<latexit sha1_base64="VzBnNA+MS+yEpOVfDpk1cQpQCzE=">AAACF3icbVDLSgNBEJz1GeNr1aOXwSDEg2FXBAUvQS8eI5gHJiHMTmaTIbM7y3RvIIR8iOBVf8ObePXoX/gJTh4Hk1jQUFRV000FiZKAnvftrKyurW9sZray2zu7e/vuwWEFdGq4KHOttKkFDISSsSijRCVqiREsCpSoBr27sV/tCwNSx484SEQzYp1YhpIztFLLdRtKA+Qb2BXIbujTWcvNeQVvArpM/BnJkRlKLfen0dY8jUSMXDGAuu8l2Bwyg5IrMco2UhAJ4z3WEXVLYxYJaA4nn4/oqVXaNNTGTox0ov7dGLIIYBAFNhkx7MKiNxb/8+ophtfNoYyTFEXMp4fCVFHUdFwDbUsjOKqBJYwbaX+lvMsM42jLmrsCaKsCG4DzyEY1jGxF/mIhy6RyUfAtf7jMFW9nZWXIMTkheeKTK1Ik96REyoSTPnkhr+TNeXbenQ/ncxpdcWY7R2QOztcvuBSf/g==</latexit><latexit sha1_base64="VzBnNA+MS+yEpOVfDpk1cQpQCzE=">AAACF3icbVDLSgNBEJz1GeNr1aOXwSDEg2FXBAUvQS8eI5gHJiHMTmaTIbM7y3RvIIR8iOBVf8ObePXoX/gJTh4Hk1jQUFRV000FiZKAnvftrKyurW9sZray2zu7e/vuwWEFdGq4KHOttKkFDISSsSijRCVqiREsCpSoBr27sV/tCwNSx484SEQzYp1YhpIztFLLdRtKA+Qb2BXIbujTWcvNeQVvArpM/BnJkRlKLfen0dY8jUSMXDGAuu8l2Bwyg5IrMco2UhAJ4z3WEXVLYxYJaA4nn4/oqVXaNNTGTox0ov7dGLIIYBAFNhkx7MKiNxb/8+ophtfNoYyTFEXMp4fCVFHUdFwDbUsjOKqBJYwbaX+lvMsM42jLmrsCaKsCG4DzyEY1jGxF/mIhy6RyUfAtf7jMFW9nZWXIMTkheeKTK1Ik96REyoSTPnkhr+TNeXbenQ/ncxpdcWY7R2QOztcvuBSf/g==</latexit><latexit sha1_base64="VzBnNA+MS+yEpOVfDpk1cQpQCzE=">AAACF3icbVDLSgNBEJz1GeNr1aOXwSDEg2FXBAUvQS8eI5gHJiHMTmaTIbM7y3RvIIR8iOBVf8ObePXoX/gJTh4Hk1jQUFRV000FiZKAnvftrKyurW9sZray2zu7e/vuwWEFdGq4KHOttKkFDISSsSijRCVqiREsCpSoBr27sV/tCwNSx484SEQzYp1YhpIztFLLdRtKA+Qb2BXIbujTWcvNeQVvArpM/BnJkRlKLfen0dY8jUSMXDGAuu8l2Bwyg5IrMco2UhAJ4z3WEXVLYxYJaA4nn4/oqVXaNNTGTox0ov7dGLIIYBAFNhkx7MKiNxb/8+ophtfNoYyTFEXMp4fCVFHUdFwDbUsjOKqBJYwbaX+lvMsM42jLmrsCaKsCG4DzyEY1jGxF/mIhy6RyUfAtf7jMFW9nZWXIMTkheeKTK1Ik96REyoSTPnkhr+TNeXbenQ/ncxpdcWY7R2QOztcvuBSf/g==</latexit><latexit sha1_base64="VzBnNA+MS+yEpOVfDpk1cQpQCzE=">AAACF3icbVDLSgNBEJz1GeNr1aOXwSDEg2FXBAUvQS8eI5gHJiHMTmaTIbM7y3RvIIR8iOBVf8ObePXoX/gJTh4Hk1jQUFRV000FiZKAnvftrKyurW9sZray2zu7e/vuwWEFdGq4KHOttKkFDISSsSijRCVqiREsCpSoBr27sV/tCwNSx484SEQzYp1YhpIztFLLdRtKA+Qb2BXIbujTWcvNeQVvArpM/BnJkRlKLfen0dY8jUSMXDGAuu8l2Bwyg5IrMco2UhAJ4z3WEXVLYxYJaA4nn4/oqVXaNNTGTox0ov7dGLIIYBAFNhkx7MKiNxb/8+ophtfNoYyTFEXMp4fCVFHUdFwDbUsjOKqBJYwbaX+lvMsM42jLmrsCaKsCG4DzyEY1jGxF/mIhy6RyUfAtf7jMFW9nZWXIMTkheeKTK1Ik96REyoSTPnkhr+TNeXbenQ/ncxpdcWY7R2QOztcvuBSf/g==</latexit>

• CVaR defines a tail-average after the             -quantile(1� ↵)
<latexit sha1_base64="2QtFLFbiPIjQhyO4MxS4aXLrHLw=">AAACD3icbVDLSgMxFM34rPVVdekmWIS6aJkRQZcVNy4r2Ae2Q7mTpm1oHkOSEcpQ8BcEt/ob7sStn+Bf+Ammj4VtPRA4nHPCvfdEMWfG+v63t7K6tr6xmdnKbu/s7u3nDg5rRiWa0CpRXOlGBIZyJmnVMstpI9YURMRpPRrcjP36I9WGKXlvhzENBfQk6zIC1kkPhaDYAh734aydy/slfwK8TIIZyaMZKu3cT6ujSCKotISDMc3Aj22YgraMcDrKthJDYyAD6NGmoxIENWE62XiET53SwV2l3ZMWT9S/P1IQxgxF5JICbN8semPxP6+Z2O5VmDIZJ5ZKMh3UTTi2Co/Pxx2mKbF86AgQzdyumPRBA7GupLkpxrqKjAuYonBRZUauomCxkGVSOy8FQSm4u8iXr5+mZWXQMTpBBRSgS1RGt6iCqoggiV7QK3rznr1378P7nEZXvFnBR2gO3tcvRqqdjQ==</latexit><latexit sha1_base64="2QtFLFbiPIjQhyO4MxS4aXLrHLw=">AAACD3icbVDLSgMxFM34rPVVdekmWIS6aJkRQZcVNy4r2Ae2Q7mTpm1oHkOSEcpQ8BcEt/ob7sStn+Bf+Ammj4VtPRA4nHPCvfdEMWfG+v63t7K6tr6xmdnKbu/s7u3nDg5rRiWa0CpRXOlGBIZyJmnVMstpI9YURMRpPRrcjP36I9WGKXlvhzENBfQk6zIC1kkPhaDYAh734aydy/slfwK8TIIZyaMZKu3cT6ujSCKotISDMc3Aj22YgraMcDrKthJDYyAD6NGmoxIENWE62XiET53SwV2l3ZMWT9S/P1IQxgxF5JICbN8semPxP6+Z2O5VmDIZJ5ZKMh3UTTi2Co/Pxx2mKbF86AgQzdyumPRBA7GupLkpxrqKjAuYonBRZUauomCxkGVSOy8FQSm4u8iXr5+mZWXQMTpBBRSgS1RGt6iCqoggiV7QK3rznr1378P7nEZXvFnBR2gO3tcvRqqdjQ==</latexit><latexit sha1_base64="2QtFLFbiPIjQhyO4MxS4aXLrHLw=">AAACD3icbVDLSgMxFM34rPVVdekmWIS6aJkRQZcVNy4r2Ae2Q7mTpm1oHkOSEcpQ8BcEt/ob7sStn+Bf+Ammj4VtPRA4nHPCvfdEMWfG+v63t7K6tr6xmdnKbu/s7u3nDg5rRiWa0CpRXOlGBIZyJmnVMstpI9YURMRpPRrcjP36I9WGKXlvhzENBfQk6zIC1kkPhaDYAh734aydy/slfwK8TIIZyaMZKu3cT6ujSCKotISDMc3Aj22YgraMcDrKthJDYyAD6NGmoxIENWE62XiET53SwV2l3ZMWT9S/P1IQxgxF5JICbN8semPxP6+Z2O5VmDIZJ5ZKMh3UTTi2Co/Pxx2mKbF86AgQzdyumPRBA7GupLkpxrqKjAuYonBRZUauomCxkGVSOy8FQSm4u8iXr5+mZWXQMTpBBRSgS1RGt6iCqoggiV7QK3rznr1378P7nEZXvFnBR2gO3tcvRqqdjQ==</latexit><latexit sha1_base64="2QtFLFbiPIjQhyO4MxS4aXLrHLw=">AAACD3icbVDLSgMxFM34rPVVdekmWIS6aJkRQZcVNy4r2Ae2Q7mTpm1oHkOSEcpQ8BcEt/ob7sStn+Bf+Ammj4VtPRA4nHPCvfdEMWfG+v63t7K6tr6xmdnKbu/s7u3nDg5rRiWa0CpRXOlGBIZyJmnVMstpI9YURMRpPRrcjP36I9WGKXlvhzENBfQk6zIC1kkPhaDYAh734aydy/slfwK8TIIZyaMZKu3cT6ujSCKotISDMc3Aj22YgraMcDrKthJDYyAD6NGmoxIENWE62XiET53SwV2l3ZMWT9S/P1IQxgxF5JICbN8semPxP6+Z2O5VmDIZJ5ZKMh3UTTi2Co/Pxx2mKbF86AgQzdyumPRBA7GupLkpxrqKjAuYonBRZUauomCxkGVSOy8FQSm4u8iXr5+mZWXQMTpBBRSgS1RGt6iCqoggiV7QK3rznr1378P7nEZXvFnBR2gO3tcvRqqdjQ==</latexit>

CVaR↵(✓;P ) := EP [`(✓;Z) | `(✓;Z) � P�1(1� ↵)]

= inf
⌘

⇢
1

↵
EP (`(✓;Z)� ⌘)+ + ⌘

�

<latexit sha1_base64="zHqWiDR0S/4n68GhQbtMpsuXI6E="></latexit><latexit sha1_base64="zHqWiDR0S/4n68GhQbtMpsuXI6E="></latexit><latexit sha1_base64="zHqWiDR0S/4n68GhQbtMpsuXI6E="></latexit><latexit sha1_base64="zHqWiDR0S/4n68GhQbtMpsuXI6E="></latexit>

P�1(1� ↵)
<latexit sha1_base64="SRnJFFd5405hMiT7iCrCPgDMR3o=">AAACHXicbVDLSsNAFJ3UV62vqODGTbAIddGSEUGXRTcuK9gHNLFMppN26EwmzEyEEvMtglv9DXfiVvwLP8Fpm4VtPXDhcM653MsJYkaVdt1vq7Cyura+UdwsbW3v7O7Z+wctJRKJSRMLJmQnQIowGpGmppqRTiwJ4gEj7WB0M/Hbj0QqKqJ7PY6Jz9EgoiHFSBupZx81HtIqzCqeJP0UVj3E4iHKznp22a25UzjLBOakDHI0evaP1xc44STSmCGlutCNtZ8iqSlmJCt5iSIxwiM0IF1DI8SJ8tPp/5lzapS+EwppJtLOVP27kSKu1JgHJsmRHqpFbyL+53UTHV75KY3iRJMIzw6FCXO0cCZlOH0qCdZsbAjCkppfHTxEEmFtKpu7orQpTJmAqnITFSozFcHFQpZJ67wGYQ3eXZTr13lZRXAMTkAFQHAJ6uAWNEATYPAEXsAreLOerXfrw/qcRQtWvnMI5mB9/QIVUKJK</latexit><latexit sha1_base64="SRnJFFd5405hMiT7iCrCPgDMR3o=">AAACHXicbVDLSsNAFJ3UV62vqODGTbAIddGSEUGXRTcuK9gHNLFMppN26EwmzEyEEvMtglv9DXfiVvwLP8Fpm4VtPXDhcM653MsJYkaVdt1vq7Cyura+UdwsbW3v7O7Z+wctJRKJSRMLJmQnQIowGpGmppqRTiwJ4gEj7WB0M/Hbj0QqKqJ7PY6Jz9EgoiHFSBupZx81HtIqzCqeJP0UVj3E4iHKznp22a25UzjLBOakDHI0evaP1xc44STSmCGlutCNtZ8iqSlmJCt5iSIxwiM0IF1DI8SJ8tPp/5lzapS+EwppJtLOVP27kSKu1JgHJsmRHqpFbyL+53UTHV75KY3iRJMIzw6FCXO0cCZlOH0qCdZsbAjCkppfHTxEEmFtKpu7orQpTJmAqnITFSozFcHFQpZJ67wGYQ3eXZTr13lZRXAMTkAFQHAJ6uAWNEATYPAEXsAreLOerXfrw/qcRQtWvnMI5mB9/QIVUKJK</latexit><latexit sha1_base64="SRnJFFd5405hMiT7iCrCPgDMR3o=">AAACHXicbVDLSsNAFJ3UV62vqODGTbAIddGSEUGXRTcuK9gHNLFMppN26EwmzEyEEvMtglv9DXfiVvwLP8Fpm4VtPXDhcM653MsJYkaVdt1vq7Cyura+UdwsbW3v7O7Z+wctJRKJSRMLJmQnQIowGpGmppqRTiwJ4gEj7WB0M/Hbj0QqKqJ7PY6Jz9EgoiHFSBupZx81HtIqzCqeJP0UVj3E4iHKznp22a25UzjLBOakDHI0evaP1xc44STSmCGlutCNtZ8iqSlmJCt5iSIxwiM0IF1DI8SJ8tPp/5lzapS+EwppJtLOVP27kSKu1JgHJsmRHqpFbyL+53UTHV75KY3iRJMIzw6FCXO0cCZlOH0qCdZsbAjCkppfHTxEEmFtKpu7orQpTJmAqnITFSozFcHFQpZJ67wGYQ3eXZTr13lZRXAMTkAFQHAJ6uAWNEATYPAEXsAreLOerXfrw/qcRQtWvnMI5mB9/QIVUKJK</latexit><latexit sha1_base64="SRnJFFd5405hMiT7iCrCPgDMR3o=">AAACHXicbVDLSsNAFJ3UV62vqODGTbAIddGSEUGXRTcuK9gHNLFMppN26EwmzEyEEvMtglv9DXfiVvwLP8Fpm4VtPXDhcM653MsJYkaVdt1vq7Cyura+UdwsbW3v7O7Z+wctJRKJSRMLJmQnQIowGpGmppqRTiwJ4gEj7WB0M/Hbj0QqKqJ7PY6Jz9EgoiHFSBupZx81HtIqzCqeJP0UVj3E4iHKznp22a25UzjLBOakDHI0evaP1xc44STSmCGlutCNtZ8iqSlmJCt5iSIxwiM0IF1DI8SJ8tPp/5lzapS+EwppJtLOVP27kSKu1JgHJsmRHqpFbyL+53UTHV75KY3iRJMIzw6FCXO0cCZlOH0qCdZsbAjCkppfHTxEEmFtKpu7orQpTJmAqnITFSozFcHFQpZJ67wGYQ3eXZTr13lZRXAMTkAFQHAJ6uAWNEATYPAEXsAreLOerXfrw/qcRQtWvnMI5mB9/QIVUKJK</latexit>



P�1(1� ↵)
<latexit sha1_base64="SRnJFFd5405hMiT7iCrCPgDMR3o=">AAACHXicbVDLSsNAFJ3UV62vqODGTbAIddGSEUGXRTcuK9gHNLFMppN26EwmzEyEEvMtglv9DXfiVvwLP8Fpm4VtPXDhcM653MsJYkaVdt1vq7Cyura+UdwsbW3v7O7Z+wctJRKJSRMLJmQnQIowGpGmppqRTiwJ4gEj7WB0M/Hbj0QqKqJ7PY6Jz9EgoiHFSBupZx81HtIqzCqeJP0UVj3E4iHKznp22a25UzjLBOakDHI0evaP1xc44STSmCGlutCNtZ8iqSlmJCt5iSIxwiM0IF1DI8SJ8tPp/5lzapS+EwppJtLOVP27kSKu1JgHJsmRHqpFbyL+53UTHV75KY3iRJMIzw6FCXO0cCZlOH0qCdZsbAjCkppfHTxEEmFtKpu7orQpTJmAqnITFSozFcHFQpZJ67wGYQ3eXZTr13lZRXAMTkAFQHAJ6uAWNEATYPAEXsAreLOerXfrw/qcRQtWvnMI5mB9/QIVUKJK</latexit><latexit sha1_base64="SRnJFFd5405hMiT7iCrCPgDMR3o=">AAACHXicbVDLSsNAFJ3UV62vqODGTbAIddGSEUGXRTcuK9gHNLFMppN26EwmzEyEEvMtglv9DXfiVvwLP8Fpm4VtPXDhcM653MsJYkaVdt1vq7Cyura+UdwsbW3v7O7Z+wctJRKJSRMLJmQnQIowGpGmppqRTiwJ4gEj7WB0M/Hbj0QqKqJ7PY6Jz9EgoiHFSBupZx81HtIqzCqeJP0UVj3E4iHKznp22a25UzjLBOakDHI0evaP1xc44STSmCGlutCNtZ8iqSlmJCt5iSIxwiM0IF1DI8SJ8tPp/5lzapS+EwppJtLOVP27kSKu1JgHJsmRHqpFbyL+53UTHV75KY3iRJMIzw6FCXO0cCZlOH0qCdZsbAjCkppfHTxEEmFtKpu7orQpTJmAqnITFSozFcHFQpZJ67wGYQ3eXZTr13lZRXAMTkAFQHAJ6uAWNEATYPAEXsAreLOerXfrw/qcRQtWvnMI5mB9/QIVUKJK</latexit><latexit sha1_base64="SRnJFFd5405hMiT7iCrCPgDMR3o=">AAACHXicbVDLSsNAFJ3UV62vqODGTbAIddGSEUGXRTcuK9gHNLFMppN26EwmzEyEEvMtglv9DXfiVvwLP8Fpm4VtPXDhcM653MsJYkaVdt1vq7Cyura+UdwsbW3v7O7Z+wctJRKJSRMLJmQnQIowGpGmppqRTiwJ4gEj7WB0M/Hbj0QqKqJ7PY6Jz9EgoiHFSBupZx81HtIqzCqeJP0UVj3E4iHKznp22a25UzjLBOakDHI0evaP1xc44STSmCGlutCNtZ8iqSlmJCt5iSIxwiM0IF1DI8SJ8tPp/5lzapS+EwppJtLOVP27kSKu1JgHJsmRHqpFbyL+53UTHV75KY3iRJMIzw6FCXO0cCZlOH0qCdZsbAjCkppfHTxEEmFtKpu7orQpTJmAqnITFSozFcHFQpZJ67wGYQ3eXZTr13lZRXAMTkAFQHAJ6uAWNEATYPAEXsAreLOerXfrw/qcRQtWvnMI5mB9/QIVUKJK</latexit><latexit sha1_base64="SRnJFFd5405hMiT7iCrCPgDMR3o=">AAACHXicbVDLSsNAFJ3UV62vqODGTbAIddGSEUGXRTcuK9gHNLFMppN26EwmzEyEEvMtglv9DXfiVvwLP8Fpm4VtPXDhcM653MsJYkaVdt1vq7Cyura+UdwsbW3v7O7Z+wctJRKJSRMLJmQnQIowGpGmppqRTiwJ4gEj7WB0M/Hbj0QqKqJ7PY6Jz9EgoiHFSBupZx81HtIqzCqeJP0UVj3E4iHKznp22a25UzjLBOakDHI0evaP1xc44STSmCGlutCNtZ8iqSlmJCt5iSIxwiM0IF1DI8SJ8tPp/5lzapS+EwppJtLOVP27kSKu1JgHJsmRHqpFbyL+53UTHV75KY3iRJMIzw6FCXO0cCZlOH0qCdZsbAjCkppfHTxEEmFtKpu7orQpTJmAqnITFSozFcHFQpZJ67wGYQ3eXZTr13lZRXAMTkAFQHAJ6uAWNEATYPAEXsAreLOerXfrw/qcRQtWvnMI5mB9/QIVUKJK</latexit>

P�1(1� ↵)
<latexit sha1_base64="SRnJFFd5405hMiT7iCrCPgDMR3o=">AAACHXicbVDLSsNAFJ3UV62vqODGTbAIddGSEUGXRTcuK9gHNLFMppN26EwmzEyEEvMtglv9DXfiVvwLP8Fpm4VtPXDhcM653MsJYkaVdt1vq7Cyura+UdwsbW3v7O7Z+wctJRKJSRMLJmQnQIowGpGmppqRTiwJ4gEj7WB0M/Hbj0QqKqJ7PY6Jz9EgoiHFSBupZx81HtIqzCqeJP0UVj3E4iHKznp22a25UzjLBOakDHI0evaP1xc44STSmCGlutCNtZ8iqSlmJCt5iSIxwiM0IF1DI8SJ8tPp/5lzapS+EwppJtLOVP27kSKu1JgHJsmRHqpFbyL+53UTHV75KY3iRJMIzw6FCXO0cCZlOH0qCdZsbAjCkppfHTxEEmFtKpu7orQpTJmAqnITFSozFcHFQpZJ67wGYQ3eXZTr13lZRXAMTkAFQHAJ6uAWNEATYPAEXsAreLOerXfrw/qcRQtWvnMI5mB9/QIVUKJK</latexit><latexit sha1_base64="SRnJFFd5405hMiT7iCrCPgDMR3o=">AAACHXicbVDLSsNAFJ3UV62vqODGTbAIddGSEUGXRTcuK9gHNLFMppN26EwmzEyEEvMtglv9DXfiVvwLP8Fpm4VtPXDhcM653MsJYkaVdt1vq7Cyura+UdwsbW3v7O7Z+wctJRKJSRMLJmQnQIowGpGmppqRTiwJ4gEj7WB0M/Hbj0QqKqJ7PY6Jz9EgoiHFSBupZx81HtIqzCqeJP0UVj3E4iHKznp22a25UzjLBOakDHI0evaP1xc44STSmCGlutCNtZ8iqSlmJCt5iSIxwiM0IF1DI8SJ8tPp/5lzapS+EwppJtLOVP27kSKu1JgHJsmRHqpFbyL+53UTHV75KY3iRJMIzw6FCXO0cCZlOH0qCdZsbAjCkppfHTxEEmFtKpu7orQpTJmAqnITFSozFcHFQpZJ67wGYQ3eXZTr13lZRXAMTkAFQHAJ6uAWNEATYPAEXsAreLOerXfrw/qcRQtWvnMI5mB9/QIVUKJK</latexit><latexit sha1_base64="SRnJFFd5405hMiT7iCrCPgDMR3o=">AAACHXicbVDLSsNAFJ3UV62vqODGTbAIddGSEUGXRTcuK9gHNLFMppN26EwmzEyEEvMtglv9DXfiVvwLP8Fpm4VtPXDhcM653MsJYkaVdt1vq7Cyura+UdwsbW3v7O7Z+wctJRKJSRMLJmQnQIowGpGmppqRTiwJ4gEj7WB0M/Hbj0QqKqJ7PY6Jz9EgoiHFSBupZx81HtIqzCqeJP0UVj3E4iHKznp22a25UzjLBOakDHI0evaP1xc44STSmCGlutCNtZ8iqSlmJCt5iSIxwiM0IF1DI8SJ8tPp/5lzapS+EwppJtLOVP27kSKu1JgHJsmRHqpFbyL+53UTHV75KY3iRJMIzw6FCXO0cCZlOH0qCdZsbAjCkppfHTxEEmFtKpu7orQpTJmAqnITFSozFcHFQpZJ67wGYQ3eXZTr13lZRXAMTkAFQHAJ6uAWNEATYPAEXsAreLOerXfrw/qcRQtWvnMI5mB9/QIVUKJK</latexit><latexit sha1_base64="SRnJFFd5405hMiT7iCrCPgDMR3o=">AAACHXicbVDLSsNAFJ3UV62vqODGTbAIddGSEUGXRTcuK9gHNLFMppN26EwmzEyEEvMtglv9DXfiVvwLP8Fpm4VtPXDhcM653MsJYkaVdt1vq7Cyura+UdwsbW3v7O7Z+wctJRKJSRMLJmQnQIowGpGmppqRTiwJ4gEj7WB0M/Hbj0QqKqJ7PY6Jz9EgoiHFSBupZx81HtIqzCqeJP0UVj3E4iHKznp22a25UzjLBOakDHI0evaP1xc44STSmCGlutCNtZ8iqSlmJCt5iSIxwiM0IF1DI8SJ8tPp/5lzapS+EwppJtLOVP27kSKu1JgHJsmRHqpFbyL+53UTHV75KY3iRJMIzw6FCXO0cCZlOH0qCdZsbAjCkppfHTxEEmFtKpu7orQpTJmAqnITFSozFcHFQpZJ67wGYQ3eXZTr13lZRXAMTkAFQHAJ6uAWNEATYPAEXsAreLOerXfrw/qcRQtWvnMI5mB9/QIVUKJK</latexit>

Worst-case over all subpopulations larger than 

CVaR & Worst-case Subpopulations

(1� ↵)-quantile
<latexit sha1_base64="mmrRH3JMM0Y8nxK+PEx+B3bN3jQ=">AAACKHicbZDLSgMxFIYz3q23qks3o0XQRcuMCLqsuHGpYKvQKeVMmrahuYzJGbEMBXe+i+BWX8OddOsT+Aiml4VaDwR+/vPnnOSLE8EtBsHAm5mdm19YXFrOrayurW/kN7eqVqeGsgrVQpvbGCwTXLEKchTsNjEMZCzYTdw9H/Zv7pmxXKtr7CWsLqGteItTQGc18ruRYc3sICxGIJIOHPYjGeuHrHiXgkIuWD/XyBeCUjAqf1qEE1Egk7ps5L+ipqapZAqpAGtrYZBgPQODnA4HRqllCdAutFnNSQWS2Xo2+krf33dO029p445Cf+T+vJGBtLYnY5eUgB37tzc0/+vVUmyd1jOukhSZouNFrVT4qP0hF7/JDaMoek4ANdy91acdMEDR0fu1xaJjZ13AFqWLatt3iMK/QKZF9agUhqXw6rhQPnscw1oiO2SPHJCQnJAyuSCXpEIoeSIv5JW8ec/eu/fhDcbRGW8CeJv8Ku/zG9Xfp9c=</latexit><latexit sha1_base64="mmrRH3JMM0Y8nxK+PEx+B3bN3jQ=">AAACKHicbZDLSgMxFIYz3q23qks3o0XQRcuMCLqsuHGpYKvQKeVMmrahuYzJGbEMBXe+i+BWX8OddOsT+Aiml4VaDwR+/vPnnOSLE8EtBsHAm5mdm19YXFrOrayurW/kN7eqVqeGsgrVQpvbGCwTXLEKchTsNjEMZCzYTdw9H/Zv7pmxXKtr7CWsLqGteItTQGc18ruRYc3sICxGIJIOHPYjGeuHrHiXgkIuWD/XyBeCUjAqf1qEE1Egk7ps5L+ipqapZAqpAGtrYZBgPQODnA4HRqllCdAutFnNSQWS2Xo2+krf33dO029p445Cf+T+vJGBtLYnY5eUgB37tzc0/+vVUmyd1jOukhSZouNFrVT4qP0hF7/JDaMoek4ANdy91acdMEDR0fu1xaJjZ13AFqWLatt3iMK/QKZF9agUhqXw6rhQPnscw1oiO2SPHJCQnJAyuSCXpEIoeSIv5JW8ec/eu/fhDcbRGW8CeJv8Ku/zG9Xfp9c=</latexit><latexit sha1_base64="mmrRH3JMM0Y8nxK+PEx+B3bN3jQ=">AAACKHicbZDLSgMxFIYz3q23qks3o0XQRcuMCLqsuHGpYKvQKeVMmrahuYzJGbEMBXe+i+BWX8OddOsT+Aiml4VaDwR+/vPnnOSLE8EtBsHAm5mdm19YXFrOrayurW/kN7eqVqeGsgrVQpvbGCwTXLEKchTsNjEMZCzYTdw9H/Zv7pmxXKtr7CWsLqGteItTQGc18ruRYc3sICxGIJIOHPYjGeuHrHiXgkIuWD/XyBeCUjAqf1qEE1Egk7ps5L+ipqapZAqpAGtrYZBgPQODnA4HRqllCdAutFnNSQWS2Xo2+krf33dO029p445Cf+T+vJGBtLYnY5eUgB37tzc0/+vVUmyd1jOukhSZouNFrVT4qP0hF7/JDaMoek4ANdy91acdMEDR0fu1xaJjZ13AFqWLatt3iMK/QKZF9agUhqXw6rhQPnscw1oiO2SPHJCQnJAyuSCXpEIoeSIv5JW8ec/eu/fhDcbRGW8CeJv8Ku/zG9Xfp9c=</latexit><latexit sha1_base64="mmrRH3JMM0Y8nxK+PEx+B3bN3jQ=">AAACKHicbZDLSgMxFIYz3q23qks3o0XQRcuMCLqsuHGpYKvQKeVMmrahuYzJGbEMBXe+i+BWX8OddOsT+Aiml4VaDwR+/vPnnOSLE8EtBsHAm5mdm19YXFrOrayurW/kN7eqVqeGsgrVQpvbGCwTXLEKchTsNjEMZCzYTdw9H/Zv7pmxXKtr7CWsLqGteItTQGc18ruRYc3sICxGIJIOHPYjGeuHrHiXgkIuWD/XyBeCUjAqf1qEE1Egk7ps5L+ipqapZAqpAGtrYZBgPQODnA4HRqllCdAutFnNSQWS2Xo2+krf33dO029p445Cf+T+vJGBtLYnY5eUgB37tzc0/+vVUmyd1jOukhSZouNFrVT4qP0hF7/JDaMoek4ANdy91acdMEDR0fu1xaJjZ13AFqWLatt3iMK/QKZF9agUhqXw6rhQPnscw1oiO2SPHJCQnJAyuSCXpEIoeSIv5JW8ec/eu/fhDcbRGW8CeJv8Ku/zG9Xfp9c=</latexit>

CVaR↵(✓;P ) := EP [`(✓;Z) | `(✓;Z) � P�1(1� ↵)]

= inf
⌘

⇢
1

↵
EP (`(✓;Z)� ⌘)+ + ⌘

�

<latexit sha1_base64="zHqWiDR0S/4n68GhQbtMpsuXI6E="></latexit><latexit sha1_base64="zHqWiDR0S/4n68GhQbtMpsuXI6E="></latexit><latexit sha1_base64="zHqWiDR0S/4n68GhQbtMpsuXI6E="></latexit><latexit sha1_base64="zHqWiDR0S/4n68GhQbtMpsuXI6E="></latexit>

Lemma: worst-case subpopulation loss = CVaR

↵ 2 (0, 1]
<latexit sha1_base64="BNZUR5i0IGbOPWQRrKRDGhtx0t4=">AAACHnicbZBNS8MwHMbT+TbnW9WDBy/BIeygoxFBjxMvHie4F1jLSNN0C0vTkqTCKAU/iuBVv4Y38arfwo9guu3gNv8QeHieJ/yTn59wprTjfFulldW19Y3yZmVre2d3z94/aKs4lYS2SMxj2fWxopwJ2tJMc9pNJMWRz2nHH90WeeeRSsVi8aDHCfUiPBAsZARrY/XtI1fSIHMxT4YYukzAmnMGkZf37apTdyYDlwWaiSqYTbNv/7hBTNKICk04VqqHnER7GZaaEU7zipsqmmAywgPaM1LgiCovm3wgh6fGCWAYS3OEhhP3740MR0qNI980I6yHajErzP+yXqrDay9jIkk1FWS6KEw51DEsaMCASUo0HxuBiWTmrZAMscREG2ZzW5Q2xJQpqPPIVGNVIEKLQJZF+6KOUB3dX1YbN09TWGVwDE5ADSBwBRrgDjRBCxCQgxfwCt6sZ+vd+rA+p9WSNQN8CObG+voFV0SixQ==</latexit><latexit sha1_base64="BNZUR5i0IGbOPWQRrKRDGhtx0t4=">AAACHnicbZBNS8MwHMbT+TbnW9WDBy/BIeygoxFBjxMvHie4F1jLSNN0C0vTkqTCKAU/iuBVv4Y38arfwo9guu3gNv8QeHieJ/yTn59wprTjfFulldW19Y3yZmVre2d3z94/aKs4lYS2SMxj2fWxopwJ2tJMc9pNJMWRz2nHH90WeeeRSsVi8aDHCfUiPBAsZARrY/XtI1fSIHMxT4YYukzAmnMGkZf37apTdyYDlwWaiSqYTbNv/7hBTNKICk04VqqHnER7GZaaEU7zipsqmmAywgPaM1LgiCovm3wgh6fGCWAYS3OEhhP3740MR0qNI980I6yHajErzP+yXqrDay9jIkk1FWS6KEw51DEsaMCASUo0HxuBiWTmrZAMscREG2ZzW5Q2xJQpqPPIVGNVIEKLQJZF+6KOUB3dX1YbN09TWGVwDE5ADSBwBRrgDjRBCxCQgxfwCt6sZ+vd+rA+p9WSNQN8CObG+voFV0SixQ==</latexit><latexit sha1_base64="BNZUR5i0IGbOPWQRrKRDGhtx0t4=">AAACHnicbZBNS8MwHMbT+TbnW9WDBy/BIeygoxFBjxMvHie4F1jLSNN0C0vTkqTCKAU/iuBVv4Y38arfwo9guu3gNv8QeHieJ/yTn59wprTjfFulldW19Y3yZmVre2d3z94/aKs4lYS2SMxj2fWxopwJ2tJMc9pNJMWRz2nHH90WeeeRSsVi8aDHCfUiPBAsZARrY/XtI1fSIHMxT4YYukzAmnMGkZf37apTdyYDlwWaiSqYTbNv/7hBTNKICk04VqqHnER7GZaaEU7zipsqmmAywgPaM1LgiCovm3wgh6fGCWAYS3OEhhP3740MR0qNI980I6yHajErzP+yXqrDay9jIkk1FWS6KEw51DEsaMCASUo0HxuBiWTmrZAMscREG2ZzW5Q2xJQpqPPIVGNVIEKLQJZF+6KOUB3dX1YbN09TWGVwDE5ADSBwBRrgDjRBCxCQgxfwCt6sZ+vd+rA+p9WSNQN8CObG+voFV0SixQ==</latexit><latexit sha1_base64="BNZUR5i0IGbOPWQRrKRDGhtx0t4=">AAACHnicbZBNS8MwHMbT+TbnW9WDBy/BIeygoxFBjxMvHie4F1jLSNN0C0vTkqTCKAU/iuBVv4Y38arfwo9guu3gNv8QeHieJ/yTn59wprTjfFulldW19Y3yZmVre2d3z94/aKs4lYS2SMxj2fWxopwJ2tJMc9pNJMWRz2nHH90WeeeRSsVi8aDHCfUiPBAsZARrY/XtI1fSIHMxT4YYukzAmnMGkZf37apTdyYDlwWaiSqYTbNv/7hBTNKICk04VqqHnER7GZaaEU7zipsqmmAywgPaM1LgiCovm3wgh6fGCWAYS3OEhhP3740MR0qNI980I6yHajErzP+yXqrDay9jIkk1FWS6KEw51DEsaMCASUo0HxuBiWTmrZAMscREG2ZzW5Q2xJQpqPPIVGNVIEKLQJZF+6KOUB3dX1YbN09TWGVwDE5ADSBwBRrgDjRBCxCQgxfwCt6sZ+vd+rA+p9WSNQN8CObG+voFV0SixQ==</latexit>

sup
Q

(
EQ[`(✓;Z)] :

9probability Q0, and a � ↵

s.t. P = aQ+ (1� a)Q0

)

<latexit sha1_base64="HORgwPvTbcx3sgB3sxzYWJrWH+Q="></latexit><latexit sha1_base64="HORgwPvTbcx3sgB3sxzYWJrWH+Q="></latexit><latexit sha1_base64="HORgwPvTbcx3sgB3sxzYWJrWH+Q="></latexit><latexit sha1_base64="HORgwPvTbcx3sgB3sxzYWJrWH+Q="></latexit>

sup
Q⌫↵

EQ[`(✓;Z)] = CVaR↵(✓;P )
<latexit sha1_base64="cPeII8qYmQ8p4s61D4Lg8eAKOEg="></latexit><latexit sha1_base64="cPeII8qYmQ8p4s61D4Lg8eAKOEg="></latexit><latexit sha1_base64="cPeII8qYmQ8p4s61D4Lg8eAKOEg="></latexit><latexit sha1_base64="cPeII8qYmQ8p4s61D4Lg8eAKOEg="></latexit>

sup
Q⌫↵

EQ[`(✓;Z)]
<latexit sha1_base64="7/8rFXwp2nBc/Iq0hKbXVRl5NDk="></latexit><latexit sha1_base64="7/8rFXwp2nBc/Iq0hKbXVRl5NDk="></latexit><latexit sha1_base64="7/8rFXwp2nBc/Iq0hKbXVRl5NDk="></latexit><latexit sha1_base64="7/8rFXwp2nBc/Iq0hKbXVRl5NDk="></latexit>

Q
<latexit sha1_base64="rnBBJOITAPTeYWErU3plEnQWfjc=">AAACEHicbVDLSgMxFM3UV62vqks3wSK4scyIoMuCLly2YB8wHUomzdjQZDIkd4Qy9CcEt/ob7sStf+Bf+Alm2lnY1guBc889h3tzwkRwA6777ZTW1jc2t8rblZ3dvf2D6uFRx6hUU9amSijdC4lhgsesDRwE6yWaERkK1g3Ht/m8+8S04Sp+gEnCAkkeYx5xSsBSft+2LAaStaaDas2tu7PCq8ArQA0V1RxUf/pDRVNp/VQQY3zPTSDIiAZOBZtW+qlhCaFju8G3MCaSmSCbnTzFZ5YZ4khp+2LAM/avIyPSmIkMrVISGJnlWU7+N/NTiG6CjMdJCiym80VRKjAonP8fD7lmFMTEAkI1t7diOiKaULApLWwxYDMyVmAupJUqk0fkLQeyCjqXdc+re62rWuOuCKuMTtApOkceukYNdI+aqI0oUugFvaI359l5dz6cz7m05BSeY7RQztcvquCeiw==</latexit><latexit sha1_base64="rnBBJOITAPTeYWErU3plEnQWfjc=">AAACEHicbVDLSgMxFM3UV62vqks3wSK4scyIoMuCLly2YB8wHUomzdjQZDIkd4Qy9CcEt/ob7sStf+Bf+Alm2lnY1guBc889h3tzwkRwA6777ZTW1jc2t8rblZ3dvf2D6uFRx6hUU9amSijdC4lhgsesDRwE6yWaERkK1g3Ht/m8+8S04Sp+gEnCAkkeYx5xSsBSft+2LAaStaaDas2tu7PCq8ArQA0V1RxUf/pDRVNp/VQQY3zPTSDIiAZOBZtW+qlhCaFju8G3MCaSmSCbnTzFZ5YZ4khp+2LAM/avIyPSmIkMrVISGJnlWU7+N/NTiG6CjMdJCiym80VRKjAonP8fD7lmFMTEAkI1t7diOiKaULApLWwxYDMyVmAupJUqk0fkLQeyCjqXdc+re62rWuOuCKuMTtApOkceukYNdI+aqI0oUugFvaI359l5dz6cz7m05BSeY7RQztcvquCeiw==</latexit><latexit sha1_base64="rnBBJOITAPTeYWErU3plEnQWfjc=">AAACEHicbVDLSgMxFM3UV62vqks3wSK4scyIoMuCLly2YB8wHUomzdjQZDIkd4Qy9CcEt/ob7sStf+Bf+Alm2lnY1guBc889h3tzwkRwA6777ZTW1jc2t8rblZ3dvf2D6uFRx6hUU9amSijdC4lhgsesDRwE6yWaERkK1g3Ht/m8+8S04Sp+gEnCAkkeYx5xSsBSft+2LAaStaaDas2tu7PCq8ArQA0V1RxUf/pDRVNp/VQQY3zPTSDIiAZOBZtW+qlhCaFju8G3MCaSmSCbnTzFZ5YZ4khp+2LAM/avIyPSmIkMrVISGJnlWU7+N/NTiG6CjMdJCiym80VRKjAonP8fD7lmFMTEAkI1t7diOiKaULApLWwxYDMyVmAupJUqk0fkLQeyCjqXdc+re62rWuOuCKuMTtApOkceukYNdI+aqI0oUugFvaI359l5dz6cz7m05BSeY7RQztcvquCeiw==</latexit><latexit sha1_base64="rnBBJOITAPTeYWErU3plEnQWfjc=">AAACEHicbVDLSgMxFM3UV62vqks3wSK4scyIoMuCLly2YB8wHUomzdjQZDIkd4Qy9CcEt/ob7sStf+Bf+Alm2lnY1guBc889h3tzwkRwA6777ZTW1jc2t8rblZ3dvf2D6uFRx6hUU9amSijdC4lhgsesDRwE6yWaERkK1g3Ht/m8+8S04Sp+gEnCAkkeYx5xSsBSft+2LAaStaaDas2tu7PCq8ArQA0V1RxUf/pDRVNp/VQQY3zPTSDIiAZOBZtW+qlhCaFju8G3MCaSmSCbnTzFZ5YZ4khp+2LAM/avIyPSmIkMrVISGJnlWU7+N/NTiG6CjMdJCiym80VRKjAonP8fD7lmFMTEAkI1t7diOiKaULApLWwxYDMyVmAupJUqk0fkLQeyCjqXdc+re62rWuOuCKuMTtApOkceukYNdI+aqI0oUugFvaI359l5dz6cz7m05BSeY7RQztcvquCeiw==</latexit>



Conditional Value-at-Risk

• CVaR defines a tail-average after the             -quantile(1� ↵)
<latexit sha1_base64="2QtFLFbiPIjQhyO4MxS4aXLrHLw=">AAACD3icbVDLSgMxFM34rPVVdekmWIS6aJkRQZcVNy4r2Ae2Q7mTpm1oHkOSEcpQ8BcEt/ob7sStn+Bf+Ammj4VtPRA4nHPCvfdEMWfG+v63t7K6tr6xmdnKbu/s7u3nDg5rRiWa0CpRXOlGBIZyJmnVMstpI9YURMRpPRrcjP36I9WGKXlvhzENBfQk6zIC1kkPhaDYAh734aydy/slfwK8TIIZyaMZKu3cT6ujSCKotISDMc3Aj22YgraMcDrKthJDYyAD6NGmoxIENWE62XiET53SwV2l3ZMWT9S/P1IQxgxF5JICbN8semPxP6+Z2O5VmDIZJ5ZKMh3UTTi2Co/Pxx2mKbF86AgQzdyumPRBA7GupLkpxrqKjAuYonBRZUauomCxkGVSOy8FQSm4u8iXr5+mZWXQMTpBBRSgS1RGt6iCqoggiV7QK3rznr1378P7nEZXvFnBR2gO3tcvRqqdjQ==</latexit><latexit sha1_base64="2QtFLFbiPIjQhyO4MxS4aXLrHLw=">AAACD3icbVDLSgMxFM34rPVVdekmWIS6aJkRQZcVNy4r2Ae2Q7mTpm1oHkOSEcpQ8BcEt/ob7sStn+Bf+Ammj4VtPRA4nHPCvfdEMWfG+v63t7K6tr6xmdnKbu/s7u3nDg5rRiWa0CpRXOlGBIZyJmnVMstpI9YURMRpPRrcjP36I9WGKXlvhzENBfQk6zIC1kkPhaDYAh734aydy/slfwK8TIIZyaMZKu3cT6ujSCKotISDMc3Aj22YgraMcDrKthJDYyAD6NGmoxIENWE62XiET53SwV2l3ZMWT9S/P1IQxgxF5JICbN8semPxP6+Z2O5VmDIZJ5ZKMh3UTTi2Co/Pxx2mKbF86AgQzdyumPRBA7GupLkpxrqKjAuYonBRZUauomCxkGVSOy8FQSm4u8iXr5+mZWXQMTpBBRSgS1RGt6iCqoggiV7QK3rznr1378P7nEZXvFnBR2gO3tcvRqqdjQ==</latexit><latexit sha1_base64="2QtFLFbiPIjQhyO4MxS4aXLrHLw=">AAACD3icbVDLSgMxFM34rPVVdekmWIS6aJkRQZcVNy4r2Ae2Q7mTpm1oHkOSEcpQ8BcEt/ob7sStn+Bf+Ammj4VtPRA4nHPCvfdEMWfG+v63t7K6tr6xmdnKbu/s7u3nDg5rRiWa0CpRXOlGBIZyJmnVMstpI9YURMRpPRrcjP36I9WGKXlvhzENBfQk6zIC1kkPhaDYAh734aydy/slfwK8TIIZyaMZKu3cT6ujSCKotISDMc3Aj22YgraMcDrKthJDYyAD6NGmoxIENWE62XiET53SwV2l3ZMWT9S/P1IQxgxF5JICbN8semPxP6+Z2O5VmDIZJ5ZKMh3UTTi2Co/Pxx2mKbF86AgQzdyumPRBA7GupLkpxrqKjAuYonBRZUauomCxkGVSOy8FQSm4u8iXr5+mZWXQMTpBBRSgS1RGt6iCqoggiV7QK3rznr1378P7nEZXvFnBR2gO3tcvRqqdjQ==</latexit><latexit sha1_base64="2QtFLFbiPIjQhyO4MxS4aXLrHLw=">AAACD3icbVDLSgMxFM34rPVVdekmWIS6aJkRQZcVNy4r2Ae2Q7mTpm1oHkOSEcpQ8BcEt/ob7sStn+Bf+Ammj4VtPRA4nHPCvfdEMWfG+v63t7K6tr6xmdnKbu/s7u3nDg5rRiWa0CpRXOlGBIZyJmnVMstpI9YURMRpPRrcjP36I9WGKXlvhzENBfQk6zIC1kkPhaDYAh734aydy/slfwK8TIIZyaMZKu3cT6ujSCKotISDMc3Aj22YgraMcDrKthJDYyAD6NGmoxIENWE62XiET53SwV2l3ZMWT9S/P1IQxgxF5JICbN8semPxP6+Z2O5VmDIZJ5ZKMh3UTTi2Co/Pxx2mKbF86AgQzdyumPRBA7GupLkpxrqKjAuYonBRZUauomCxkGVSOy8FQSm4u8iXr5+mZWXQMTpBBRSgS1RGt6iCqoggiV7QK3rznr1378P7nEZXvFnBR2gO3tcvRqqdjQ==</latexit>

CVaR↵(✓;P ) := EP [`(✓;Z) | `(✓;Z) � P�1(1� ↵)]

= inf
⌘

⇢
1

↵
EP (`(✓;Z)� ⌘)+ + ⌘

�

<latexit sha1_base64="zHqWiDR0S/4n68GhQbtMpsuXI6E="></latexit><latexit sha1_base64="zHqWiDR0S/4n68GhQbtMpsuXI6E="></latexit><latexit sha1_base64="zHqWiDR0S/4n68GhQbtMpsuXI6E="></latexit><latexit sha1_base64="zHqWiDR0S/4n68GhQbtMpsuXI6E="></latexit>

• Only count inputs that suffer loss higher than 


• If  is convex, then jointly convex in 


• Tail-performance = worst-case subpopulation performance

η

θ ↦ ℓ(θ; Z) (θ, η)



Random minority proportions

worst-case over probability       on minority proportionPA
<latexit sha1_base64="WtS+gABWWJjalLHH0luZyCS5HkI=">AAACD3icbVDLSgMxFM34rPVVdekmWAQ3lhkRdNnixmUF+8B2KJn0tg3NY0gyQhkK/oLgVn/Dnbj1E/wLP8FM24VtPRA4nHPCvfdEMWfG+v63t7K6tr6xmdvKb+/s7u0XDg7rRiWaQo0qrnQzIgY4k1CzzHJoxhqIiDg0ouFN5jceQRum5L0dxRAK0pesxyixTnpoRzyBtNqpjDuFol/yJ8DLJJiRIpqh2in8tLuKJgKkpZwY0wr82IYp0ZZRDuN8OzEQEzokfWg5KokAE6aTjcf41Cld3FPaPWnxRP37IyXCmJGIXFIQOzCLXib+57US27sOUybjxIKk00G9hGOrcHY+7jIN1PKRI4Rq5nbFdEA0odaVNDfFWFeRcQFzLlxUmayiYLGQZVK/KAWO310Wy5WnaVk5dIxO0BkK0BUqo1tURTVEkUQv6BW9ec/eu/fhfU6jK96s4CM0B+/rF7Fmnmc=</latexit><latexit sha1_base64="WtS+gABWWJjalLHH0luZyCS5HkI=">AAACD3icbVDLSgMxFM34rPVVdekmWAQ3lhkRdNnixmUF+8B2KJn0tg3NY0gyQhkK/oLgVn/Dnbj1E/wLP8FM24VtPRA4nHPCvfdEMWfG+v63t7K6tr6xmdvKb+/s7u0XDg7rRiWaQo0qrnQzIgY4k1CzzHJoxhqIiDg0ouFN5jceQRum5L0dxRAK0pesxyixTnpoRzyBtNqpjDuFol/yJ8DLJJiRIpqh2in8tLuKJgKkpZwY0wr82IYp0ZZRDuN8OzEQEzokfWg5KokAE6aTjcf41Cld3FPaPWnxRP37IyXCmJGIXFIQOzCLXib+57US27sOUybjxIKk00G9hGOrcHY+7jIN1PKRI4Rq5nbFdEA0odaVNDfFWFeRcQFzLlxUmayiYLGQZVK/KAWO310Wy5WnaVk5dIxO0BkK0BUqo1tURTVEkUQv6BW9ec/eu/fhfU6jK96s4CM0B+/rF7Fmnmc=</latexit><latexit sha1_base64="WtS+gABWWJjalLHH0luZyCS5HkI=">AAACD3icbVDLSgMxFM34rPVVdekmWAQ3lhkRdNnixmUF+8B2KJn0tg3NY0gyQhkK/oLgVn/Dnbj1E/wLP8FM24VtPRA4nHPCvfdEMWfG+v63t7K6tr6xmdvKb+/s7u0XDg7rRiWaQo0qrnQzIgY4k1CzzHJoxhqIiDg0ouFN5jceQRum5L0dxRAK0pesxyixTnpoRzyBtNqpjDuFol/yJ8DLJJiRIpqh2in8tLuKJgKkpZwY0wr82IYp0ZZRDuN8OzEQEzokfWg5KokAE6aTjcf41Cld3FPaPWnxRP37IyXCmJGIXFIQOzCLXib+57US27sOUybjxIKk00G9hGOrcHY+7jIN1PKRI4Rq5nbFdEA0odaVNDfFWFeRcQFzLlxUmayiYLGQZVK/KAWO310Wy5WnaVk5dIxO0BkK0BUqo1tURTVEkUQv6BW9ec/eu/fhfU6jK96s4CM0B+/rF7Fmnmc=</latexit><latexit sha1_base64="WtS+gABWWJjalLHH0luZyCS5HkI=">AAACD3icbVDLSgMxFM34rPVVdekmWAQ3lhkRdNnixmUF+8B2KJn0tg3NY0gyQhkK/oLgVn/Dnbj1E/wLP8FM24VtPRA4nHPCvfdEMWfG+v63t7K6tr6xmdvKb+/s7u0XDg7rRiWaQo0qrnQzIgY4k1CzzHJoxhqIiDg0ouFN5jceQRum5L0dxRAK0pesxyixTnpoRzyBtNqpjDuFol/yJ8DLJJiRIpqh2in8tLuKJgKkpZwY0wr82IYp0ZZRDuN8OzEQEzokfWg5KokAE6aTjcf41Cld3FPaPWnxRP37IyXCmJGIXFIQOzCLXib+57US27sOUybjxIKk00G9hGOrcHY+7jIN1PKRI4Rq5nbFdEA0odaVNDfFWFeRcQFzLlxUmayiYLGQZVK/KAWO310Wy5WnaVk5dIxO0BkK0BUqo1tURTVEkUQv6BW9ec/eu/fhfU6jK96s4CM0B+/rF7Fmnmc=</latexit>

A
<latexit sha1_base64="0Wftv6WskB0KnGvPqlQ6hu6q/gI=">AAACDXicbVDLSgMxFM3UV62vqks3wSK4scyIoMsWNy4r2Ae0Q8mkt21oHkOSEcpQ8A8Et/ob7sSt3+Bf+Alm2i5s64HA4ZwT7r0nijkz1ve/vdza+sbmVn67sLO7t39QPDxqGJVoCnWquNKtiBjgTELdMsuhFWsgIuLQjEa3md98BG2Ykg92HEMoyECyPqPEOqnViXgCaXXSLZb8sj8FXiXBnJTQHLVu8afTUzQRIC3lxJh24Mc2TIm2jHKYFDqJgZjQERlA21FJBJgwne47wWdO6eG+0u5Ji6fq3x8pEcaMReSSgtihWfYy8T+vndj+TZgyGScWJJ0N6iccW4Wz43GPaaCWjx0hVDO3K6ZDogm1rqKFKca6gowLmAvhospkFQXLhaySxmU5cPz+qlSpPs3KyqMTdIrOUYCuUQXdoRqqI4o4ekGv6M179t69D+9zFs1584KP0QK8r19Cy52k</latexit><latexit sha1_base64="0Wftv6WskB0KnGvPqlQ6hu6q/gI=">AAACDXicbVDLSgMxFM3UV62vqks3wSK4scyIoMsWNy4r2Ae0Q8mkt21oHkOSEcpQ8A8Et/ob7sSt3+Bf+Alm2i5s64HA4ZwT7r0nijkz1ve/vdza+sbmVn67sLO7t39QPDxqGJVoCnWquNKtiBjgTELdMsuhFWsgIuLQjEa3md98BG2Ykg92HEMoyECyPqPEOqnViXgCaXXSLZb8sj8FXiXBnJTQHLVu8afTUzQRIC3lxJh24Mc2TIm2jHKYFDqJgZjQERlA21FJBJgwne47wWdO6eG+0u5Ji6fq3x8pEcaMReSSgtihWfYy8T+vndj+TZgyGScWJJ0N6iccW4Wz43GPaaCWjx0hVDO3K6ZDogm1rqKFKca6gowLmAvhospkFQXLhaySxmU5cPz+qlSpPs3KyqMTdIrOUYCuUQXdoRqqI4o4ekGv6M179t69D+9zFs1584KP0QK8r19Cy52k</latexit><latexit sha1_base64="0Wftv6WskB0KnGvPqlQ6hu6q/gI=">AAACDXicbVDLSgMxFM3UV62vqks3wSK4scyIoMsWNy4r2Ae0Q8mkt21oHkOSEcpQ8A8Et/ob7sSt3+Bf+Alm2i5s64HA4ZwT7r0nijkz1ve/vdza+sbmVn67sLO7t39QPDxqGJVoCnWquNKtiBjgTELdMsuhFWsgIuLQjEa3md98BG2Ykg92HEMoyECyPqPEOqnViXgCaXXSLZb8sj8FXiXBnJTQHLVu8afTUzQRIC3lxJh24Mc2TIm2jHKYFDqJgZjQERlA21FJBJgwne47wWdO6eG+0u5Ji6fq3x8pEcaMReSSgtihWfYy8T+vndj+TZgyGScWJJ0N6iccW4Wz43GPaaCWjx0hVDO3K6ZDogm1rqKFKca6gowLmAvhospkFQXLhaySxmU5cPz+qlSpPs3KyqMTdIrOUYCuUQXdoRqqI4o4ekGv6M179t69D+9zFs1584KP0QK8r19Cy52k</latexit><latexit sha1_base64="0Wftv6WskB0KnGvPqlQ6hu6q/gI=">AAACDXicbVDLSgMxFM3UV62vqks3wSK4scyIoMsWNy4r2Ae0Q8mkt21oHkOSEcpQ8A8Et/ob7sSt3+Bf+Alm2i5s64HA4ZwT7r0nijkz1ve/vdza+sbmVn67sLO7t39QPDxqGJVoCnWquNKtiBjgTELdMsuhFWsgIuLQjEa3md98BG2Ykg92HEMoyECyPqPEOqnViXgCaXXSLZb8sj8FXiXBnJTQHLVu8afTUzQRIC3lxJh24Mc2TIm2jHKYFDqJgZjQERlA21FJBJgwne47wWdO6eG+0u5Ji6fq3x8pEcaMReSSgtihWfYy8T+vndj+TZgyGScWJJ0N6iccW4Wz43GPaaCWjx0hVDO3K6ZDogm1rqKFKca6gowLmAvhospkFQXLhaySxmU5cPz+qlSpPs3KyqMTdIrOUYCuUQXdoRqqI4o4ekGv6M179t69D+9zFs1584KP0QK8r19Cy52k</latexit>

worst-case over subpopulation larger than A 2 (0, 1]
<latexit sha1_base64="GXRGSMwjwPNgQV0hbciXIEp2BbE=">AAACGnicbZDLSgMxGIUzXmu9jXbpJliELrTMiKDLFjcuK9gLdIaSSdM2NJchyQjDMOCDCG71NdyJWze+hY9gelnY1h8Ch3NO+H++KGZUG8/7dtbWNza3tgs7xd29/YND9+i4pWWiMGliyaTqREgTRgVpGmoY6cSKIB4x0o7Gt5O8/UiUplI8mDQmIUdDQQcUI2OtnlsKIpaQrJ7DgApY8c6hH/bcslf1pgNXhT8XZTCfRs/9CfoSJ5wIgxnSuut7sQkzpAzFjOTFINEkRniMhqRrpUCc6DCbHp/DM+v04UAq+4SBU/fvjwxxrVMe2SZHZqSXs4n5X9ZNzOAmzKiIE0MEni0aJAwaCSckYJ8qgg1LrUBYUXsrxCOkEDaW18IWbSwtbQv6gtuq1LlF5C8DWRWty6rvV/37q3Kt/jSDVQAn4BRUgA+uQQ3cgQZoAgxS8AJewZvz7Lw7H87nrLrmzAGXwMI4X7/adKDp</latexit><latexit sha1_base64="GXRGSMwjwPNgQV0hbciXIEp2BbE=">AAACGnicbZDLSgMxGIUzXmu9jXbpJliELrTMiKDLFjcuK9gLdIaSSdM2NJchyQjDMOCDCG71NdyJWze+hY9gelnY1h8Ch3NO+H++KGZUG8/7dtbWNza3tgs7xd29/YND9+i4pWWiMGliyaTqREgTRgVpGmoY6cSKIB4x0o7Gt5O8/UiUplI8mDQmIUdDQQcUI2OtnlsKIpaQrJ7DgApY8c6hH/bcslf1pgNXhT8XZTCfRs/9CfoSJ5wIgxnSuut7sQkzpAzFjOTFINEkRniMhqRrpUCc6DCbHp/DM+v04UAq+4SBU/fvjwxxrVMe2SZHZqSXs4n5X9ZNzOAmzKiIE0MEni0aJAwaCSckYJ8qgg1LrUBYUXsrxCOkEDaW18IWbSwtbQv6gtuq1LlF5C8DWRWty6rvV/37q3Kt/jSDVQAn4BRUgA+uQQ3cgQZoAgxS8AJewZvz7Lw7H87nrLrmzAGXwMI4X7/adKDp</latexit><latexit sha1_base64="GXRGSMwjwPNgQV0hbciXIEp2BbE=">AAACGnicbZDLSgMxGIUzXmu9jXbpJliELrTMiKDLFjcuK9gLdIaSSdM2NJchyQjDMOCDCG71NdyJWze+hY9gelnY1h8Ch3NO+H++KGZUG8/7dtbWNza3tgs7xd29/YND9+i4pWWiMGliyaTqREgTRgVpGmoY6cSKIB4x0o7Gt5O8/UiUplI8mDQmIUdDQQcUI2OtnlsKIpaQrJ7DgApY8c6hH/bcslf1pgNXhT8XZTCfRs/9CfoSJ5wIgxnSuut7sQkzpAzFjOTFINEkRniMhqRrpUCc6DCbHp/DM+v04UAq+4SBU/fvjwxxrVMe2SZHZqSXs4n5X9ZNzOAmzKiIE0MEni0aJAwaCSckYJ8qgg1LrUBYUXsrxCOkEDaW18IWbSwtbQv6gtuq1LlF5C8DWRWty6rvV/37q3Kt/jSDVQAn4BRUgA+uQQ3cgQZoAgxS8AJewZvz7Lw7H87nrLrmzAGXwMI4X7/adKDp</latexit><latexit sha1_base64="GXRGSMwjwPNgQV0hbciXIEp2BbE=">AAACGnicbZDLSgMxGIUzXmu9jXbpJliELrTMiKDLFjcuK9gLdIaSSdM2NJchyQjDMOCDCG71NdyJWze+hY9gelnY1h8Ch3NO+H++KGZUG8/7dtbWNza3tgs7xd29/YND9+i4pWWiMGliyaTqREgTRgVpGmoY6cSKIB4x0o7Gt5O8/UiUplI8mDQmIUdDQQcUI2OtnlsKIpaQrJ7DgApY8c6hH/bcslf1pgNXhT8XZTCfRs/9CfoSJ5wIgxnSuut7sQkzpAzFjOTFINEkRniMhqRrpUCc6DCbHp/DM+v04UAq+4SBU/fvjwxxrVMe2SZHZqSXs4n5X9ZNzOAmzKiIE0MEni0aJAwaCSckYJ8qgg1LrUBYUXsrxCOkEDaW18IWbSwtbQv6gtuq1LlF5C8DWRWty6rvV/37q3Kt/jSDVQAn4BRUgA+uQQ3cgQZoAgxS8AJewZvz7Lw7H87nrLrmzAGXwMI4X7/adKDp</latexit>

• Worst-case loss over subpopulations larger than ↵ 2 (0, 1]
<latexit sha1_base64="qDcu8JtBqUrLNMzX/g0+CcfktTY=">AAACHnicbVDLSsNAFJ3UV62vqAsXbgaL0IWWjAi6LOjCZQX7gCaUyWTSDp1MwsxEKCH/IrjV33AnbvUv/AQnbRa2emDgcM653DvHTzhT2nG+rMrK6tr6RnWztrW9s7tn7x90VZxKQjsk5rHs+1hRzgTtaKY57SeS4sjntOdPbgq/90ilYrF40NOEehEeCRYygrWRhvaRK2mQuZgnYwxdJmDDOYPIy4d23Wk6M8C/BJWkDkq0h/a3G8QkjajQhGOlBshJtJdhqRnhNK+5qaIJJhM8ogNDBY6o8rLZB3J4apQAhrE0T2g4U39PZDhSahr5JhlhPVbLXiH+5w1SHV57GRNJqqkg80VhyqGOYdEGDJikRPOpIZhIZm6FZIwlJtp0trBFadOYMgF1HplorIqK0HIhf0n3oolQE91f1lu3ZVlVcAxOQAMgcAVa4A60QQcQkINn8AJerSfrzXq3PubRilXOHIIFWJ8/MiuiSA==</latexit><latexit sha1_base64="qDcu8JtBqUrLNMzX/g0+CcfktTY=">AAACHnicbVDLSsNAFJ3UV62vqAsXbgaL0IWWjAi6LOjCZQX7gCaUyWTSDp1MwsxEKCH/IrjV33AnbvUv/AQnbRa2emDgcM653DvHTzhT2nG+rMrK6tr6RnWztrW9s7tn7x90VZxKQjsk5rHs+1hRzgTtaKY57SeS4sjntOdPbgq/90ilYrF40NOEehEeCRYygrWRhvaRK2mQuZgnYwxdJmDDOYPIy4d23Wk6M8C/BJWkDkq0h/a3G8QkjajQhGOlBshJtJdhqRnhNK+5qaIJJhM8ogNDBY6o8rLZB3J4apQAhrE0T2g4U39PZDhSahr5JhlhPVbLXiH+5w1SHV57GRNJqqkg80VhyqGOYdEGDJikRPOpIZhIZm6FZIwlJtp0trBFadOYMgF1HplorIqK0HIhf0n3oolQE91f1lu3ZVlVcAxOQAMgcAVa4A60QQcQkINn8AJerSfrzXq3PubRilXOHIIFWJ8/MiuiSA==</latexit><latexit sha1_base64="qDcu8JtBqUrLNMzX/g0+CcfktTY=">AAACHnicbVDLSsNAFJ3UV62vqAsXbgaL0IWWjAi6LOjCZQX7gCaUyWTSDp1MwsxEKCH/IrjV33AnbvUv/AQnbRa2emDgcM653DvHTzhT2nG+rMrK6tr6RnWztrW9s7tn7x90VZxKQjsk5rHs+1hRzgTtaKY57SeS4sjntOdPbgq/90ilYrF40NOEehEeCRYygrWRhvaRK2mQuZgnYwxdJmDDOYPIy4d23Wk6M8C/BJWkDkq0h/a3G8QkjajQhGOlBshJtJdhqRnhNK+5qaIJJhM8ogNDBY6o8rLZB3J4apQAhrE0T2g4U39PZDhSahr5JhlhPVbLXiH+5w1SHV57GRNJqqkg80VhyqGOYdEGDJikRPOpIZhIZm6FZIwlJtp0trBFadOYMgF1HplorIqK0HIhf0n3oolQE91f1lu3ZVlVcAxOQAMgcAVa4A60QQcQkINn8AJerSfrzXq3PubRilXOHIIFWJ8/MiuiSA==</latexit><latexit sha1_base64="qDcu8JtBqUrLNMzX/g0+CcfktTY=">AAACHnicbVDLSsNAFJ3UV62vqAsXbgaL0IWWjAi6LOjCZQX7gCaUyWTSDp1MwsxEKCH/IrjV33AnbvUv/AQnbRa2emDgcM653DvHTzhT2nG+rMrK6tr6RnWztrW9s7tn7x90VZxKQjsk5rHs+1hRzgTtaKY57SeS4sjntOdPbgq/90ilYrF40NOEehEeCRYygrWRhvaRK2mQuZgnYwxdJmDDOYPIy4d23Wk6M8C/BJWkDkq0h/a3G8QkjajQhGOlBshJtJdhqRnhNK+5qaIJJhM8ogNDBY6o8rLZB3J4apQAhrE0T2g4U39PZDhSahr5JhlhPVbLXiH+5w1SHV57GRNJqqkg80VhyqGOYdEGDJikRPOpIZhIZm6FZIwlJtp0trBFadOYMgF1HplorIqK0HIhf0n3oolQE91f1lu3ZVlVcAxOQAMgcAVa4A60QQcQkINn8AJerSfrzXq3PubRilXOHIIFWJ8/MiuiSA==</latexit>

sup
Q⌫↵

EQ[`(✓;Z)]
<latexit sha1_base64="7/8rFXwp2nBc/Iq0hKbXVRl5NDk="></latexit><latexit sha1_base64="7/8rFXwp2nBc/Iq0hKbXVRl5NDk="></latexit><latexit sha1_base64="7/8rFXwp2nBc/Iq0hKbXVRl5NDk="></latexit><latexit sha1_base64="7/8rFXwp2nBc/Iq0hKbXVRl5NDk="></latexit>

• Let                be a random minority proportion


• Take another worst-case over 

sup
PA2PA

EA⇠PA


sup
Q⌫A

EQ[`(✓;Z)]

�

<latexit sha1_base64="MBjtsGiCubSyW1u/EVldGkSyvT8="></latexit><latexit sha1_base64="MBjtsGiCubSyW1u/EVldGkSyvT8="></latexit><latexit sha1_base64="MBjtsGiCubSyW1u/EVldGkSyvT8="></latexit><latexit sha1_base64="MBjtsGiCubSyW1u/EVldGkSyvT8="></latexit>

A ⇠ PA
<latexit sha1_base64="HwPKBvYCCOYt10MIJ7C0NzQRaYM=">AAACGHicbZDLSgMxGIUz9VbrbapLN8EiuLHMiKDLFjcuK9gLtMOQSTNtaC5DklHKUPA5BLf6Gu7ErTvfwkcw03ZhW38IHM454f/5ooRRbTzv2ymsrW9sbhW3Szu7e/sHbvmwpWWqMGliyaTqREgTRgVpGmoY6SSKIB4x0o5GN3nefiBKUynuzTghAUcDQWOKkbFW6JZ7EUtJVoc9TTlshPVJ6Fa8qjcduCr8uaiA+TRC96fXlzjlRBjMkNZd30tMkCFlKGZkUuqlmiQIj9CAdK0UiBMdZNPTJ/DUOn0YS2WfMHDq/v2RIa71mEe2yZEZ6uUsN//LuqmJr4OMiiQ1RODZojhl0EiYc4B9qgg2bGwFworaWyEeIoWwsbQWtmhjWWlb0OfcVqXOEfnLQFZF66Lq+1X/7rJSqz/NYBXBMTgBZ8AHV6AGbkEDNAEGj+AFvII359l5dz6cz1m14MwBH4GFcb5+AdOZoQU=</latexit><latexit sha1_base64="HwPKBvYCCOYt10MIJ7C0NzQRaYM=">AAACGHicbZDLSgMxGIUz9VbrbapLN8EiuLHMiKDLFjcuK9gLtMOQSTNtaC5DklHKUPA5BLf6Gu7ErTvfwkcw03ZhW38IHM454f/5ooRRbTzv2ymsrW9sbhW3Szu7e/sHbvmwpWWqMGliyaTqREgTRgVpGmoY6SSKIB4x0o5GN3nefiBKUynuzTghAUcDQWOKkbFW6JZ7EUtJVoc9TTlshPVJ6Fa8qjcduCr8uaiA+TRC96fXlzjlRBjMkNZd30tMkCFlKGZkUuqlmiQIj9CAdK0UiBMdZNPTJ/DUOn0YS2WfMHDq/v2RIa71mEe2yZEZ6uUsN//LuqmJr4OMiiQ1RODZojhl0EiYc4B9qgg2bGwFworaWyEeIoWwsbQWtmhjWWlb0OfcVqXOEfnLQFZF66Lq+1X/7rJSqz/NYBXBMTgBZ8AHV6AGbkEDNAEGj+AFvII359l5dz6cz1m14MwBH4GFcb5+AdOZoQU=</latexit><latexit sha1_base64="HwPKBvYCCOYt10MIJ7C0NzQRaYM=">AAACGHicbZDLSgMxGIUz9VbrbapLN8EiuLHMiKDLFjcuK9gLtMOQSTNtaC5DklHKUPA5BLf6Gu7ErTvfwkcw03ZhW38IHM454f/5ooRRbTzv2ymsrW9sbhW3Szu7e/sHbvmwpWWqMGliyaTqREgTRgVpGmoY6SSKIB4x0o5GN3nefiBKUynuzTghAUcDQWOKkbFW6JZ7EUtJVoc9TTlshPVJ6Fa8qjcduCr8uaiA+TRC96fXlzjlRBjMkNZd30tMkCFlKGZkUuqlmiQIj9CAdK0UiBMdZNPTJ/DUOn0YS2WfMHDq/v2RIa71mEe2yZEZ6uUsN//LuqmJr4OMiiQ1RODZojhl0EiYc4B9qgg2bGwFworaWyEeIoWwsbQWtmhjWWlb0OfcVqXOEfnLQFZF66Lq+1X/7rJSqz/NYBXBMTgBZ8AHV6AGbkEDNAEGj+AFvII359l5dz6cz1m14MwBH4GFcb5+AdOZoQU=</latexit><latexit sha1_base64="HwPKBvYCCOYt10MIJ7C0NzQRaYM=">AAACGHicbZDLSgMxGIUz9VbrbapLN8EiuLHMiKDLFjcuK9gLtMOQSTNtaC5DklHKUPA5BLf6Gu7ErTvfwkcw03ZhW38IHM454f/5ooRRbTzv2ymsrW9sbhW3Szu7e/sHbvmwpWWqMGliyaTqREgTRgVpGmoY6SSKIB4x0o5GN3nefiBKUynuzTghAUcDQWOKkbFW6JZ7EUtJVoc9TTlshPVJ6Fa8qjcduCr8uaiA+TRC96fXlzjlRBjMkNZd30tMkCFlKGZkUuqlmiQIj9CAdK0UiBMdZNPTJ/DUOn0YS2WfMHDq/v2RIa71mEe2yZEZ6uUsN//LuqmJr4OMiiQ1RODZojhl0EiYc4B9qgg2bGwFworaWyEeIoWwsbQWtmhjWWlb0OfcVqXOEfnLQFZF66Lq+1X/7rJSqz/NYBXBMTgBZ8AHV6AGbkEDNAEGj+AFvII359l5dz6cz1m14MwBH4GFcb5+AdOZoQU=</latexit>

PA 2 PA
<latexit sha1_base64="taWdCZ9QBSDwsrM0AK1OzBwYXLE=">AAACHnicbZBNS8MwHMZTX+d8q3rw4CU4BC+OVgQ9bnjxWMG9wFpKmqVbWJKWJBVGKfhRBK/6NbyJV/0WfgTTbQe3+YfAw/M84Z/8opRRpR3n21pZXVvf2KxsVbd3dvf27YPDtkoyiUkLJyyR3QgpwqggLU01I91UEsQjRjrR6LbMO49EKpqIBz1OScDRQNCYYqSNFdrHfsQyknthE/pUQJ/j3CvCZhHaNafuTAYuC3cmamA2Xmj/+P0EZ5wIjRlSquc6qQ5yJDXFjBRVP1MkRXiEBqRnpECcqCCffKCAZ8bpwziR5ggNJ+7fGzniSo15ZJoc6aFazErzv6yX6fgmyKlIM00Eni6KMwZ1AksasE8lwZqNjUBYUvNWiIdIIqwNs7ktShtiyhTUBTfVRJWI3EUgy6J9WXfdunt/VWs0n6awKuAEnIJz4IJr0AB3wAMtgEEBXsAreLOerXfrw/qcVlesGeAjMDfW1y/Ad6Oi</latexit><latexit sha1_base64="taWdCZ9QBSDwsrM0AK1OzBwYXLE=">AAACHnicbZBNS8MwHMZTX+d8q3rw4CU4BC+OVgQ9bnjxWMG9wFpKmqVbWJKWJBVGKfhRBK/6NbyJV/0WfgTTbQe3+YfAw/M84Z/8opRRpR3n21pZXVvf2KxsVbd3dvf27YPDtkoyiUkLJyyR3QgpwqggLU01I91UEsQjRjrR6LbMO49EKpqIBz1OScDRQNCYYqSNFdrHfsQyknthE/pUQJ/j3CvCZhHaNafuTAYuC3cmamA2Xmj/+P0EZ5wIjRlSquc6qQ5yJDXFjBRVP1MkRXiEBqRnpECcqCCffKCAZ8bpwziR5ggNJ+7fGzniSo15ZJoc6aFazErzv6yX6fgmyKlIM00Eni6KMwZ1AksasE8lwZqNjUBYUvNWiIdIIqwNs7ktShtiyhTUBTfVRJWI3EUgy6J9WXfdunt/VWs0n6awKuAEnIJz4IJr0AB3wAMtgEEBXsAreLOerXfrw/qcVlesGeAjMDfW1y/Ad6Oi</latexit><latexit sha1_base64="taWdCZ9QBSDwsrM0AK1OzBwYXLE=">AAACHnicbZBNS8MwHMZTX+d8q3rw4CU4BC+OVgQ9bnjxWMG9wFpKmqVbWJKWJBVGKfhRBK/6NbyJV/0WfgTTbQe3+YfAw/M84Z/8opRRpR3n21pZXVvf2KxsVbd3dvf27YPDtkoyiUkLJyyR3QgpwqggLU01I91UEsQjRjrR6LbMO49EKpqIBz1OScDRQNCYYqSNFdrHfsQyknthE/pUQJ/j3CvCZhHaNafuTAYuC3cmamA2Xmj/+P0EZ5wIjRlSquc6qQ5yJDXFjBRVP1MkRXiEBqRnpECcqCCffKCAZ8bpwziR5ggNJ+7fGzniSo15ZJoc6aFazErzv6yX6fgmyKlIM00Eni6KMwZ1AksasE8lwZqNjUBYUvNWiIdIIqwNs7ktShtiyhTUBTfVRJWI3EUgy6J9WXfdunt/VWs0n6awKuAEnIJz4IJr0AB3wAMtgEEBXsAreLOerXfrw/qcVlesGeAjMDfW1y/Ad6Oi</latexit><latexit sha1_base64="taWdCZ9QBSDwsrM0AK1OzBwYXLE=">AAACHnicbZBNS8MwHMZTX+d8q3rw4CU4BC+OVgQ9bnjxWMG9wFpKmqVbWJKWJBVGKfhRBK/6NbyJV/0WfgTTbQe3+YfAw/M84Z/8opRRpR3n21pZXVvf2KxsVbd3dvf27YPDtkoyiUkLJyyR3QgpwqggLU01I91UEsQjRjrR6LbMO49EKpqIBz1OScDRQNCYYqSNFdrHfsQyknthE/pUQJ/j3CvCZhHaNafuTAYuC3cmamA2Xmj/+P0EZ5wIjRlSquc6qQ5yJDXFjBRVP1MkRXiEBqRnpECcqCCffKCAZ8bpwziR5ggNJ+7fGzniSo15ZJoc6aFazErzv6yX6fgmyKlIM00Eni6KMwZ1AksasE8lwZqNjUBYUvNWiIdIIqwNs7ktShtiyhTUBTfVRJWI3EUgy6J9WXfdunt/VWs0n6awKuAEnIJz4IJr0AB3wAMtgEEBXsAreLOerXfrw/qcVlesGeAjMDfW1y/Ad6Oi</latexit>

EA⇠PA


sup
Q⌫A

EQ[`(✓;Z)]

�

<latexit sha1_base64="j97rAiCTusrZGcasX14hTgfFaKs="></latexit><latexit sha1_base64="j97rAiCTusrZGcasX14hTgfFaKs="></latexit><latexit sha1_base64="j97rAiCTusrZGcasX14hTgfFaKs="></latexit><latexit sha1_base64="j97rAiCTusrZGcasX14hTgfFaKs="></latexit>



Coherent Risk Measures
Definition R : Lp(Z) ! R

<latexit sha1_base64="LNSVh2SUvUdm1jszXkMnK/RavKY=">AAACIHicbZDLSgMxFIYz9VbrbdSVuAkWoS4sMyIoripuXLioYi/YGUsmTdvQZDIkGaEMgz6L4FZfw5241KfwEUwvC9t6IPDznz+cc74gYlRpx/myMnPzC4tL2eXcyura+oa9uVVVIpaYVLBgQtYDpAijIaloqhmpR5IgHjBSC3oXg37tgUhFRXir+xHxOeqEtE0x0sZq2juepKp3Bq/uo4LHcXKXHkBPC+jdNO28U3SGBWeFOxZ5MK5y0/7xWgLHnIQaM6RUw3Ui7SdIaooZSXNerEiEcA91SMPIEHGi/GR4Qgr3jdOCbSHNCzUcun9/JIgr1eeBSXKku2q6NzD/6zVi3T71ExpGsSYhHg1qxwyaGwc8YItKgjXrG4GwpGZXiLtIIqwNtYkpShtmygTUITdRoVKDyJ0GMiuqR0XX6OvjfOn8aQQrC3bBHigAF5yAErgEZVABGDyCF/AK3qxn6936sD5H0Yw1BrwNJsr6/gU0zKPH</latexit><latexit sha1_base64="LNSVh2SUvUdm1jszXkMnK/RavKY=">AAACIHicbZDLSgMxFIYz9VbrbdSVuAkWoS4sMyIoripuXLioYi/YGUsmTdvQZDIkGaEMgz6L4FZfw5241KfwEUwvC9t6IPDznz+cc74gYlRpx/myMnPzC4tL2eXcyura+oa9uVVVIpaYVLBgQtYDpAijIaloqhmpR5IgHjBSC3oXg37tgUhFRXir+xHxOeqEtE0x0sZq2juepKp3Bq/uo4LHcXKXHkBPC+jdNO28U3SGBWeFOxZ5MK5y0/7xWgLHnIQaM6RUw3Ui7SdIaooZSXNerEiEcA91SMPIEHGi/GR4Qgr3jdOCbSHNCzUcun9/JIgr1eeBSXKku2q6NzD/6zVi3T71ExpGsSYhHg1qxwyaGwc8YItKgjXrG4GwpGZXiLtIIqwNtYkpShtmygTUITdRoVKDyJ0GMiuqR0XX6OvjfOn8aQQrC3bBHigAF5yAErgEZVABGDyCF/AK3qxn6936sD5H0Yw1BrwNJsr6/gU0zKPH</latexit><latexit sha1_base64="LNSVh2SUvUdm1jszXkMnK/RavKY=">AAACIHicbZDLSgMxFIYz9VbrbdSVuAkWoS4sMyIoripuXLioYi/YGUsmTdvQZDIkGaEMgz6L4FZfw5241KfwEUwvC9t6IPDznz+cc74gYlRpx/myMnPzC4tL2eXcyura+oa9uVVVIpaYVLBgQtYDpAijIaloqhmpR5IgHjBSC3oXg37tgUhFRXir+xHxOeqEtE0x0sZq2juepKp3Bq/uo4LHcXKXHkBPC+jdNO28U3SGBWeFOxZ5MK5y0/7xWgLHnIQaM6RUw3Ui7SdIaooZSXNerEiEcA91SMPIEHGi/GR4Qgr3jdOCbSHNCzUcun9/JIgr1eeBSXKku2q6NzD/6zVi3T71ExpGsSYhHg1qxwyaGwc8YItKgjXrG4GwpGZXiLtIIqwNtYkpShtmygTUITdRoVKDyJ0GMiuqR0XX6OvjfOn8aQQrC3bBHigAF5yAErgEZVABGDyCF/AK3qxn6936sD5H0Yw1BrwNJsr6/gU0zKPH</latexit><latexit sha1_base64="LNSVh2SUvUdm1jszXkMnK/RavKY=">AAACIHicbZDLSgMxFIYz9VbrbdSVuAkWoS4sMyIoripuXLioYi/YGUsmTdvQZDIkGaEMgz6L4FZfw5241KfwEUwvC9t6IPDznz+cc74gYlRpx/myMnPzC4tL2eXcyura+oa9uVVVIpaYVLBgQtYDpAijIaloqhmpR5IgHjBSC3oXg37tgUhFRXir+xHxOeqEtE0x0sZq2juepKp3Bq/uo4LHcXKXHkBPC+jdNO28U3SGBWeFOxZ5MK5y0/7xWgLHnIQaM6RUw3Ui7SdIaooZSXNerEiEcA91SMPIEHGi/GR4Qgr3jdOCbSHNCzUcun9/JIgr1eeBSXKku2q6NzD/6zVi3T71ExpGsSYhHg1qxwyaGwc8YItKgjXrG4GwpGZXiLtIIqwNtYkpShtmygTUITdRoVKDyJ0GMiuqR0XX6OvjfOn8aQQrC3bBHigAF5yAErgEZVABGDyCF/AK3qxn6936sD5H0Yw1BrwNJsr6/gU0zKPH</latexit>

A risk measure                          is coherent if

R(tL+ (1� t)L0)  tR(L) + (1� t)R(L0)
<latexit sha1_base64="2u3YP4fzTifWLL/w6Llc+XDP2d8="></latexit><latexit sha1_base64="2u3YP4fzTifWLL/w6Llc+XDP2d8="></latexit><latexit sha1_base64="2u3YP4fzTifWLL/w6Llc+XDP2d8="></latexit><latexit sha1_base64="2u3YP4fzTifWLL/w6Llc+XDP2d8="></latexit>

1)  Convexity:  for t 2 [0, 1]
<latexit sha1_base64="EL6oZQygqhnGu6P2XMqTa6FN0M8=">AAACEXicbZDLSgMxFIYz9VbrrerSTbAILrTMiKDLihuXFewFZoaSSTNtaJIZkjNCGQq+g+BWX8OduPUJfAsfwfSysK0HAj///4dz+KJUcAOu++0UVlbX1jeKm6Wt7Z3dvfL+QdMkmaasQROR6HZEDBNcsQZwEKydakZkJFgrGtyO89Yj04Yn6gGGKQsl6Skec0rAWgHggCvsu2fYCzvlilt1J4OXhTcTFTSbeqf8E3QTmkmmgApijO+5KYQ50cCpYKNSkBmWEjogPeZbqYhkJswnN4/wiXW6OE60fQrwxP37IyfSmKGMbFMS6JvFbGz+l/kZxNdhzlWaAVN0uijOBIYEjwHgLteMghhaQajm9lZM+0QTChbT3BYDFpKxBXMubTUxI4vIWwSyLJoXVc/q+8tK7eZpCquIjtAxOkUeukI1dIfqqIEoStELekVvzrPz7nw4n9NqwZkBPkRz43z9Avhtnds=</latexit><latexit sha1_base64="EL6oZQygqhnGu6P2XMqTa6FN0M8=">AAACEXicbZDLSgMxFIYz9VbrrerSTbAILrTMiKDLihuXFewFZoaSSTNtaJIZkjNCGQq+g+BWX8OduPUJfAsfwfSysK0HAj///4dz+KJUcAOu++0UVlbX1jeKm6Wt7Z3dvfL+QdMkmaasQROR6HZEDBNcsQZwEKydakZkJFgrGtyO89Yj04Yn6gGGKQsl6Skec0rAWgHggCvsu2fYCzvlilt1J4OXhTcTFTSbeqf8E3QTmkmmgApijO+5KYQ50cCpYKNSkBmWEjogPeZbqYhkJswnN4/wiXW6OE60fQrwxP37IyfSmKGMbFMS6JvFbGz+l/kZxNdhzlWaAVN0uijOBIYEjwHgLteMghhaQajm9lZM+0QTChbT3BYDFpKxBXMubTUxI4vIWwSyLJoXVc/q+8tK7eZpCquIjtAxOkUeukI1dIfqqIEoStELekVvzrPz7nw4n9NqwZkBPkRz43z9Avhtnds=</latexit><latexit sha1_base64="EL6oZQygqhnGu6P2XMqTa6FN0M8=">AAACEXicbZDLSgMxFIYz9VbrrerSTbAILrTMiKDLihuXFewFZoaSSTNtaJIZkjNCGQq+g+BWX8OduPUJfAsfwfSysK0HAj///4dz+KJUcAOu++0UVlbX1jeKm6Wt7Z3dvfL+QdMkmaasQROR6HZEDBNcsQZwEKydakZkJFgrGtyO89Yj04Yn6gGGKQsl6Skec0rAWgHggCvsu2fYCzvlilt1J4OXhTcTFTSbeqf8E3QTmkmmgApijO+5KYQ50cCpYKNSkBmWEjogPeZbqYhkJswnN4/wiXW6OE60fQrwxP37IyfSmKGMbFMS6JvFbGz+l/kZxNdhzlWaAVN0uijOBIYEjwHgLteMghhaQajm9lZM+0QTChbT3BYDFpKxBXMubTUxI4vIWwSyLJoXVc/q+8tK7eZpCquIjtAxOkUeukI1dIfqqIEoStELekVvzrPz7nw4n9NqwZkBPkRz43z9Avhtnds=</latexit><latexit sha1_base64="EL6oZQygqhnGu6P2XMqTa6FN0M8=">AAACEXicbZDLSgMxFIYz9VbrrerSTbAILrTMiKDLihuXFewFZoaSSTNtaJIZkjNCGQq+g+BWX8OduPUJfAsfwfSysK0HAj///4dz+KJUcAOu++0UVlbX1jeKm6Wt7Z3dvfL+QdMkmaasQROR6HZEDBNcsQZwEKydakZkJFgrGtyO89Yj04Yn6gGGKQsl6Skec0rAWgHggCvsu2fYCzvlilt1J4OXhTcTFTSbeqf8E3QTmkmmgApijO+5KYQ50cCpYKNSkBmWEjogPeZbqYhkJswnN4/wiXW6OE60fQrwxP37IyfSmKGMbFMS6JvFbGz+l/kZxNdhzlWaAVN0uijOBIYEjwHgLteMghhaQajm9lZM+0QTChbT3BYDFpKxBXMubTUxI4vIWwSyLJoXVc/q+8tK7eZpCquIjtAxOkUeukI1dIfqqIEoStELekVvzrPz7nw4n9NqwZkBPkRz43z9Avhtnds=</latexit>

2)  Monotonicity: if L  L0
<latexit sha1_base64="UaH9vjoyEkT3H777EhBN5HTrvro=">AAACDXicbVDLSgMxFL1TX7W+qi7dBIvoxjIjgi4rblx0UcE+oB1KJs20oXkMSUYopeAfCG71N9yJW7/Bv/ATTB8L23ogcDjnhHvviRLOjPX9by+zsrq2vpHdzG1t7+zu5fcPakalmtAqUVzpRoQN5UzSqmWW00aiKRYRp/Wofzv2649UG6bkgx0kNBS4K1nMCLZOapRRi1NUPm3nC37RnwAtk2BGCjBDpZ3/aXUUSQWVlnBsTDPwExsOsbaMcDrKtVJDE0z6uEubjkosqAmHk31H6MQpHRQr7Z60aKL+/THEwpiBiFxSYNszi95Y/M9rpja+DodMJqmlkkwHxSlHVqHx8ajDNCWWDxzBRDO3KyI9rDGxrqK5Kca6gowLmHPhosqMXEXBYiHLpHZRDBy/vyyUbp6mZWXhCI7hDAK4ghLcQQWqQIDDC7zCm/fsvXsf3uc0mvFmBR/CHLyvX4HQnJM=</latexit><latexit sha1_base64="UaH9vjoyEkT3H777EhBN5HTrvro=">AAACDXicbVDLSgMxFL1TX7W+qi7dBIvoxjIjgi4rblx0UcE+oB1KJs20oXkMSUYopeAfCG71N9yJW7/Bv/ATTB8L23ogcDjnhHvviRLOjPX9by+zsrq2vpHdzG1t7+zu5fcPakalmtAqUVzpRoQN5UzSqmWW00aiKRYRp/Wofzv2649UG6bkgx0kNBS4K1nMCLZOapRRi1NUPm3nC37RnwAtk2BGCjBDpZ3/aXUUSQWVlnBsTDPwExsOsbaMcDrKtVJDE0z6uEubjkosqAmHk31H6MQpHRQr7Z60aKL+/THEwpiBiFxSYNszi95Y/M9rpja+DodMJqmlkkwHxSlHVqHx8ajDNCWWDxzBRDO3KyI9rDGxrqK5Kca6gowLmHPhosqMXEXBYiHLpHZRDBy/vyyUbp6mZWXhCI7hDAK4ghLcQQWqQIDDC7zCm/fsvXsf3uc0mvFmBR/CHLyvX4HQnJM=</latexit><latexit sha1_base64="UaH9vjoyEkT3H777EhBN5HTrvro=">AAACDXicbVDLSgMxFL1TX7W+qi7dBIvoxjIjgi4rblx0UcE+oB1KJs20oXkMSUYopeAfCG71N9yJW7/Bv/ATTB8L23ogcDjnhHvviRLOjPX9by+zsrq2vpHdzG1t7+zu5fcPakalmtAqUVzpRoQN5UzSqmWW00aiKRYRp/Wofzv2649UG6bkgx0kNBS4K1nMCLZOapRRi1NUPm3nC37RnwAtk2BGCjBDpZ3/aXUUSQWVlnBsTDPwExsOsbaMcDrKtVJDE0z6uEubjkosqAmHk31H6MQpHRQr7Z60aKL+/THEwpiBiFxSYNszi95Y/M9rpja+DodMJqmlkkwHxSlHVqHx8ajDNCWWDxzBRDO3KyI9rDGxrqK5Kca6gowLmHPhosqMXEXBYiHLpHZRDBy/vyyUbp6mZWXhCI7hDAK4ghLcQQWqQIDDC7zCm/fsvXsf3uc0mvFmBR/CHLyvX4HQnJM=</latexit><latexit sha1_base64="UaH9vjoyEkT3H777EhBN5HTrvro=">AAACDXicbVDLSgMxFL1TX7W+qi7dBIvoxjIjgi4rblx0UcE+oB1KJs20oXkMSUYopeAfCG71N9yJW7/Bv/ATTB8L23ogcDjnhHvviRLOjPX9by+zsrq2vpHdzG1t7+zu5fcPakalmtAqUVzpRoQN5UzSqmWW00aiKRYRp/Wofzv2649UG6bkgx0kNBS4K1nMCLZOapRRi1NUPm3nC37RnwAtk2BGCjBDpZ3/aXUUSQWVlnBsTDPwExsOsbaMcDrKtVJDE0z6uEubjkosqAmHk31H6MQpHRQr7Z60aKL+/THEwpiBiFxSYNszi95Y/M9rpja+DodMJqmlkkwHxSlHVqHx8ajDNCWWDxzBRDO3KyI9rDGxrqK5Kca6gowLmHPhosqMXEXBYiHLpHZRDBy/vyyUbp6mZWXhCI7hDAK4ghLcQQWqQIDDC7zCm/fsvXsf3uc0mvFmBR/CHLyvX4HQnJM=</latexit>

R(L)  R(L0)
<latexit sha1_base64="3VgkcaZLw9GqPCMkmc4sp9zwr/M=">AAACHXicbZDLSgMxFIYz9VbrbVRw4yZYxHZhmRFBlxU3LlxUsBfoDCWTZtrQJDMkGaGMBd9EcKuv4U7cim/hI5i2s7CtBwJ//vMfzuELYkaVdpxvK7e0vLK6ll8vbGxube/Yu3sNFSUSkzqOWCRbAVKEUUHqmmpGWrEkiAeMNIPB9bjffCBS0Ujc62FMfI56goYUI22sjn3gSaoGpdsy9BiB2eek3LGLTsWZFFwUbiaKIKtax/7xuhFOOBEaM6RU23Vi7adIaooZGRW8RJEY4QHqkbaRAnGi/HRy/wgeG6cLw0iaJzScuH8nUsSVGvLAJDnSfTXfG5v/9dqJDi/9lIo40UTg6aIwYVBHcAwDdqkkWLOhEQhLam6FuI8kwtogm9mitAGmTECdchON1MggcueBLIrGWcU1+u68WL16msLKg0NwBErABRegCm5ADdQBBo/gBbyCN+vZerc+rM9pNGdlgPfBTFlfvyEmohw=</latexit><latexit sha1_base64="3VgkcaZLw9GqPCMkmc4sp9zwr/M=">AAACHXicbZDLSgMxFIYz9VbrbVRw4yZYxHZhmRFBlxU3LlxUsBfoDCWTZtrQJDMkGaGMBd9EcKuv4U7cim/hI5i2s7CtBwJ//vMfzuELYkaVdpxvK7e0vLK6ll8vbGxube/Yu3sNFSUSkzqOWCRbAVKEUUHqmmpGWrEkiAeMNIPB9bjffCBS0Ujc62FMfI56goYUI22sjn3gSaoGpdsy9BiB2eek3LGLTsWZFFwUbiaKIKtax/7xuhFOOBEaM6RU23Vi7adIaooZGRW8RJEY4QHqkbaRAnGi/HRy/wgeG6cLw0iaJzScuH8nUsSVGvLAJDnSfTXfG5v/9dqJDi/9lIo40UTg6aIwYVBHcAwDdqkkWLOhEQhLam6FuI8kwtogm9mitAGmTECdchON1MggcueBLIrGWcU1+u68WL16msLKg0NwBErABRegCm5ADdQBBo/gBbyCN+vZerc+rM9pNGdlgPfBTFlfvyEmohw=</latexit><latexit sha1_base64="3VgkcaZLw9GqPCMkmc4sp9zwr/M=">AAACHXicbZDLSgMxFIYz9VbrbVRw4yZYxHZhmRFBlxU3LlxUsBfoDCWTZtrQJDMkGaGMBd9EcKuv4U7cim/hI5i2s7CtBwJ//vMfzuELYkaVdpxvK7e0vLK6ll8vbGxube/Yu3sNFSUSkzqOWCRbAVKEUUHqmmpGWrEkiAeMNIPB9bjffCBS0Ujc62FMfI56goYUI22sjn3gSaoGpdsy9BiB2eek3LGLTsWZFFwUbiaKIKtax/7xuhFOOBEaM6RU23Vi7adIaooZGRW8RJEY4QHqkbaRAnGi/HRy/wgeG6cLw0iaJzScuH8nUsSVGvLAJDnSfTXfG5v/9dqJDi/9lIo40UTg6aIwYVBHcAwDdqkkWLOhEQhLam6FuI8kwtogm9mitAGmTECdchON1MggcueBLIrGWcU1+u68WL16msLKg0NwBErABRegCm5ADdQBBo/gBbyCN+vZerc+rM9pNGdlgPfBTFlfvyEmohw=</latexit><latexit sha1_base64="3VgkcaZLw9GqPCMkmc4sp9zwr/M=">AAACHXicbZDLSgMxFIYz9VbrbVRw4yZYxHZhmRFBlxU3LlxUsBfoDCWTZtrQJDMkGaGMBd9EcKuv4U7cim/hI5i2s7CtBwJ//vMfzuELYkaVdpxvK7e0vLK6ll8vbGxube/Yu3sNFSUSkzqOWCRbAVKEUUHqmmpGWrEkiAeMNIPB9bjffCBS0Ujc62FMfI56goYUI22sjn3gSaoGpdsy9BiB2eek3LGLTsWZFFwUbiaKIKtax/7xuhFOOBEaM6RU23Vi7adIaooZGRW8RJEY4QHqkbaRAnGi/HRy/wgeG6cLw0iaJzScuH8nUsSVGvLAJDnSfTXfG5v/9dqJDi/9lIo40UTg6aIwYVBHcAwDdqkkWLOhEQhLam6FuI8kwtogm9mitAGmTECdchON1MggcueBLIrGWcU1+u68WL16msLKg0NwBErABRegCm5ADdQBBo/gBbyCN+vZerc+rM9pNGdlgPfBTFlfvyEmohw=</latexit>

a.s., then

3)  Translation Equivariance:  for
R(L+ c) = R(L) + c

<latexit sha1_base64="Awc9vPuLUTiYuMsueWDaLRFzR8w=">AAACInicbZDLSgMxFIYz9VbrbdRlN8EitIhlRgTdCBU3LlxUsBdoh5JJM21okhmSjFCGgr6L4FZfw524EnwIH8FMOwtbPRD4z3/+cJLPjxhV2nE+rdzS8srqWn69sLG5tb1j7+41VRhLTBo4ZKFs+0gRRgVpaKoZaUeSIO4z0vJHV+m8dU+koqG40+OIeBwNBA0oRtpYPbvYlVSNyjfwCOIKvIBZW0n7nl1yqs604F/hZqIEsqr37O9uP8QxJ0JjhpTquE6kvQRJTTEjk0I3ViRCeIQGpGOkQJwoL5l+YgIPjdOHQSjNERpO3d83EsSVGnPfJDnSQ7U4S83/Zp1YB+deQkUUayLwbFEQM6hDmBKBfSoJ1mxsBMKSmrdCPEQSYW24zW1R2lBTJqCOuYmGamIQuYtA/ormSdU1+va0VLt8mMHKgyI4AGXggjNQA9egDhoAg0fwDF7Aq/VkvVnv1scsmrMywPtgrqyvH88XotM=</latexit><latexit sha1_base64="Awc9vPuLUTiYuMsueWDaLRFzR8w=">AAACInicbZDLSgMxFIYz9VbrbdRlN8EitIhlRgTdCBU3LlxUsBdoh5JJM21okhmSjFCGgr6L4FZfw524EnwIH8FMOwtbPRD4z3/+cJLPjxhV2nE+rdzS8srqWn69sLG5tb1j7+41VRhLTBo4ZKFs+0gRRgVpaKoZaUeSIO4z0vJHV+m8dU+koqG40+OIeBwNBA0oRtpYPbvYlVSNyjfwCOIKvIBZW0n7nl1yqs604F/hZqIEsqr37O9uP8QxJ0JjhpTquE6kvQRJTTEjk0I3ViRCeIQGpGOkQJwoL5l+YgIPjdOHQSjNERpO3d83EsSVGnPfJDnSQ7U4S83/Zp1YB+deQkUUayLwbFEQM6hDmBKBfSoJ1mxsBMKSmrdCPEQSYW24zW1R2lBTJqCOuYmGamIQuYtA/ormSdU1+va0VLt8mMHKgyI4AGXggjNQA9egDhoAg0fwDF7Aq/VkvVnv1scsmrMywPtgrqyvH88XotM=</latexit><latexit sha1_base64="Awc9vPuLUTiYuMsueWDaLRFzR8w=">AAACInicbZDLSgMxFIYz9VbrbdRlN8EitIhlRgTdCBU3LlxUsBdoh5JJM21okhmSjFCGgr6L4FZfw524EnwIH8FMOwtbPRD4z3/+cJLPjxhV2nE+rdzS8srqWn69sLG5tb1j7+41VRhLTBo4ZKFs+0gRRgVpaKoZaUeSIO4z0vJHV+m8dU+koqG40+OIeBwNBA0oRtpYPbvYlVSNyjfwCOIKvIBZW0n7nl1yqs604F/hZqIEsqr37O9uP8QxJ0JjhpTquE6kvQRJTTEjk0I3ViRCeIQGpGOkQJwoL5l+YgIPjdOHQSjNERpO3d83EsSVGnPfJDnSQ7U4S83/Zp1YB+deQkUUayLwbFEQM6hDmBKBfSoJ1mxsBMKSmrdCPEQSYW24zW1R2lBTJqCOuYmGamIQuYtA/ormSdU1+va0VLt8mMHKgyI4AGXggjNQA9egDhoAg0fwDF7Aq/VkvVnv1scsmrMywPtgrqyvH88XotM=</latexit><latexit sha1_base64="Awc9vPuLUTiYuMsueWDaLRFzR8w=">AAACInicbZDLSgMxFIYz9VbrbdRlN8EitIhlRgTdCBU3LlxUsBdoh5JJM21okhmSjFCGgr6L4FZfw524EnwIH8FMOwtbPRD4z3/+cJLPjxhV2nE+rdzS8srqWn69sLG5tb1j7+41VRhLTBo4ZKFs+0gRRgVpaKoZaUeSIO4z0vJHV+m8dU+koqG40+OIeBwNBA0oRtpYPbvYlVSNyjfwCOIKvIBZW0n7nl1yqs604F/hZqIEsqr37O9uP8QxJ0JjhpTquE6kvQRJTTEjk0I3ViRCeIQGpGOkQJwoL5l+YgIPjdOHQSjNERpO3d83EsSVGnPfJDnSQ7U4S83/Zp1YB+deQkUUayLwbFEQM6hDmBKBfSoJ1mxsBMKSmrdCPEQSYW24zW1R2lBTJqCOuYmGamIQuYtA/ormSdU1+va0VLt8mMHKgyI4AGXggjNQA9egDhoAg0fwDF7Aq/VkvVnv1scsmrMywPtgrqyvH88XotM=</latexit>

c 2 R
<latexit sha1_base64="ztqAOcimNDP1Xm0ZG9ykhUHr4Mc=">AAACDXicbVDLSgMxFL1TX7W+qi7dBIvgxjIjgi4rblxWsQ/oDCWTZtrQPIYkI5RS8A8Et/ob7sSt3+Bf+Ammj4VtPRA4nHPCvffEKWfG+v63l1tZXVvfyG8WtrZ3dveK+wd1ozJNaI0ornQzxoZyJmnNMstpM9UUi5jTRty/GfuNR6oNU/LBDlIaCdyVLGEEWyc1CQqZROF9u1jyy/4EaJkEM1KCGart4k/YUSQTVFrCsTGtwE9tNMTaMsLpqBBmhqaY9HGXthyVWFATDSf7jtCJUzooUdo9adFE/ftjiIUxAxG7pMC2Zxa9sfif18pschUNmUwzSyWZDkoyjqxC4+NRh2lKLB84golmbldEelhjYl1Fc1OMdQUZFzBnwkWVGbmKgsVClkn9vBw4fndRqlw/TcvKwxEcwykEcAkVuIUq1IAAhxd4hTfv2Xv3PrzPaTTnzQo+hDl4X78ST5zr</latexit><latexit sha1_base64="ztqAOcimNDP1Xm0ZG9ykhUHr4Mc=">AAACDXicbVDLSgMxFL1TX7W+qi7dBIvgxjIjgi4rblxWsQ/oDCWTZtrQPIYkI5RS8A8Et/ob7sSt3+Bf+Ammj4VtPRA4nHPCvffEKWfG+v63l1tZXVvfyG8WtrZ3dveK+wd1ozJNaI0ornQzxoZyJmnNMstpM9UUi5jTRty/GfuNR6oNU/LBDlIaCdyVLGEEWyc1CQqZROF9u1jyy/4EaJkEM1KCGart4k/YUSQTVFrCsTGtwE9tNMTaMsLpqBBmhqaY9HGXthyVWFATDSf7jtCJUzooUdo9adFE/ftjiIUxAxG7pMC2Zxa9sfif18pschUNmUwzSyWZDkoyjqxC4+NRh2lKLB84golmbldEelhjYl1Fc1OMdQUZFzBnwkWVGbmKgsVClkn9vBw4fndRqlw/TcvKwxEcwykEcAkVuIUq1IAAhxd4hTfv2Xv3PrzPaTTnzQo+hDl4X78ST5zr</latexit><latexit sha1_base64="ztqAOcimNDP1Xm0ZG9ykhUHr4Mc=">AAACDXicbVDLSgMxFL1TX7W+qi7dBIvgxjIjgi4rblxWsQ/oDCWTZtrQPIYkI5RS8A8Et/ob7sSt3+Bf+Ammj4VtPRA4nHPCvffEKWfG+v63l1tZXVvfyG8WtrZ3dveK+wd1ozJNaI0ornQzxoZyJmnNMstpM9UUi5jTRty/GfuNR6oNU/LBDlIaCdyVLGEEWyc1CQqZROF9u1jyy/4EaJkEM1KCGart4k/YUSQTVFrCsTGtwE9tNMTaMsLpqBBmhqaY9HGXthyVWFATDSf7jtCJUzooUdo9adFE/ftjiIUxAxG7pMC2Zxa9sfif18pschUNmUwzSyWZDkoyjqxC4+NRh2lKLB84golmbldEelhjYl1Fc1OMdQUZFzBnwkWVGbmKgsVClkn9vBw4fndRqlw/TcvKwxEcwykEcAkVuIUq1IAAhxd4hTfv2Xv3PrzPaTTnzQo+hDl4X78ST5zr</latexit><latexit sha1_base64="ztqAOcimNDP1Xm0ZG9ykhUHr4Mc=">AAACDXicbVDLSgMxFL1TX7W+qi7dBIvgxjIjgi4rblxWsQ/oDCWTZtrQPIYkI5RS8A8Et/ob7sSt3+Bf+Ammj4VtPRA4nHPCvffEKWfG+v63l1tZXVvfyG8WtrZ3dveK+wd1ozJNaI0ornQzxoZyJmnNMstpM9UUi5jTRty/GfuNR6oNU/LBDlIaCdyVLGEEWyc1CQqZROF9u1jyy/4EaJkEM1KCGart4k/YUSQTVFrCsTGtwE9tNMTaMsLpqBBmhqaY9HGXthyVWFATDSf7jtCJUzooUdo9adFE/ftjiIUxAxG7pMC2Zxa9sfif18pschUNmUwzSyWZDkoyjqxC4+NRh2lKLB84golmbldEelhjYl1Fc1OMdQUZFzBnwkWVGbmKgsVClkn9vBw4fndRqlw/TcvKwxEcwykEcAkVuIUq1IAAhxd4hTfv2Xv3PrzPaTTnzQo+hDl4X78ST5zr</latexit>

4) Positive Homogeneity: for R(tL) = tR(L)
<latexit sha1_base64="9bwy4OFkC0kj3dYO+uZlrVXtysQ=">AAACHXicbZDLSgMxFIYzXmu9jQpu3ASL0C4sMyLoRqi4cdFFBXuBdiiZNNOGZiZDckYoteCbCG71NdyJW/EtfATTThe29UDgz3/+wzl8fiy4Bsf5tpaWV1bX1jMb2c2t7Z1de2+/pmWiKKtSKaRq+EQzwSNWBQ6CNWLFSOgLVvf7N+N+/YEpzWV0D4OYeSHpRjzglICx2vZhS3HdzwMuF/AVhvRXLrTtnFN0JoUXhTsVOTStStv+aXUkTUIWARVE66brxOANiQJOBRtlW4lmMaF90mVNIyMSMu0NJ/eP8IlxOjiQyrwI8MT9OzEkodaD0DfJkEBPz/fG5n+9ZgLBpTfkUZwAi2i6KEgEBonHMHCHK0ZBDIwgVHFzK6Y9oggFg2xmiwYDTJuAPg1NVOqRQeTOA1kUtbOia/Tdea50/ZTCyqAjdIzyyEUXqIRuUQVVEUWP6AW9ojfr2Xq3PqzPNLpkTQEfoJmyvn4BBnaiDQ==</latexit><latexit sha1_base64="9bwy4OFkC0kj3dYO+uZlrVXtysQ=">AAACHXicbZDLSgMxFIYzXmu9jQpu3ASL0C4sMyLoRqi4cdFFBXuBdiiZNNOGZiZDckYoteCbCG71NdyJW/EtfATTThe29UDgz3/+wzl8fiy4Bsf5tpaWV1bX1jMb2c2t7Z1de2+/pmWiKKtSKaRq+EQzwSNWBQ6CNWLFSOgLVvf7N+N+/YEpzWV0D4OYeSHpRjzglICx2vZhS3HdzwMuF/AVhvRXLrTtnFN0JoUXhTsVOTStStv+aXUkTUIWARVE66brxOANiQJOBRtlW4lmMaF90mVNIyMSMu0NJ/eP8IlxOjiQyrwI8MT9OzEkodaD0DfJkEBPz/fG5n+9ZgLBpTfkUZwAi2i6KEgEBonHMHCHK0ZBDIwgVHFzK6Y9oggFg2xmiwYDTJuAPg1NVOqRQeTOA1kUtbOia/Tdea50/ZTCyqAjdIzyyEUXqIRuUQVVEUWP6AW9ojfr2Xq3PqzPNLpkTQEfoJmyvn4BBnaiDQ==</latexit><latexit sha1_base64="9bwy4OFkC0kj3dYO+uZlrVXtysQ=">AAACHXicbZDLSgMxFIYzXmu9jQpu3ASL0C4sMyLoRqi4cdFFBXuBdiiZNNOGZiZDckYoteCbCG71NdyJW/EtfATTThe29UDgz3/+wzl8fiy4Bsf5tpaWV1bX1jMb2c2t7Z1de2+/pmWiKKtSKaRq+EQzwSNWBQ6CNWLFSOgLVvf7N+N+/YEpzWV0D4OYeSHpRjzglICx2vZhS3HdzwMuF/AVhvRXLrTtnFN0JoUXhTsVOTStStv+aXUkTUIWARVE66brxOANiQJOBRtlW4lmMaF90mVNIyMSMu0NJ/eP8IlxOjiQyrwI8MT9OzEkodaD0DfJkEBPz/fG5n+9ZgLBpTfkUZwAi2i6KEgEBonHMHCHK0ZBDIwgVHFzK6Y9oggFg2xmiwYDTJuAPg1NVOqRQeTOA1kUtbOia/Tdea50/ZTCyqAjdIzyyEUXqIRuUQVVEUWP6AW9ojfr2Xq3PqzPNLpkTQEfoJmyvn4BBnaiDQ==</latexit><latexit sha1_base64="9bwy4OFkC0kj3dYO+uZlrVXtysQ=">AAACHXicbZDLSgMxFIYzXmu9jQpu3ASL0C4sMyLoRqi4cdFFBXuBdiiZNNOGZiZDckYoteCbCG71NdyJW/EtfATTThe29UDgz3/+wzl8fiy4Bsf5tpaWV1bX1jMb2c2t7Z1de2+/pmWiKKtSKaRq+EQzwSNWBQ6CNWLFSOgLVvf7N+N+/YEpzWV0D4OYeSHpRjzglICx2vZhS3HdzwMuF/AVhvRXLrTtnFN0JoUXhTsVOTStStv+aXUkTUIWARVE66brxOANiQJOBRtlW4lmMaF90mVNIyMSMu0NJ/eP8IlxOjiQyrwI8MT9OzEkodaD0DfJkEBPz/fG5n+9ZgLBpTfkUZwAi2i6KEgEBonHMHCHK0ZBDIwgVHFzK6Y9oggFg2xmiwYDTJuAPg1NVOqRQeTOA1kUtbOia/Tdea50/ZTCyqAjdIzyyEUXqIRuUQVVEUWP6AW9ojfr2Xq3PqzPNLpkTQEfoJmyvn4BBnaiDQ==</latexit>

t > 0,
<latexit sha1_base64="varJM08zIZjNnA9XKe2ZNv0hZBg=">AAACC3icbVDLSgMxFM3UV62vqks3wSK40DIjgq6k4sZlBfuAdiiZNNPG5jEkd4RSCv6A4FZ/w5249SP8Cz/B9LGwrQcCh3NOuPeeKBHcgu9/e5ml5ZXVtex6bmNza3snv7tXtTo1lFWoFtrUI2KZ4IpVgINg9cQwIiPBalHvZuTXHpmxXKt76CcslKSjeMwpASdVAV9h/6SVL/hFfwy8SIIpKaApyq38T7OtaSqZAiqItY3ATyAcEAOcCjbMNVPLEkJ7pMMajioimQ0H422H+MgpbRxr454CPFb//hgQaW1fRi4pCXTtvDcS//MaKcSX4YCrJAWm6GRQnAoMGo9Ox21uGAXRd4RQw92umHaJIRRcQTNTLLh6rAvYU+mi2g5dRcF8IYukelYMHL87L5SunyZlZdEBOkTHKEAXqIRuURlVEEUP6AW9ojfv2Xv3PrzPSTTjTQveRzPwvn4ByP+boQ==</latexit><latexit sha1_base64="varJM08zIZjNnA9XKe2ZNv0hZBg=">AAACC3icbVDLSgMxFM3UV62vqks3wSK40DIjgq6k4sZlBfuAdiiZNNPG5jEkd4RSCv6A4FZ/w5249SP8Cz/B9LGwrQcCh3NOuPeeKBHcgu9/e5ml5ZXVtex6bmNza3snv7tXtTo1lFWoFtrUI2KZ4IpVgINg9cQwIiPBalHvZuTXHpmxXKt76CcslKSjeMwpASdVAV9h/6SVL/hFfwy8SIIpKaApyq38T7OtaSqZAiqItY3ATyAcEAOcCjbMNVPLEkJ7pMMajioimQ0H422H+MgpbRxr454CPFb//hgQaW1fRi4pCXTtvDcS//MaKcSX4YCrJAWm6GRQnAoMGo9Ox21uGAXRd4RQw92umHaJIRRcQTNTLLh6rAvYU+mi2g5dRcF8IYukelYMHL87L5SunyZlZdEBOkTHKEAXqIRuURlVEEUP6AW9ojfv2Xv3PrzPSTTjTQveRzPwvn4ByP+boQ==</latexit><latexit sha1_base64="varJM08zIZjNnA9XKe2ZNv0hZBg=">AAACC3icbVDLSgMxFM3UV62vqks3wSK40DIjgq6k4sZlBfuAdiiZNNPG5jEkd4RSCv6A4FZ/w5249SP8Cz/B9LGwrQcCh3NOuPeeKBHcgu9/e5ml5ZXVtex6bmNza3snv7tXtTo1lFWoFtrUI2KZ4IpVgINg9cQwIiPBalHvZuTXHpmxXKt76CcslKSjeMwpASdVAV9h/6SVL/hFfwy8SIIpKaApyq38T7OtaSqZAiqItY3ATyAcEAOcCjbMNVPLEkJ7pMMajioimQ0H422H+MgpbRxr454CPFb//hgQaW1fRi4pCXTtvDcS//MaKcSX4YCrJAWm6GRQnAoMGo9Ox21uGAXRd4RQw92umHaJIRRcQTNTLLh6rAvYU+mi2g5dRcF8IYukelYMHL87L5SunyZlZdEBOkTHKEAXqIRuURlVEEUP6AW9ojfv2Xv3PrzPSTTjTQveRzPwvn4ByP+boQ==</latexit><latexit sha1_base64="varJM08zIZjNnA9XKe2ZNv0hZBg=">AAACC3icbVDLSgMxFM3UV62vqks3wSK40DIjgq6k4sZlBfuAdiiZNNPG5jEkd4RSCv6A4FZ/w5249SP8Cz/B9LGwrQcCh3NOuPeeKBHcgu9/e5ml5ZXVtex6bmNza3snv7tXtTo1lFWoFtrUI2KZ4IpVgINg9cQwIiPBalHvZuTXHpmxXKt76CcslKSjeMwpASdVAV9h/6SVL/hFfwy8SIIpKaApyq38T7OtaSqZAiqItY3ATyAcEAOcCjbMNVPLEkJ7pMMajioimQ0H422H+MgpbRxr454CPFb//hgQaW1fRi4pCXTtvDcS//MaKcSX4YCrJAWm6GRQnAoMGo9Ox21uGAXRd4RQw92umHaJIRRcQTNTLLh6rAvYU+mi2g5dRcF8IYukelYMHL87L5SunyZlZdEBOkTHKEAXqIRuURlVEEUP6AW9ojfv2Xv3PrzPSTTjTQveRzPwvn4ByP+boQ==</latexit>

[Artzner ’99]

Risk-aversion: prefer     d
L = `(✓;Z)
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Worst-case subpopulations = coherence

Under mild regularity, for any coherent risk measure,
Lemma (Kusuoka ’01, Pflug & Romisch ’07)

there is a convex set        of probabilities such that
the risk measure is equal to RPA(·)

<latexit sha1_base64="4qulBOlFH4G2ySguI5evrS9JF7Y=">AAACHnicbZDLSgMxGIUz9VbrbdSFCzeDRagLy4wU1F2LG5cV7AU6ZcikaRuaTIbkH6EMAz6K4FZfw5241bfwEUwvC1v9IXA454Q/+cKYMw2u+2XlVlbX1jfym4Wt7Z3dPXv/oKlloghtEMmlaodYU84i2gAGnLZjRbEIOW2Fo5tJ3nqgSjMZ3cM4pl2BBxHrM4LBWIF95CumR0HqC5LWs6CWlXzSk3AW2EW37E7H+Su8uSii+dQD+9vvSZIIGgHhWOuO58bQTbECRjjNCn6iaYzJCA9ox8gIC6q76fQDmXNqnJ7Tl8qcCJyp+/tGioXWYxGapsAw1MvZxPwv6yTQv+qmLIoToBGZLeon3AHpTGg4PaYoAT42AhPFzFsdMsQKEzDMFrZoMMS0KehzYapSZwaRtwzkr2helL1K+fquUqzWHmew8ugYnaAS8tAlqqJbVEcNRFCGntELerWerDfr3fqYVXPWHPAhWhjr8wdwR6QR</latexit>

PA
<latexit sha1_base64="FxgM53F7cIbbY38ngTAqOiThXWQ=">AAACFnicbZDLSgMxGIUz9VbrpaMu3QSL4MYyI4IuW9y4rGBboTMMmTTThiaZIRehDAUfQ3Crr+FO3Lr1LXwEM20XtvWHwOGcE/6fL84YVdrzvp3S2vrG5lZ5u7Kzu7dfdQ8OOyo1EpM2TlkqH2KkCKOCtDXVjDxkkiAeM9KNRzdF3n0kUtFU3OtxRkKOBoImFCNtrcitBjEzJA84zluTqDmJ3JpX96YDV4U/FzUwn1bk/gT9FBtOhMYMKdXzvUyHOZKaYkYmlcAokiE8QgPSs1IgTlSYTw+fwFPr9GGSSvuEhlP3748ccaXGPLZNjvRQLWeF+V/WMzq5DnMqMqOJwLNFiWFQp7CgAPtUEqzZ2AqEJbW3QjxEEmFtWS1sUdqSUragzrmtpqpA5C8DWRWdi7pv9d1lrdF8msEqg2NwAs6AD65AA9yCFmgDDAx4Aa/gzXl23p0P53NWLTlzwEdgYZyvX34eoO4=</latexit><latexit sha1_base64="FxgM53F7cIbbY38ngTAqOiThXWQ=">AAACFnicbZDLSgMxGIUz9VbrpaMu3QSL4MYyI4IuW9y4rGBboTMMmTTThiaZIRehDAUfQ3Crr+FO3Lr1LXwEM20XtvWHwOGcE/6fL84YVdrzvp3S2vrG5lZ5u7Kzu7dfdQ8OOyo1EpM2TlkqH2KkCKOCtDXVjDxkkiAeM9KNRzdF3n0kUtFU3OtxRkKOBoImFCNtrcitBjEzJA84zluTqDmJ3JpX96YDV4U/FzUwn1bk/gT9FBtOhMYMKdXzvUyHOZKaYkYmlcAokiE8QgPSs1IgTlSYTw+fwFPr9GGSSvuEhlP3748ccaXGPLZNjvRQLWeF+V/WMzq5DnMqMqOJwLNFiWFQp7CgAPtUEqzZ2AqEJbW3QjxEEmFtWS1sUdqSUragzrmtpqpA5C8DWRWdi7pv9d1lrdF8msEqg2NwAs6AD65AA9yCFmgDDAx4Aa/gzXl23p0P53NWLTlzwEdgYZyvX34eoO4=</latexit><latexit sha1_base64="FxgM53F7cIbbY38ngTAqOiThXWQ=">AAACFnicbZDLSgMxGIUz9VbrpaMu3QSL4MYyI4IuW9y4rGBboTMMmTTThiaZIRehDAUfQ3Crr+FO3Lr1LXwEM20XtvWHwOGcE/6fL84YVdrzvp3S2vrG5lZ5u7Kzu7dfdQ8OOyo1EpM2TlkqH2KkCKOCtDXVjDxkkiAeM9KNRzdF3n0kUtFU3OtxRkKOBoImFCNtrcitBjEzJA84zluTqDmJ3JpX96YDV4U/FzUwn1bk/gT9FBtOhMYMKdXzvUyHOZKaYkYmlcAokiE8QgPSs1IgTlSYTw+fwFPr9GGSSvuEhlP3748ccaXGPLZNjvRQLWeF+V/WMzq5DnMqMqOJwLNFiWFQp7CgAPtUEqzZ2AqEJbW3QjxEEmFtWS1sUdqSUragzrmtpqpA5C8DWRWdi7pv9d1lrdF8msEqg2NwAs6AD65AA9yCFmgDDAx4Aa/gzXl23p0P53NWLTlzwEdgYZyvX34eoO4=</latexit><latexit sha1_base64="FxgM53F7cIbbY38ngTAqOiThXWQ=">AAACFnicbZDLSgMxGIUz9VbrpaMu3QSL4MYyI4IuW9y4rGBboTMMmTTThiaZIRehDAUfQ3Crr+FO3Lr1LXwEM20XtvWHwOGcE/6fL84YVdrzvp3S2vrG5lZ5u7Kzu7dfdQ8OOyo1EpM2TlkqH2KkCKOCtDXVjDxkkiAeM9KNRzdF3n0kUtFU3OtxRkKOBoImFCNtrcitBjEzJA84zluTqDmJ3JpX96YDV4U/FzUwn1bk/gT9FBtOhMYMKdXzvUyHOZKaYkYmlcAokiE8QgPSs1IgTlSYTw+fwFPr9GGSSvuEhlP3748ccaXGPLZNjvRQLWeF+V/WMzq5DnMqMqOJwLNFiWFQp7CgAPtUEqzZ2AqEJbW3QjxEEmFtWS1sUdqSUragzrmtpqpA5C8DWRWdi7pv9d1lrdF8msEqg2NwAs6AD65AA9yCFmgDDAx4Aa/gzXl23p0P53NWLTlzwEdgYZyvX34eoO4=</latexit>

Worst-case over all subpopulations         Q0

<latexit sha1_base64="cy8HuglrFPSsNpusd0fOMV8Ffes=">AAACFnicbVDLSgMxFM3UV62Pjrp0EyyCG8uMFNRd0Y3LFuwD2mHIpBkbmseQZIQy9D8Et/ob7sStW//CTzDTzsJWDwQO55ybezlRwqg2nvfllNbWNza3ytuVnd29/ap7cNjVMlWYdLBkUvUjpAmjgnQMNYz0E0UQjxjpRZPb3O89EqWpFPdmmpCAowdBY4qRsVLoVodWIMKgrB1m3mwWujWv7s0B/xK/IDVQoBW638ORxCm3f2CGtB74XmKCDClDMSOzyjDVJEF4YrcMLBWIEx1k88Nn8NQqIxhLZZ8wcK7+nsgQ13rKI5vkyIz1qpeL/3mD1MRXQUZFkhoi8GJRnDJoJMxbgCOqCDZsagnCitpbIR4jhbCxXS1t0cY2pW1An3MblTqvyF8t5C/pXtT9Rv263ag1b4qyyuAYnIAz4INL0AR3oAU6AIMUPIMX8Oo8OW/Ou/OxiJacYuYILMH5/AFQFaB0</latexit>

Worst-case over probability       on minority proportionPA
<latexit sha1_base64="WtS+gABWWJjalLHH0luZyCS5HkI=">AAACD3icbVDLSgMxFM34rPVVdekmWAQ3lhkRdNnixmUF+8B2KJn0tg3NY0gyQhkK/oLgVn/Dnbj1E/wLP8FM24VtPRA4nHPCvfdEMWfG+v63t7K6tr6xmdvKb+/s7u0XDg7rRiWaQo0qrnQzIgY4k1CzzHJoxhqIiDg0ouFN5jceQRum5L0dxRAK0pesxyixTnpoRzyBtNqpjDuFol/yJ8DLJJiRIpqh2in8tLuKJgKkpZwY0wr82IYp0ZZRDuN8OzEQEzokfWg5KokAE6aTjcf41Cld3FPaPWnxRP37IyXCmJGIXFIQOzCLXib+57US27sOUybjxIKk00G9hGOrcHY+7jIN1PKRI4Rq5nbFdEA0odaVNDfFWFeRcQFzLlxUmayiYLGQZVK/KAWO310Wy5WnaVk5dIxO0BkK0BUqo1tURTVEkUQv6BW9ec/eu/fhfU6jK96s4CM0B+/rF7Fmnmc=</latexit><latexit sha1_base64="WtS+gABWWJjalLHH0luZyCS5HkI=">AAACD3icbVDLSgMxFM34rPVVdekmWAQ3lhkRdNnixmUF+8B2KJn0tg3NY0gyQhkK/oLgVn/Dnbj1E/wLP8FM24VtPRA4nHPCvfdEMWfG+v63t7K6tr6xmdvKb+/s7u0XDg7rRiWaQo0qrnQzIgY4k1CzzHJoxhqIiDg0ouFN5jceQRum5L0dxRAK0pesxyixTnpoRzyBtNqpjDuFol/yJ8DLJJiRIpqh2in8tLuKJgKkpZwY0wr82IYp0ZZRDuN8OzEQEzokfWg5KokAE6aTjcf41Cld3FPaPWnxRP37IyXCmJGIXFIQOzCLXib+57US27sOUybjxIKk00G9hGOrcHY+7jIN1PKRI4Rq5nbFdEA0odaVNDfFWFeRcQFzLlxUmayiYLGQZVK/KAWO310Wy5WnaVk5dIxO0BkK0BUqo1tURTVEkUQv6BW9ec/eu/fhfU6jK96s4CM0B+/rF7Fmnmc=</latexit><latexit sha1_base64="WtS+gABWWJjalLHH0luZyCS5HkI=">AAACD3icbVDLSgMxFM34rPVVdekmWAQ3lhkRdNnixmUF+8B2KJn0tg3NY0gyQhkK/oLgVn/Dnbj1E/wLP8FM24VtPRA4nHPCvfdEMWfG+v63t7K6tr6xmdvKb+/s7u0XDg7rRiWaQo0qrnQzIgY4k1CzzHJoxhqIiDg0ouFN5jceQRum5L0dxRAK0pesxyixTnpoRzyBtNqpjDuFol/yJ8DLJJiRIpqh2in8tLuKJgKkpZwY0wr82IYp0ZZRDuN8OzEQEzokfWg5KokAE6aTjcf41Cld3FPaPWnxRP37IyXCmJGIXFIQOzCLXib+57US27sOUybjxIKk00G9hGOrcHY+7jIN1PKRI4Rq5nbFdEA0odaVNDfFWFeRcQFzLlxUmayiYLGQZVK/KAWO310Wy5WnaVk5dIxO0BkK0BUqo1tURTVEkUQv6BW9ec/eu/fhfU6jK96s4CM0B+/rF7Fmnmc=</latexit><latexit sha1_base64="WtS+gABWWJjalLHH0luZyCS5HkI=">AAACD3icbVDLSgMxFM34rPVVdekmWAQ3lhkRdNnixmUF+8B2KJn0tg3NY0gyQhkK/oLgVn/Dnbj1E/wLP8FM24VtPRA4nHPCvfdEMWfG+v63t7K6tr6xmdvKb+/s7u0XDg7rRiWaQo0qrnQzIgY4k1CzzHJoxhqIiDg0ouFN5jceQRum5L0dxRAK0pesxyixTnpoRzyBtNqpjDuFol/yJ8DLJJiRIpqh2in8tLuKJgKkpZwY0wr82IYp0ZZRDuN8OzEQEzokfWg5KokAE6aTjcf41Cld3FPaPWnxRP37IyXCmJGIXFIQOzCLXib+57US27sOUybjxIKk00G9hGOrcHY+7jIN1PKRI4Rq5nbFdEA0odaVNDfFWFeRcQFzLlxUmayiYLGQZVK/KAWO310Wy5WnaVk5dIxO0BkK0BUqo1tURTVEkUQv6BW9ec/eu/fhfU6jK96s4CM0B+/rF7Fmnmc=</latexit>

RPA(W ) := sup
PA2PA

EA⇠PA


sup
Q⌫A

EQ[W ]

�

<latexit sha1_base64="2G3j3ktto789MOjc3/dKqc8K0+4="></latexit>

From previous lecture, we have DRO = 
coherence = worst-case subpopulations



f-divergences DRO

f-divergence: If               is “near 1”, then      and      are nearQ
<latexit sha1_base64="Xe10sOwYmyd7iZl++KqU9bDRBEs=">AAACBnicbVDLSgMxFM34rPVVdekmWAQ3lhkRdCUFNy5bsA9oh5JJ77SheQxJRihD94Jb/Q134tbf8C/8BNN2Frb1QOBwzrncmxMlnBnr+9/e2vrG5tZ2Yae4u7d/cFg6Om4alWoKDaq40u2IGOBMQsMyy6GdaCAi4tCKRvdTv/UE2jAlH+04gVCQgWQxo8Q6qV7vlcp+xZ8Br5IgJ2WUo9Yr/XT7iqYCpKWcGNMJ/MSGGdGWUQ6TYjc1kBA6IgPoOCqJABNms0Mn+NwpfRwr7Z60eKb+nciIMGYsIpcUxA7NsjcV//M6qY1vw4zJJLUg6XxRnHJsFZ7+GveZBmr52BFCNXO3YjokmlDrulnYYqxrxriAuRQuqszEVRQsF7JKmleVIKgE9ety9S4vq4BO0Rm6QAG6QVX0gGqogSgC9IJe0Zv37L17H97nPLrm5TMnaAHe1y9IJpnw</latexit><latexit sha1_base64="Xe10sOwYmyd7iZl++KqU9bDRBEs=">AAACBnicbVDLSgMxFM34rPVVdekmWAQ3lhkRdCUFNy5bsA9oh5JJ77SheQxJRihD94Jb/Q134tbf8C/8BNN2Frb1QOBwzrncmxMlnBnr+9/e2vrG5tZ2Yae4u7d/cFg6Om4alWoKDaq40u2IGOBMQsMyy6GdaCAi4tCKRvdTv/UE2jAlH+04gVCQgWQxo8Q6qV7vlcp+xZ8Br5IgJ2WUo9Yr/XT7iqYCpKWcGNMJ/MSGGdGWUQ6TYjc1kBA6IgPoOCqJABNms0Mn+NwpfRwr7Z60eKb+nciIMGYsIpcUxA7NsjcV//M6qY1vw4zJJLUg6XxRnHJsFZ7+GveZBmr52BFCNXO3YjokmlDrulnYYqxrxriAuRQuqszEVRQsF7JKmleVIKgE9ety9S4vq4BO0Rm6QAG6QVX0gGqogSgC9IJe0Zv37L17H97nPLrm5TMnaAHe1y9IJpnw</latexit><latexit sha1_base64="Xe10sOwYmyd7iZl++KqU9bDRBEs=">AAACBnicbVDLSgMxFM34rPVVdekmWAQ3lhkRdCUFNy5bsA9oh5JJ77SheQxJRihD94Jb/Q134tbf8C/8BNN2Frb1QOBwzrncmxMlnBnr+9/e2vrG5tZ2Yae4u7d/cFg6Om4alWoKDaq40u2IGOBMQsMyy6GdaCAi4tCKRvdTv/UE2jAlH+04gVCQgWQxo8Q6qV7vlcp+xZ8Br5IgJ2WUo9Yr/XT7iqYCpKWcGNMJ/MSGGdGWUQ6TYjc1kBA6IgPoOCqJABNms0Mn+NwpfRwr7Z60eKb+nciIMGYsIpcUxA7NsjcV//M6qY1vw4zJJLUg6XxRnHJsFZ7+GveZBmr52BFCNXO3YjokmlDrulnYYqxrxriAuRQuqszEVRQsF7JKmleVIKgE9ety9S4vq4BO0Rm6QAG6QVX0gGqogSgC9IJe0Zv37L17H97nPLrm5TMnaAHe1y9IJpnw</latexit><latexit sha1_base64="Xe10sOwYmyd7iZl++KqU9bDRBEs=">AAACBnicbVDLSgMxFM34rPVVdekmWAQ3lhkRdCUFNy5bsA9oh5JJ77SheQxJRihD94Jb/Q134tbf8C/8BNN2Frb1QOBwzrncmxMlnBnr+9/e2vrG5tZ2Yae4u7d/cFg6Om4alWoKDaq40u2IGOBMQsMyy6GdaCAi4tCKRvdTv/UE2jAlH+04gVCQgWQxo8Q6qV7vlcp+xZ8Br5IgJ2WUo9Yr/XT7iqYCpKWcGNMJ/MSGGdGWUQ6TYjc1kBA6IgPoOCqJABNms0Mn+NwpfRwr7Z60eKb+nciIMGYsIpcUxA7NsjcV//M6qY1vw4zJJLUg6XxRnHJsFZ7+GveZBmr52BFCNXO3YjokmlDrulnYYqxrxriAuRQuqszEVRQsF7JKmleVIKgE9ety9S4vq4BO0Rm6QAG6QVX0gGqogSgC9IJe0Zv37L17H97nPLrm5TMnaAHe1y9IJpnw</latexit>

P
<latexit sha1_base64="+bnWslUd5ZduUFUU8lrgItaMpoQ=">AAACBnicbVDLSgMxFM3UV62vqks3wSK4scyIoCspuHHZgn1AO0gmvdOG5jEkGaEM3Qtu9TfciVt/w7/wE0zbWdjWA4HDOedyb06UcGas7397hbX1jc2t4nZpZ3dv/6B8eNQyKtUUmlRxpTsRMcCZhKZllkMn0UBExKEdje6mfvsJtGFKPthxAqEgA8liRol1UqP+WK74VX8GvEqCnFRQDpf/6fUVTQVISzkxphv4iQ0zoi2jHCalXmogIXREBtB1VBIBJsxmh07wmVP6OFbaPWnxTP07kRFhzFhELimIHZplbyr+53VTG9+EGZNJakHS+aI45dgqPP017jMN1PKxI4Rq5m7FdEg0odZ1s7DFWNeMcQFzIVxUmYmrKFguZJW0LqtBUA0aV5XabV5WEZ2gU3SOAnSNauge1VETUQToBb2iN+/Ze/c+vM95tODlM8doAd7XL0aEme8=</latexit><latexit sha1_base64="+bnWslUd5ZduUFUU8lrgItaMpoQ=">AAACBnicbVDLSgMxFM3UV62vqks3wSK4scyIoCspuHHZgn1AO0gmvdOG5jEkGaEM3Qtu9TfciVt/w7/wE0zbWdjWA4HDOedyb06UcGas7397hbX1jc2t4nZpZ3dv/6B8eNQyKtUUmlRxpTsRMcCZhKZllkMn0UBExKEdje6mfvsJtGFKPthxAqEgA8liRol1UqP+WK74VX8GvEqCnFRQDpf/6fUVTQVISzkxphv4iQ0zoi2jHCalXmogIXREBtB1VBIBJsxmh07wmVP6OFbaPWnxTP07kRFhzFhELimIHZplbyr+53VTG9+EGZNJakHS+aI45dgqPP017jMN1PKxI4Rq5m7FdEg0odZ1s7DFWNeMcQFzIVxUmYmrKFguZJW0LqtBUA0aV5XabV5WEZ2gU3SOAnSNauge1VETUQToBb2iN+/Ze/c+vM95tODlM8doAd7XL0aEme8=</latexit><latexit sha1_base64="+bnWslUd5ZduUFUU8lrgItaMpoQ=">AAACBnicbVDLSgMxFM3UV62vqks3wSK4scyIoCspuHHZgn1AO0gmvdOG5jEkGaEM3Qtu9TfciVt/w7/wE0zbWdjWA4HDOedyb06UcGas7397hbX1jc2t4nZpZ3dv/6B8eNQyKtUUmlRxpTsRMcCZhKZllkMn0UBExKEdje6mfvsJtGFKPthxAqEgA8liRol1UqP+WK74VX8GvEqCnFRQDpf/6fUVTQVISzkxphv4iQ0zoi2jHCalXmogIXREBtB1VBIBJsxmh07wmVP6OFbaPWnxTP07kRFhzFhELimIHZplbyr+53VTG9+EGZNJakHS+aI45dgqPP017jMN1PKxI4Rq5m7FdEg0odZ1s7DFWNeMcQFzIVxUmYmrKFguZJW0LqtBUA0aV5XabV5WEZ2gU3SOAnSNauge1VETUQToBb2iN+/Ze/c+vM95tODlM8doAd7XL0aEme8=</latexit><latexit sha1_base64="+bnWslUd5ZduUFUU8lrgItaMpoQ=">AAACBnicbVDLSgMxFM3UV62vqks3wSK4scyIoCspuHHZgn1AO0gmvdOG5jEkGaEM3Qtu9TfciVt/w7/wE0zbWdjWA4HDOedyb06UcGas7397hbX1jc2t4nZpZ3dv/6B8eNQyKtUUmlRxpTsRMcCZhKZllkMn0UBExKEdje6mfvsJtGFKPthxAqEgA8liRol1UqP+WK74VX8GvEqCnFRQDpf/6fUVTQVISzkxphv4iQ0zoi2jHCalXmogIXREBtB1VBIBJsxmh07wmVP6OFbaPWnxTP07kRFhzFhELimIHZplbyr+53VTG9+EGZNJakHS+aI45dgqPP017jMN1PKxI4Rq5m7FdEg0odZ1s7DFWNeMcQFzIVxUmYmrKFguZJW0LqtBUA0aV5XabV5WEZ2gU3SOAnSNauge1VETUQToBb2iN+/Ze/c+vM95tODlM8doAd7XL0aEme8=</latexit>

L =
dQ

dP
<latexit sha1_base64="BvIo6edoaoyc0RUUAITReURCwTc=">AAACHnicbZDLSsNAFIYn9VbrLerChZvBIrixJCLoRim4ceGiBXuBJpTJZNIOnZmEmYlQQt5FcKuv4U7c6lv4CE7aLmzrgYGf//yHc+YLEkaVdpxvq7Syura+Ud6sbG3v7O7Z+wdtFacSkxaOWSy7AVKEUUFammpGuokkiAeMdILRXdHvPBGpaCwe9TghPkcDQSOKkTZW3z7yJAmzB3gDvUginIXNPAsbed63q07NmRRcFu5MVMGsGn37xwtjnHIiNGZIqZ7rJNrPkNQUM5JXvFSRBOERGpCekQJxovxs8oEcnhonhFEszRMaTty/ExniSo15YJIc6aFa7BXmf71eqqNrP6MiSTUReLooShnUMSxowJBKgjUbG4GwpOZWiIfIgNCG2dwWpQ0xZQLqnJtorApE7iKQZdG+qLluzW1eVuu3M1hlcAxOwBlwwRWog3vQAC2AQQ5ewCt4s56td+vD+pxGS9Zs5hDMlfX1C+90o1U=</latexit><latexit sha1_base64="BvIo6edoaoyc0RUUAITReURCwTc=">AAACHnicbZDLSsNAFIYn9VbrLerChZvBIrixJCLoRim4ceGiBXuBJpTJZNIOnZmEmYlQQt5FcKuv4U7c6lv4CE7aLmzrgYGf//yHc+YLEkaVdpxvq7Syura+Ud6sbG3v7O7Z+wdtFacSkxaOWSy7AVKEUUFammpGuokkiAeMdILRXdHvPBGpaCwe9TghPkcDQSOKkTZW3z7yJAmzB3gDvUginIXNPAsbed63q07NmRRcFu5MVMGsGn37xwtjnHIiNGZIqZ7rJNrPkNQUM5JXvFSRBOERGpCekQJxovxs8oEcnhonhFEszRMaTty/ExniSo15YJIc6aFa7BXmf71eqqNrP6MiSTUReLooShnUMSxowJBKgjUbG4GwpOZWiIfIgNCG2dwWpQ0xZQLqnJtorApE7iKQZdG+qLluzW1eVuu3M1hlcAxOwBlwwRWog3vQAC2AQQ5ewCt4s56td+vD+pxGS9Zs5hDMlfX1C+90o1U=</latexit><latexit sha1_base64="BvIo6edoaoyc0RUUAITReURCwTc=">AAACHnicbZDLSsNAFIYn9VbrLerChZvBIrixJCLoRim4ceGiBXuBJpTJZNIOnZmEmYlQQt5FcKuv4U7c6lv4CE7aLmzrgYGf//yHc+YLEkaVdpxvq7Syura+Ud6sbG3v7O7Z+wdtFacSkxaOWSy7AVKEUUFammpGuokkiAeMdILRXdHvPBGpaCwe9TghPkcDQSOKkTZW3z7yJAmzB3gDvUginIXNPAsbed63q07NmRRcFu5MVMGsGn37xwtjnHIiNGZIqZ7rJNrPkNQUM5JXvFSRBOERGpCekQJxovxs8oEcnhonhFEszRMaTty/ExniSo15YJIc6aFa7BXmf71eqqNrP6MiSTUReLooShnUMSxowJBKgjUbG4GwpOZWiIfIgNCG2dwWpQ0xZQLqnJtorApE7iKQZdG+qLluzW1eVuu3M1hlcAxOwBlwwRWog3vQAC2AQQ5ewCt4s56td+vD+pxGS9Zs5hDMlfX1C+90o1U=</latexit><latexit sha1_base64="BvIo6edoaoyc0RUUAITReURCwTc=">AAACHnicbZDLSsNAFIYn9VbrLerChZvBIrixJCLoRim4ceGiBXuBJpTJZNIOnZmEmYlQQt5FcKuv4U7c6lv4CE7aLmzrgYGf//yHc+YLEkaVdpxvq7Syura+Ud6sbG3v7O7Z+wdtFacSkxaOWSy7AVKEUUFammpGuokkiAeMdILRXdHvPBGpaCwe9TghPkcDQSOKkTZW3z7yJAmzB3gDvUginIXNPAsbed63q07NmRRcFu5MVMGsGn37xwtjnHIiNGZIqZ7rJNrPkNQUM5JXvFSRBOERGpCekQJxovxs8oEcnhonhFEszRMaTty/ExniSo15YJIc6aFa7BXmf71eqqNrP6MiSTUReLooShnUMSxowJBKgjUbG4GwpOZWiIfIgNCG2dwWpQ0xZQLqnJtorApE7iKQZdG+qLluzW1eVuu3M1hlcAxOwBlwwRWog3vQAC2AQQ5ewCt4s56td+vD+pxGS9Zs5hDMlfX1C+90o1U=</latexit>

f(L)
<latexit sha1_base64="l1TWJooBHE0VVHMlw+V6k5ioJZo=">AAACD3icbVDLSgMxFM3UV62vqks3wSLUhWVGBF1JwY0LFxXsA9uhZDKZNjSPIckIZZiPENzqb7gTt36Cf+EnmLazsK0HAodzzuXenCBmVBvX/XYKK6tr6xvFzdLW9s7uXnn/oKVlojBpYsmk6gRIE0YFaRpqGOnEiiAeMNIORjcTv/1ElKZSPJhxTHyOBoJGFCNjpceo2lMkTO+y03654tbcKeAy8XJSATka/fJPL5Q44UQYzJDWXc+NjZ8iZShmJCv1Ek1ihEdoQLqWCsSJ9tPpxRk8sUoII6nsEwZO1b8TKeJaj3lgkxyZoV70JuJ/Xjcx0ZWfUhEnhgg8WxQlDBoJJ9+HIVUEGza2BGFF7a0QD5FC2NiS5rZoYyvSNqDPuI1KndmKvMVClknrvOZ5Ne/+olK/zssqgiNwDKrAA5egDm5BAzQBBgK8gFfw5jw7786H8zmLFpx85hDMwfn6BfYRnYs=</latexit><latexit sha1_base64="l1TWJooBHE0VVHMlw+V6k5ioJZo=">AAACD3icbVDLSgMxFM3UV62vqks3wSLUhWVGBF1JwY0LFxXsA9uhZDKZNjSPIckIZZiPENzqb7gTt36Cf+EnmLazsK0HAodzzuXenCBmVBvX/XYKK6tr6xvFzdLW9s7uXnn/oKVlojBpYsmk6gRIE0YFaRpqGOnEiiAeMNIORjcTv/1ElKZSPJhxTHyOBoJGFCNjpceo2lMkTO+y03654tbcKeAy8XJSATka/fJPL5Q44UQYzJDWXc+NjZ8iZShmJCv1Ek1ihEdoQLqWCsSJ9tPpxRk8sUoII6nsEwZO1b8TKeJaj3lgkxyZoV70JuJ/Xjcx0ZWfUhEnhgg8WxQlDBoJJ9+HIVUEGza2BGFF7a0QD5FC2NiS5rZoYyvSNqDPuI1KndmKvMVClknrvOZ5Ne/+olK/zssqgiNwDKrAA5egDm5BAzQBBgK8gFfw5jw7786H8zmLFpx85hDMwfn6BfYRnYs=</latexit><latexit sha1_base64="l1TWJooBHE0VVHMlw+V6k5ioJZo=">AAACD3icbVDLSgMxFM3UV62vqks3wSLUhWVGBF1JwY0LFxXsA9uhZDKZNjSPIckIZZiPENzqb7gTt36Cf+EnmLazsK0HAodzzuXenCBmVBvX/XYKK6tr6xvFzdLW9s7uXnn/oKVlojBpYsmk6gRIE0YFaRpqGOnEiiAeMNIORjcTv/1ElKZSPJhxTHyOBoJGFCNjpceo2lMkTO+y03654tbcKeAy8XJSATka/fJPL5Q44UQYzJDWXc+NjZ8iZShmJCv1Ek1ihEdoQLqWCsSJ9tPpxRk8sUoII6nsEwZO1b8TKeJaj3lgkxyZoV70JuJ/Xjcx0ZWfUhEnhgg8WxQlDBoJJ9+HIVUEGza2BGFF7a0QD5FC2NiS5rZoYyvSNqDPuI1KndmKvMVClknrvOZ5Ne/+olK/zssqgiNwDKrAA5egDm5BAzQBBgK8gFfw5jw7786H8zmLFpx85hDMwfn6BfYRnYs=</latexit><latexit sha1_base64="l1TWJooBHE0VVHMlw+V6k5ioJZo=">AAACD3icbVDLSgMxFM3UV62vqks3wSLUhWVGBF1JwY0LFxXsA9uhZDKZNjSPIckIZZiPENzqb7gTt36Cf+EnmLazsK0HAodzzuXenCBmVBvX/XYKK6tr6xvFzdLW9s7uXnn/oKVlojBpYsmk6gRIE0YFaRpqGOnEiiAeMNIORjcTv/1ElKZSPJhxTHyOBoJGFCNjpceo2lMkTO+y03654tbcKeAy8XJSATka/fJPL5Q44UQYzJDWXc+NjZ8iZShmJCv1Ek1ihEdoQLqWCsSJ9tPpxRk8sUoII6nsEwZO1b8TKeJaj3lgkxyZoV70JuJ/Xjcx0ZWfUhEnhgg8WxQlDBoJJ9+HIVUEGza2BGFF7a0QD5FC2NiS5rZoYyvSNqDPuI1KndmKvMVClknrvOZ5Ne/+olK/zssqgiNwDKrAA5egDm5BAzQBBgK8gFfw5jw7786H8zmLFpx85hDMwfn6BfYRnYs=</latexit>

L = 1
<latexit sha1_base64="4RKkVj0c0dW/t1o2RDJ7uVAmB+o=">AAACEHicbVDLSgMxFM3UV62vqks3wSK4sUxE0I1ScOPCRQX7gOlQMplMG5pJhiQjlGF+QnCrv+FO3PoH/oWfYNrOwrYeCBzOOZd7c4KEM21c99sprayurW+UNytb2zu7e9X9g7aWqSK0RSSXqhtgTTkTtGWY4bSbKIrjgNNOMLqd+J0nqjST4tGME+rHeCBYxAg2VvJ6iobZfQ6vIepXa27dnQIuE1SQGijQ7Fd/eqEkaUyFIRxr7SE3MX6GlWGE07zSSzVNMBnhAfUsFTim2s+mJ+fwxCohjKSyTxg4Vf9OZDjWehwHNhljM9SL3kT8z/NSE135GRNJaqggs0VRyqGRcPJ/GDJFieFjSzBRzN4KyRArTIxtaW6LNrYjbQP6LLZRqXNbEVosZJm0z+sI1dHDRa1xU5RVBkfgGJwCBC5BA9yBJmgBAiR4Aa/gzXl23p0P53MWLTnFzCGYg/P1CxE3nYw=</latexit><latexit sha1_base64="4RKkVj0c0dW/t1o2RDJ7uVAmB+o=">AAACEHicbVDLSgMxFM3UV62vqks3wSK4sUxE0I1ScOPCRQX7gOlQMplMG5pJhiQjlGF+QnCrv+FO3PoH/oWfYNrOwrYeCBzOOZd7c4KEM21c99sprayurW+UNytb2zu7e9X9g7aWqSK0RSSXqhtgTTkTtGWY4bSbKIrjgNNOMLqd+J0nqjST4tGME+rHeCBYxAg2VvJ6iobZfQ6vIepXa27dnQIuE1SQGijQ7Fd/eqEkaUyFIRxr7SE3MX6GlWGE07zSSzVNMBnhAfUsFTim2s+mJ+fwxCohjKSyTxg4Vf9OZDjWehwHNhljM9SL3kT8z/NSE135GRNJaqggs0VRyqGRcPJ/GDJFieFjSzBRzN4KyRArTIxtaW6LNrYjbQP6LLZRqXNbEVosZJm0z+sI1dHDRa1xU5RVBkfgGJwCBC5BA9yBJmgBAiR4Aa/gzXl23p0P53MWLTnFzCGYg/P1CxE3nYw=</latexit><latexit sha1_base64="4RKkVj0c0dW/t1o2RDJ7uVAmB+o=">AAACEHicbVDLSgMxFM3UV62vqks3wSK4sUxE0I1ScOPCRQX7gOlQMplMG5pJhiQjlGF+QnCrv+FO3PoH/oWfYNrOwrYeCBzOOZd7c4KEM21c99sprayurW+UNytb2zu7e9X9g7aWqSK0RSSXqhtgTTkTtGWY4bSbKIrjgNNOMLqd+J0nqjST4tGME+rHeCBYxAg2VvJ6iobZfQ6vIepXa27dnQIuE1SQGijQ7Fd/eqEkaUyFIRxr7SE3MX6GlWGE07zSSzVNMBnhAfUsFTim2s+mJ+fwxCohjKSyTxg4Vf9OZDjWehwHNhljM9SL3kT8z/NSE135GRNJaqggs0VRyqGRcPJ/GDJFieFjSzBRzN4KyRArTIxtaW6LNrYjbQP6LLZRqXNbEVosZJm0z+sI1dHDRa1xU5RVBkfgGJwCBC5BA9yBJmgBAiR4Aa/gzXl23p0P53MWLTnFzCGYg/P1CxE3nYw=</latexit><latexit sha1_base64="4RKkVj0c0dW/t1o2RDJ7uVAmB+o=">AAACEHicbVDLSgMxFM3UV62vqks3wSK4sUxE0I1ScOPCRQX7gOlQMplMG5pJhiQjlGF+QnCrv+FO3PoH/oWfYNrOwrYeCBzOOZd7c4KEM21c99sprayurW+UNytb2zu7e9X9g7aWqSK0RSSXqhtgTTkTtGWY4bSbKIrjgNNOMLqd+J0nqjST4tGME+rHeCBYxAg2VvJ6iobZfQ6vIepXa27dnQIuE1SQGijQ7Fd/eqEkaUyFIRxr7SE3MX6GlWGE07zSSzVNMBnhAfUsFTim2s+mJ+fwxCohjKSyTxg4Vf9OZDjWehwHNhljM9SL3kT8z/NSE135GRNJaqggs0VRyqGRcPJ/GDJFieFjSzBRzN4KyRArTIxtaW6LNrYjbQP6LLZRqXNbEVosZJm0z+sI1dHDRa1xU5RVBkfgGJwCBC5BA9yBJmgBAiR4Aa/gzXl23p0P53MWLTnFzCGYg/P1CxE3nYw=</latexit>

Df (Q||P ) := EP


f

✓
dQ

dP

◆�

<latexit sha1_base64="8YXTusKK3LSHWp+vQryuX01XlAc="></latexit><latexit sha1_base64="8YXTusKK3LSHWp+vQryuX01XlAc="></latexit><latexit sha1_base64="8YXTusKK3LSHWp+vQryuX01XlAc="></latexit><latexit sha1_base64="8YXTusKK3LSHWp+vQryuX01XlAc="></latexit>

As curvature of f decreases, the 
divergence becomes smaller!

For a convex function
f : R+ ! R+

<latexit sha1_base64="bvQepFdMyRwY4sy45P9TllJet8I=">AAACF3icbVDLSgMxFM3UV62vUZdugkUQxDIjguJCCm5cVrEP6AxDJs20oZlkSDKFMvRDBLf6G+7ErUv/wk8wnc7Cth4IHM45l3tzwoRRpR3n2yqtrK6tb5Q3K1vbO7t79v5BS4lUYtLEggnZCZEijHLS1FQz0kkkQXHISDsc3k399ohIRQV/0uOE+DHqcxpRjLSRAtuObqD3GJxBT4ucBHbVqTk54DJxC1IFBRqB/eP1BE5jwjVmSKmu6yTaz5DUFDMyqXipIgnCQ9QnXUM5ionys/zyCTwxSg9GQprHNczVvxMZipUax6FJxkgP1KI3Ff/zuqmOrv2M8iTVhOPZoihl0PxyWgPsUUmwZmNDEJbU3ArxAEmEtSlrbovSpiplAuo8NlGhJqYid7GQZdK6qLluzX24rNZvi7LK4Agcg1PggitQB/egAZoAgxF4Aa/gzXq23q0P63MWLVnFzCGYg/X1CzRxnxU=</latexit><latexit sha1_base64="bvQepFdMyRwY4sy45P9TllJet8I=">AAACF3icbVDLSgMxFM3UV62vUZdugkUQxDIjguJCCm5cVrEP6AxDJs20oZlkSDKFMvRDBLf6G+7ErUv/wk8wnc7Cth4IHM45l3tzwoRRpR3n2yqtrK6tb5Q3K1vbO7t79v5BS4lUYtLEggnZCZEijHLS1FQz0kkkQXHISDsc3k399ohIRQV/0uOE+DHqcxpRjLSRAtuObqD3GJxBT4ucBHbVqTk54DJxC1IFBRqB/eP1BE5jwjVmSKmu6yTaz5DUFDMyqXipIgnCQ9QnXUM5ionys/zyCTwxSg9GQprHNczVvxMZipUax6FJxkgP1KI3Ff/zuqmOrv2M8iTVhOPZoihl0PxyWgPsUUmwZmNDEJbU3ArxAEmEtSlrbovSpiplAuo8NlGhJqYid7GQZdK6qLluzX24rNZvi7LK4Agcg1PggitQB/egAZoAgxF4Aa/gzXq23q0P63MWLVnFzCGYg/X1CzRxnxU=</latexit><latexit sha1_base64="bvQepFdMyRwY4sy45P9TllJet8I=">AAACF3icbVDLSgMxFM3UV62vUZdugkUQxDIjguJCCm5cVrEP6AxDJs20oZlkSDKFMvRDBLf6G+7ErUv/wk8wnc7Cth4IHM45l3tzwoRRpR3n2yqtrK6tb5Q3K1vbO7t79v5BS4lUYtLEggnZCZEijHLS1FQz0kkkQXHISDsc3k399ohIRQV/0uOE+DHqcxpRjLSRAtuObqD3GJxBT4ucBHbVqTk54DJxC1IFBRqB/eP1BE5jwjVmSKmu6yTaz5DUFDMyqXipIgnCQ9QnXUM5ionys/zyCTwxSg9GQprHNczVvxMZipUax6FJxkgP1KI3Ff/zuqmOrv2M8iTVhOPZoihl0PxyWgPsUUmwZmNDEJbU3ArxAEmEtSlrbovSpiplAuo8NlGhJqYid7GQZdK6qLluzX24rNZvi7LK4Agcg1PggitQB/egAZoAgxF4Aa/gzXq23q0P63MWLVnFzCGYg/X1CzRxnxU=</latexit><latexit sha1_base64="bvQepFdMyRwY4sy45P9TllJet8I=">AAACF3icbVDLSgMxFM3UV62vUZdugkUQxDIjguJCCm5cVrEP6AxDJs20oZlkSDKFMvRDBLf6G+7ErUv/wk8wnc7Cth4IHM45l3tzwoRRpR3n2yqtrK6tb5Q3K1vbO7t79v5BS4lUYtLEggnZCZEijHLS1FQz0kkkQXHISDsc3k399ohIRQV/0uOE+DHqcxpRjLSRAtuObqD3GJxBT4ucBHbVqTk54DJxC1IFBRqB/eP1BE5jwjVmSKmu6yTaz5DUFDMyqXipIgnCQ9QnXUM5ionys/zyCTwxSg9GQprHNczVvxMZipUax6FJxkgP1KI3Ff/zuqmOrv2M8iTVhOPZoihl0PxyWgPsUUmwZmNDEJbU3ArxAEmEtSlrbovSpiplAuo8NlGhJqYid7GQZdK6qLluzX24rNZvi7LK4Agcg1PggitQB/egAZoAgxF4Aa/gzXq23q0P63MWLVnFzCGYg/X1CzRxnxU=</latexit>

f(1) = 0
<latexit sha1_base64="0YyhCVyv9SNfcXxIxylJ+A8SSzA=">AAACDXicbVDLSgMxFM34rPVVdekmWIS6sMyIoBul4MZlBfuAdiiZNNOG5jEkd4RS+g2CW/0Nd+LWb/Av/ATTdha29UDgcM653JsTJYJb8P1vb2V1bX1jM7eV397Z3dsvHBzWrU4NZTWqhTbNiFgmuGI14CBYMzGMyEiwRjS4m/iNJ2Ys1+oRhgkLJekpHnNKwEnNuBSc4RvsdwpFv+xPgZdJkJEiylDtFH7aXU1TyRRQQaxtBX4C4YgY4FSwcb6dWpYQOiA91nJUEclsOJreO8anTuniWBv3FOCp+ndiRKS1Qxm5pCTQt4veRPzPa6UQX4cjrpIUmKKzRXEqMGg8+TzucsMoiKEjhBrubsW0Twyh4Cqa22LBFWRdwJ5LF9V27CoKFgtZJvWLchCUg4fLYuU2KyuHjtEJKqEAXaEKukdVVEMUCfSCXtGb9+y9ex/e5yy64mUzR2gO3tcvYuCbeg==</latexit><latexit sha1_base64="0YyhCVyv9SNfcXxIxylJ+A8SSzA=">AAACDXicbVDLSgMxFM34rPVVdekmWIS6sMyIoBul4MZlBfuAdiiZNNOG5jEkd4RS+g2CW/0Nd+LWb/Av/ATTdha29UDgcM653JsTJYJb8P1vb2V1bX1jM7eV397Z3dsvHBzWrU4NZTWqhTbNiFgmuGI14CBYMzGMyEiwRjS4m/iNJ2Ys1+oRhgkLJekpHnNKwEnNuBSc4RvsdwpFv+xPgZdJkJEiylDtFH7aXU1TyRRQQaxtBX4C4YgY4FSwcb6dWpYQOiA91nJUEclsOJreO8anTuniWBv3FOCp+ndiRKS1Qxm5pCTQt4veRPzPa6UQX4cjrpIUmKKzRXEqMGg8+TzucsMoiKEjhBrubsW0Twyh4Cqa22LBFWRdwJ5LF9V27CoKFgtZJvWLchCUg4fLYuU2KyuHjtEJKqEAXaEKukdVVEMUCfSCXtGb9+y9ex/e5yy64mUzR2gO3tcvYuCbeg==</latexit><latexit sha1_base64="0YyhCVyv9SNfcXxIxylJ+A8SSzA=">AAACDXicbVDLSgMxFM34rPVVdekmWIS6sMyIoBul4MZlBfuAdiiZNNOG5jEkd4RS+g2CW/0Nd+LWb/Av/ATTdha29UDgcM653JsTJYJb8P1vb2V1bX1jM7eV397Z3dsvHBzWrU4NZTWqhTbNiFgmuGI14CBYMzGMyEiwRjS4m/iNJ2Ys1+oRhgkLJekpHnNKwEnNuBSc4RvsdwpFv+xPgZdJkJEiylDtFH7aXU1TyRRQQaxtBX4C4YgY4FSwcb6dWpYQOiA91nJUEclsOJreO8anTuniWBv3FOCp+ndiRKS1Qxm5pCTQt4veRPzPa6UQX4cjrpIUmKKzRXEqMGg8+TzucsMoiKEjhBrubsW0Twyh4Cqa22LBFWRdwJ5LF9V27CoKFgtZJvWLchCUg4fLYuU2KyuHjtEJKqEAXaEKukdVVEMUCfSCXtGb9+y9ex/e5yy64mUzR2gO3tcvYuCbeg==</latexit><latexit sha1_base64="0YyhCVyv9SNfcXxIxylJ+A8SSzA=">AAACDXicbVDLSgMxFM34rPVVdekmWIS6sMyIoBul4MZlBfuAdiiZNNOG5jEkd4RS+g2CW/0Nd+LWb/Av/ATTdha29UDgcM653JsTJYJb8P1vb2V1bX1jM7eV397Z3dsvHBzWrU4NZTWqhTbNiFgmuGI14CBYMzGMyEiwRjS4m/iNJ2Ys1+oRhgkLJekpHnNKwEnNuBSc4RvsdwpFv+xPgZdJkJEiylDtFH7aXU1TyRRQQaxtBX4C4YgY4FSwcb6dWpYQOiA91nJUEclsOJreO8anTuniWBv3FOCp+ndiRKS1Qxm5pCTQt4veRPzPa6UQX4cjrpIUmKKzRXEqMGg8+TzucsMoiKEjhBrubsW0Twyh4Cqa22LBFWRdwJ5LF9V27CoKFgtZJvWLchCUg4fLYuU2KyuHjtEJKqEAXaEKukdVVEMUCfSCXtGb9+y9ex/e5yy64mUzR2gO3tcvYuCbeg==</latexit>

with ,

minimize
✓2⇥

max
Q:Df (Q||Pobs)⇢

EQ[`(✓;Z)]
<latexit sha1_base64="/R2YR8xTUn/I2mIkDsRj3NFWkTI="></latexit><latexit sha1_base64="/R2YR8xTUn/I2mIkDsRj3NFWkTI="></latexit><latexit sha1_base64="/R2YR8xTUn/I2mIkDsRj3NFWkTI="></latexit><latexit sha1_base64="/R2YR8xTUn/I2mIkDsRj3NFWkTI="></latexit>



Lemma: f-div DRO optimizes worst-case subpopulation

PA,k,⇢ :=

⇢
PA :

⇣
EU⇠Unif(0,1]

�
EA⇠PA [A

�11 {A � U} | U ]
�k⌘ 1

k  ↵k(⇢)
�1

�

<latexit sha1_base64="04noIp2odrrhgL+V5TLCcI6n0Do="></latexit><latexit sha1_base64="04noIp2odrrhgL+V5TLCcI6n0Do="></latexit><latexit sha1_base64="04noIp2odrrhgL+V5TLCcI6n0Do="></latexit><latexit sha1_base64="04noIp2odrrhgL+V5TLCcI6n0Do="></latexit>

See also [Dentcheva 10]

fk(t) = (k(k � 1))�1(tk � 1)
<latexit sha1_base64="lMbUC3wQNyt1aN5e8a7RA1dvSaU="></latexit><latexit sha1_base64="lMbUC3wQNyt1aN5e8a7RA1dvSaU="></latexit><latexit sha1_base64="lMbUC3wQNyt1aN5e8a7RA1dvSaU="></latexit><latexit sha1_base64="lMbUC3wQNyt1aN5e8a7RA1dvSaU="></latexit>

for k 2 (1,1)
<latexit sha1_base64="BMNWvNNaU9BBs0odSEbRlCGt2B8=">AAACJHicbVDLSgMxFM34rO9RlyIEi6CgZUYEXYngxqWCrUJbSia904bJZIbkjlCGrvwXwa3+hjtx4cZv8BPMtLNQ64GQwznncpMTpFIY9LwPZ2p6ZnZuvrKwuLS8srrmrm80TJJpDnWeyETfBcyAFArqKFDCXaqBxYGE2yC6KPzbe9BGJOoGBym0Y9ZTIhScoZU67nary3TU0wAqj2hLKLrnHxR3iIP9YcetejVvBDpJ/JJUSYmrjvvV6iY8i0Ehl8yYpu+l2M6ZRsElDBdbmYGU8Yj1oGmpYjGYdj76xpDuWqVLw0Tbo5CO1J8TOYuNGcSBTcYM++avV4j/ec0Mw9N2LlSaISg+XhRmkmJCi05oV2jgKAeWMK6FfSvlfaYZR9vcry0GbW/GBsxhbKOJKSry/xYySRpHNd+v+dfH1fOzsqwK2SI7ZI/45ISck0tyReqEkwfyRJ7Ji/PovDpvzvs4OuWUM5vkF5zPb5bApSE=</latexit><latexit sha1_base64="BMNWvNNaU9BBs0odSEbRlCGt2B8=">AAACJHicbVDLSgMxFM34rO9RlyIEi6CgZUYEXYngxqWCrUJbSia904bJZIbkjlCGrvwXwa3+hjtx4cZv8BPMtLNQ64GQwznncpMTpFIY9LwPZ2p6ZnZuvrKwuLS8srrmrm80TJJpDnWeyETfBcyAFArqKFDCXaqBxYGE2yC6KPzbe9BGJOoGBym0Y9ZTIhScoZU67nary3TU0wAqj2hLKLrnHxR3iIP9YcetejVvBDpJ/JJUSYmrjvvV6iY8i0Ehl8yYpu+l2M6ZRsElDBdbmYGU8Yj1oGmpYjGYdj76xpDuWqVLw0Tbo5CO1J8TOYuNGcSBTcYM++avV4j/ec0Mw9N2LlSaISg+XhRmkmJCi05oV2jgKAeWMK6FfSvlfaYZR9vcry0GbW/GBsxhbKOJKSry/xYySRpHNd+v+dfH1fOzsqwK2SI7ZI/45ISck0tyReqEkwfyRJ7Ji/PovDpvzvs4OuWUM5vkF5zPb5bApSE=</latexit><latexit sha1_base64="BMNWvNNaU9BBs0odSEbRlCGt2B8=">AAACJHicbVDLSgMxFM34rO9RlyIEi6CgZUYEXYngxqWCrUJbSia904bJZIbkjlCGrvwXwa3+hjtx4cZv8BPMtLNQ64GQwznncpMTpFIY9LwPZ2p6ZnZuvrKwuLS8srrmrm80TJJpDnWeyETfBcyAFArqKFDCXaqBxYGE2yC6KPzbe9BGJOoGBym0Y9ZTIhScoZU67nary3TU0wAqj2hLKLrnHxR3iIP9YcetejVvBDpJ/JJUSYmrjvvV6iY8i0Ehl8yYpu+l2M6ZRsElDBdbmYGU8Yj1oGmpYjGYdj76xpDuWqVLw0Tbo5CO1J8TOYuNGcSBTcYM++avV4j/ec0Mw9N2LlSaISg+XhRmkmJCi05oV2jgKAeWMK6FfSvlfaYZR9vcry0GbW/GBsxhbKOJKSry/xYySRpHNd+v+dfH1fOzsqwK2SI7ZI/45ISck0tyReqEkwfyRJ7Ji/PovDpvzvs4OuWUM5vkF5zPb5bApSE=</latexit><latexit sha1_base64="BMNWvNNaU9BBs0odSEbRlCGt2B8=">AAACJHicbVDLSgMxFM34rO9RlyIEi6CgZUYEXYngxqWCrUJbSia904bJZIbkjlCGrvwXwa3+hjtx4cZv8BPMtLNQ64GQwznncpMTpFIY9LwPZ2p6ZnZuvrKwuLS8srrmrm80TJJpDnWeyETfBcyAFArqKFDCXaqBxYGE2yC6KPzbe9BGJOoGBym0Y9ZTIhScoZU67nary3TU0wAqj2hLKLrnHxR3iIP9YcetejVvBDpJ/JJUSYmrjvvV6iY8i0Ehl8yYpu+l2M6ZRsElDBdbmYGU8Yj1oGmpYjGYdj76xpDuWqVLw0Tbo5CO1J8TOYuNGcSBTcYM++avV4j/ec0Mw9N2LlSaISg+XhRmkmJCi05oV2jgKAeWMK6FfSvlfaYZR9vcry0GbW/GBsxhbKOJKSry/xYySRpHNd+v+dfH1fOzsqwK2SI7ZI/45ISck0tyReqEkwfyRJ7Ji/PovDpvzvs4OuWUM5vkF5zPb5bApSE=</latexit>

where , and

Set of random minority proportions lower bounded by  

f-divergences DRO

sup
Q:Dfk

(Q||Pobs)⇢
EQ[`(✓;Z)] = inf

⌘

⇢
1

↵

⇣
EP (`(✓;Z)� ⌘)k⇤

+

⌘ 1
k⇤

+ ⌘

�

= sup
PA2PA,k,⇢

EA⇠PA


sup
Q⌫A

EQ[`(✓;Z)]

�

<latexit sha1_base64="jh5LlE2nkx/ky0IyiyTkYfVi44M="></latexit>

↵k(⇢)
�1 := (1 + k(k � 1)⇢)1/k

<latexit sha1_base64="uEkJXEgOvXPdjT5fVyDSL/R94pE="></latexit>

k⇤ = k/(k � 1)

<latexit sha1_base64="WJRpatQAxjjGhG1tHIz4vxq2O1I=">AAACInicbZDLSgMxGIUz9VbrbdRlN8EiVKF1RgrqQqi4cVnBXqAtJZP+bcNkMkOSEcpQ0HcR3OpruBNXgg/hI5heFrb6Q+Bwzgl/8nkRZ0o7zqeVWlpeWV1Lr2c2Nre2d+zdvZoKY0mhSkMeyoZHFHAmoKqZ5tCIJJDA41D3/OtxXr8HqVgo7vQwgnZA+oL1GCXaWB072+oS6fclgEj8zjG+xD4+wXm/4B6NOnbOKTqTwX+FOxM5NJtKx/5udUMaByA05USpputEup0QqRnlMMq0YgURoT7pQ9NIQQJQ7WTyiRE+NE4X90JpjtB44v6+kZBAqWHgmWZA9EAtZmPzv6wZ6955O2EiijUIOl3UiznWIR4TwV0mgWo+NIJQycxbMR0QSag23Oa2KG2oKVNQhcBUQzVG5C4C+Stqp0W3VLy4LeXKVw9TWGmURQcoj1x0hsroBlVQFVH0iJ7RC3q1nqw36936mFZT1gzwPpob6+sHbSajzg==</latexit>



Convexity

convex loss                      
✓ 7! `(✓;Z)

<latexit sha1_base64="zwb7vplPt+WNX69qeINz62Gzp7o=">AAACNHicbZDNSgMxFIUz/v9bdekmWARdKDMiKLhR3LhUsCp2SsmktzaYTIbcO0IZCr6D7yK41acQ3Ilb8RFMfxZWvRA4nHPCTb4k0wopDF+DkdGx8YnJqemZ2bn5hcXS0vIF2txJqEirrbtKBIJWKVRIkYarzIEwiYbL5Pa4m1/egUNl03NqZ1Az4iZVTSUFeate2ooTnUMRUwtIdHhsRIZkeawt4sZQdsCvN+ulcrgd9ob/FdFAlNlgTuulr7hhZW4gJakFYjUKM6oVwpGSGjozcY6QCXkrbqDqZSoMYK3ofavD173T4E3r/EmJ99yfNwphENsm8U0jqIW/s675X1bNqblfK1Sa5QSp7C9q5pr7j3cZ8YZyIEm3vRDSKf9WLlvCCUme5NAWJM8RfQG3jK9a7HhE0W8gf8XFznbk9dlu+fDovg9riq2yNbbBIrbHDtkJO2UVJtkDe2LP7CV4DN6C9+CjXx0JBoBX2NAEn99lAa05</latexit><latexit sha1_base64="zwb7vplPt+WNX69qeINz62Gzp7o=">AAACNHicbZDNSgMxFIUz/v9bdekmWARdKDMiKLhR3LhUsCp2SsmktzaYTIbcO0IZCr6D7yK41acQ3Ilb8RFMfxZWvRA4nHPCTb4k0wopDF+DkdGx8YnJqemZ2bn5hcXS0vIF2txJqEirrbtKBIJWKVRIkYarzIEwiYbL5Pa4m1/egUNl03NqZ1Az4iZVTSUFeate2ooTnUMRUwtIdHhsRIZkeawt4sZQdsCvN+ulcrgd9ob/FdFAlNlgTuulr7hhZW4gJakFYjUKM6oVwpGSGjozcY6QCXkrbqDqZSoMYK3ofavD173T4E3r/EmJ99yfNwphENsm8U0jqIW/s675X1bNqblfK1Sa5QSp7C9q5pr7j3cZ8YZyIEm3vRDSKf9WLlvCCUme5NAWJM8RfQG3jK9a7HhE0W8gf8XFznbk9dlu+fDovg9riq2yNbbBIrbHDtkJO2UVJtkDe2LP7CV4DN6C9+CjXx0JBoBX2NAEn99lAa05</latexit><latexit sha1_base64="zwb7vplPt+WNX69qeINz62Gzp7o=">AAACNHicbZDNSgMxFIUz/v9bdekmWARdKDMiKLhR3LhUsCp2SsmktzaYTIbcO0IZCr6D7yK41acQ3Ilb8RFMfxZWvRA4nHPCTb4k0wopDF+DkdGx8YnJqemZ2bn5hcXS0vIF2txJqEirrbtKBIJWKVRIkYarzIEwiYbL5Pa4m1/egUNl03NqZ1Az4iZVTSUFeate2ooTnUMRUwtIdHhsRIZkeawt4sZQdsCvN+ulcrgd9ob/FdFAlNlgTuulr7hhZW4gJakFYjUKM6oVwpGSGjozcY6QCXkrbqDqZSoMYK3ofavD173T4E3r/EmJ99yfNwphENsm8U0jqIW/s675X1bNqblfK1Sa5QSp7C9q5pr7j3cZ8YZyIEm3vRDSKf9WLlvCCUme5NAWJM8RfQG3jK9a7HhE0W8gf8XFznbk9dlu+fDovg9riq2yNbbBIrbHDtkJO2UVJtkDe2LP7CV4DN6C9+CjXx0JBoBX2NAEn99lAa05</latexit><latexit sha1_base64="zwb7vplPt+WNX69qeINz62Gzp7o=">AAACNHicbZDNSgMxFIUz/v9bdekmWARdKDMiKLhR3LhUsCp2SsmktzaYTIbcO0IZCr6D7yK41acQ3Ilb8RFMfxZWvRA4nHPCTb4k0wopDF+DkdGx8YnJqemZ2bn5hcXS0vIF2txJqEirrbtKBIJWKVRIkYarzIEwiYbL5Pa4m1/egUNl03NqZ1Az4iZVTSUFeate2ooTnUMRUwtIdHhsRIZkeawt4sZQdsCvN+ulcrgd9ob/FdFAlNlgTuulr7hhZW4gJakFYjUKM6oVwpGSGjozcY6QCXkrbqDqZSoMYK3ofavD173T4E3r/EmJ99yfNwphENsm8U0jqIW/s675X1bNqblfK1Sa5QSp7C9q5pr7j3cZ8YZyIEm3vRDSKf9WLlvCCUme5NAWJM8RfQG3jK9a7HhE0W8gf8XFznbk9dlu+fDovg9riq2yNbbBIrbHDtkJO2UVJtkDe2LP7CV4DN6C9+CjXx0JBoBX2NAEn99lAa05</latexit>

convex worst-case risk                      
✓ 7! Rp,↵(✓; bPobs,n)

<latexit sha1_base64="8vHxhTrJRXQQKHeWgYlY7svLXL4="></latexit><latexit sha1_base64="8vHxhTrJRXQQKHeWgYlY7svLXL4="></latexit><latexit sha1_base64="8vHxhTrJRXQQKHeWgYlY7svLXL4="></latexit><latexit sha1_base64="8vHxhTrJRXQQKHeWgYlY7svLXL4="></latexit>

`(✓;X,Y ) =
1

2
(Y � ✓>X)2

<latexit sha1_base64="vHSY/Pqtw22E0zRWiot+kjTV+/M=">AAACH3icbVDLSgNBEJyN7/ha9ehlMAgRNOwGUUEUwYtHBaMJ2RhmJ73JkNkHM71CWPInXvwVLx4UEW/+jZPHQRMLBoqqanq6/EQKjY7zbeVmZufmFxaX8ssrq2vr9sbmnY5TxaHCYxmrqs80SBFBBQVKqCYKWOhLuPe7lwP//hGUFnF0i70EGiFrRyIQnKGRmvaRB1IWPewAslNa3ae1PXpGvUAxnrn9rNynxRo9oKPAg4dxQqt7D+WmXXBKzhB0mrhjUiBjXDftL68V8zSECLlkWtddJ8FGxhQKLqGf91INCeNd1oa6oRELQTey4X19umuUFg1iZV6EdKj+nshYqHUv9E0yZNjRk95A/M+rpxicNDIRJSlCxEeLglRSjOmgLNoSCjjKniGMK2H+SnmHmW7QVJo3JbiTJ0+Tu3LJNfzmsHBxPq5jkWyTHVIkLjkmF+SKXJMK4eSJvJA38m49W6/Wh/U5iuas8cwW+QPr+wdCR5/9</latexit><latexit sha1_base64="vHSY/Pqtw22E0zRWiot+kjTV+/M=">AAACH3icbVDLSgNBEJyN7/ha9ehlMAgRNOwGUUEUwYtHBaMJ2RhmJ73JkNkHM71CWPInXvwVLx4UEW/+jZPHQRMLBoqqanq6/EQKjY7zbeVmZufmFxaX8ssrq2vr9sbmnY5TxaHCYxmrqs80SBFBBQVKqCYKWOhLuPe7lwP//hGUFnF0i70EGiFrRyIQnKGRmvaRB1IWPewAslNa3ae1PXpGvUAxnrn9rNynxRo9oKPAg4dxQqt7D+WmXXBKzhB0mrhjUiBjXDftL68V8zSECLlkWtddJ8FGxhQKLqGf91INCeNd1oa6oRELQTey4X19umuUFg1iZV6EdKj+nshYqHUv9E0yZNjRk95A/M+rpxicNDIRJSlCxEeLglRSjOmgLNoSCjjKniGMK2H+SnmHmW7QVJo3JbiTJ0+Tu3LJNfzmsHBxPq5jkWyTHVIkLjkmF+SKXJMK4eSJvJA38m49W6/Wh/U5iuas8cwW+QPr+wdCR5/9</latexit><latexit sha1_base64="vHSY/Pqtw22E0zRWiot+kjTV+/M=">AAACH3icbVDLSgNBEJyN7/ha9ehlMAgRNOwGUUEUwYtHBaMJ2RhmJ73JkNkHM71CWPInXvwVLx4UEW/+jZPHQRMLBoqqanq6/EQKjY7zbeVmZufmFxaX8ssrq2vr9sbmnY5TxaHCYxmrqs80SBFBBQVKqCYKWOhLuPe7lwP//hGUFnF0i70EGiFrRyIQnKGRmvaRB1IWPewAslNa3ae1PXpGvUAxnrn9rNynxRo9oKPAg4dxQqt7D+WmXXBKzhB0mrhjUiBjXDftL68V8zSECLlkWtddJ8FGxhQKLqGf91INCeNd1oa6oRELQTey4X19umuUFg1iZV6EdKj+nshYqHUv9E0yZNjRk95A/M+rpxicNDIRJSlCxEeLglRSjOmgLNoSCjjKniGMK2H+SnmHmW7QVJo3JbiTJ0+Tu3LJNfzmsHBxPq5jkWyTHVIkLjkmF+SKXJMK4eSJvJA38m49W6/Wh/U5iuas8cwW+QPr+wdCR5/9</latexit><latexit sha1_base64="vHSY/Pqtw22E0zRWiot+kjTV+/M=">AAACH3icbVDLSgNBEJyN7/ha9ehlMAgRNOwGUUEUwYtHBaMJ2RhmJ73JkNkHM71CWPInXvwVLx4UEW/+jZPHQRMLBoqqanq6/EQKjY7zbeVmZufmFxaX8ssrq2vr9sbmnY5TxaHCYxmrqs80SBFBBQVKqCYKWOhLuPe7lwP//hGUFnF0i70EGiFrRyIQnKGRmvaRB1IWPewAslNa3ae1PXpGvUAxnrn9rNynxRo9oKPAg4dxQqt7D+WmXXBKzhB0mrhjUiBjXDftL68V8zSECLlkWtddJ8FGxhQKLqGf91INCeNd1oa6oRELQTey4X19umuUFg1iZV6EdKj+nshYqHUv9E0yZNjRk95A/M+rpxicNDIRJSlCxEeLglRSjOmgLNoSCjjKniGMK2H+SnmHmW7QVJo3JbiTJ0+Tu3LJNfzmsHBxPq5jkWyTHVIkLjkmF+SKXJMK4eSJvJA38m49W6/Wh/U5iuas8cwW+QPr+wdCR5/9</latexit>

Example:

Conic form representable  

Efficient first-order methods
[Krokhmal ’07]

[N. & Duchi ’17]

minimize
✓2⇥,⌘

⇢
1

↵

⇣
EPobs(`(✓;Z)� ⌘)k⇤

+

⌘ 1
k⇤

+ ⌘

�

<latexit sha1_base64="j3OA2y8yOnCOCmSpNZQpBz/KyTo="></latexit>



Minority 
Subpopulation

Minority 
Subpopulationk

<latexit sha1_base64="8OYT1up2r4azsi8nOt+If2C6oug=">AAACEnicbVDLSsNAFJ3UV62vqks3g0VwY0lE0JUU3LisYFuhDWUyuWmHzkzizEQooX8huNXfcCdu/QH/wk9w0mZhWw9cOJxzLvdygoQzbVz32ymtrK6tb5Q3K1vbO7t71f2Dto5TRaFFYx6rh4Bo4ExCyzDD4SFRQETAoROMbnK/8wRKs1jem3ECviADySJGibGS3wuJGg0UgMxGk3615tbdKfAy8QpSQwWa/epPL4xpKkAayonWXc9NjJ8RZRjlMKn0Ug0JoSMygK6lkgjQfjZ9eoJPrBLiKFZ2pMFT9e9GRoTWYxHYpCBmqBe9XPzP66YmuvIzJpPUgKSzQ1HKsYlx3gAOmQJq+NgSQhWzv2I6JIpQY3uau6KNbUnbgD4TNhrrvCJvsZBl0j6ve17du7uoNa6LssroCB2jU+ShS9RAt6iJWoiiR/SCXtGb8+y8Ox/O5yxacoqdQzQH5+sXhK+fiQ==</latexit><latexit sha1_base64="8OYT1up2r4azsi8nOt+If2C6oug=">AAACEnicbVDLSsNAFJ3UV62vqks3g0VwY0lE0JUU3LisYFuhDWUyuWmHzkzizEQooX8huNXfcCdu/QH/wk9w0mZhWw9cOJxzLvdygoQzbVz32ymtrK6tb5Q3K1vbO7t71f2Dto5TRaFFYx6rh4Bo4ExCyzDD4SFRQETAoROMbnK/8wRKs1jem3ECviADySJGibGS3wuJGg0UgMxGk3615tbdKfAy8QpSQwWa/epPL4xpKkAayonWXc9NjJ8RZRjlMKn0Ug0JoSMygK6lkgjQfjZ9eoJPrBLiKFZ2pMFT9e9GRoTWYxHYpCBmqBe9XPzP66YmuvIzJpPUgKSzQ1HKsYlx3gAOmQJq+NgSQhWzv2I6JIpQY3uau6KNbUnbgD4TNhrrvCJvsZBl0j6ve17du7uoNa6LssroCB2jU+ShS9RAt6iJWoiiR/SCXtGb8+y8Ox/O5yxacoqdQzQH5+sXhK+fiQ==</latexit><latexit sha1_base64="8OYT1up2r4azsi8nOt+If2C6oug=">AAACEnicbVDLSsNAFJ3UV62vqks3g0VwY0lE0JUU3LisYFuhDWUyuWmHzkzizEQooX8huNXfcCdu/QH/wk9w0mZhWw9cOJxzLvdygoQzbVz32ymtrK6tb5Q3K1vbO7t71f2Dto5TRaFFYx6rh4Bo4ExCyzDD4SFRQETAoROMbnK/8wRKs1jem3ECviADySJGibGS3wuJGg0UgMxGk3615tbdKfAy8QpSQwWa/epPL4xpKkAayonWXc9NjJ8RZRjlMKn0Ug0JoSMygK6lkgjQfjZ9eoJPrBLiKFZ2pMFT9e9GRoTWYxHYpCBmqBe9XPzP66YmuvIzJpPUgKSzQ1HKsYlx3gAOmQJq+NgSQhWzv2I6JIpQY3uau6KNbUnbgD4TNhrrvCJvsZBl0j6ve17du7uoNa6LssroCB2jU+ShS9RAt6iJWoiiR/SCXtGb8+y8Ox/O5yxacoqdQzQH5+sXhK+fiQ==</latexit><latexit sha1_base64="8OYT1up2r4azsi8nOt+If2C6oug=">AAACEnicbVDLSsNAFJ3UV62vqks3g0VwY0lE0JUU3LisYFuhDWUyuWmHzkzizEQooX8huNXfcCdu/QH/wk9w0mZhWw9cOJxzLvdygoQzbVz32ymtrK6tb5Q3K1vbO7t71f2Dto5TRaFFYx6rh4Bo4ExCyzDD4SFRQETAoROMbnK/8wRKs1jem3ECviADySJGibGS3wuJGg0UgMxGk3615tbdKfAy8QpSQwWa/epPL4xpKkAayonWXc9NjJ8RZRjlMKn0Ug0JoSMygK6lkgjQfjZ9eoJPrBLiKFZ2pMFT9e9GRoTWYxHYpCBmqBe9XPzP66YmuvIzJpPUgKSzQ1HKsYlx3gAOmQJq+NgSQhWzv2I6JIpQY3uau6KNbUnbgD4TNhrrvCJvsZBl0j6ve17du7uoNa6LssroCB2jU+ShS9RAt6iJWoiiR/SCXtGb8+y8Ox/O5yxacoqdQzQH5+sXhK+fiQ==</latexit>

k
<latexit sha1_base64="8OYT1up2r4azsi8nOt+If2C6oug=">AAACEnicbVDLSsNAFJ3UV62vqks3g0VwY0lE0JUU3LisYFuhDWUyuWmHzkzizEQooX8huNXfcCdu/QH/wk9w0mZhWw9cOJxzLvdygoQzbVz32ymtrK6tb5Q3K1vbO7t71f2Dto5TRaFFYx6rh4Bo4ExCyzDD4SFRQETAoROMbnK/8wRKs1jem3ECviADySJGibGS3wuJGg0UgMxGk3615tbdKfAy8QpSQwWa/epPL4xpKkAayonWXc9NjJ8RZRjlMKn0Ug0JoSMygK6lkgjQfjZ9eoJPrBLiKFZ2pMFT9e9GRoTWYxHYpCBmqBe9XPzP66YmuvIzJpPUgKSzQ1HKsYlx3gAOmQJq+NgSQhWzv2I6JIpQY3uau6KNbUnbgD4TNhrrvCJvsZBl0j6ve17du7uoNa6LssroCB2jU+ShS9RAt6iJWoiiR/SCXtGb8+y8Ox/O5yxacoqdQzQH5+sXhK+fiQ==</latexit><latexit sha1_base64="8OYT1up2r4azsi8nOt+If2C6oug=">AAACEnicbVDLSsNAFJ3UV62vqks3g0VwY0lE0JUU3LisYFuhDWUyuWmHzkzizEQooX8huNXfcCdu/QH/wk9w0mZhWw9cOJxzLvdygoQzbVz32ymtrK6tb5Q3K1vbO7t71f2Dto5TRaFFYx6rh4Bo4ExCyzDD4SFRQETAoROMbnK/8wRKs1jem3ECviADySJGibGS3wuJGg0UgMxGk3615tbdKfAy8QpSQwWa/epPL4xpKkAayonWXc9NjJ8RZRjlMKn0Ug0JoSMygK6lkgjQfjZ9eoJPrBLiKFZ2pMFT9e9GRoTWYxHYpCBmqBe9XPzP66YmuvIzJpPUgKSzQ1HKsYlx3gAOmQJq+NgSQhWzv2I6JIpQY3uau6KNbUnbgD4TNhrrvCJvsZBl0j6ve17du7uoNa6LssroCB2jU+ShS9RAt6iJWoiiR/SCXtGb8+y8Ox/O5yxacoqdQzQH5+sXhK+fiQ==</latexit><latexit sha1_base64="8OYT1up2r4azsi8nOt+If2C6oug=">AAACEnicbVDLSsNAFJ3UV62vqks3g0VwY0lE0JUU3LisYFuhDWUyuWmHzkzizEQooX8huNXfcCdu/QH/wk9w0mZhWw9cOJxzLvdygoQzbVz32ymtrK6tb5Q3K1vbO7t71f2Dto5TRaFFYx6rh4Bo4ExCyzDD4SFRQETAoROMbnK/8wRKs1jem3ECviADySJGibGS3wuJGg0UgMxGk3615tbdKfAy8QpSQwWa/epPL4xpKkAayonWXc9NjJ8RZRjlMKn0Ug0JoSMygK6lkgjQfjZ9eoJPrBLiKFZ2pMFT9e9GRoTWYxHYpCBmqBe9XPzP66YmuvIzJpPUgKSzQ1HKsYlx3gAOmQJq+NgSQhWzv2I6JIpQY3uau6KNbUnbgD4TNhrrvCJvsZBl0j6ve17du7uoNa6LssroCB2jU+ShS9RAt6iJWoiiR/SCXtGb8+y8Ox/O5yxacoqdQzQH5+sXhK+fiQ==</latexit><latexit sha1_base64="8OYT1up2r4azsi8nOt+If2C6oug=">AAACEnicbVDLSsNAFJ3UV62vqks3g0VwY0lE0JUU3LisYFuhDWUyuWmHzkzizEQooX8huNXfcCdu/QH/wk9w0mZhWw9cOJxzLvdygoQzbVz32ymtrK6tb5Q3K1vbO7t71f2Dto5TRaFFYx6rh4Bo4ExCyzDD4SFRQETAoROMbnK/8wRKs1jem3ECviADySJGibGS3wuJGg0UgMxGk3615tbdKfAy8QpSQwWa/epPL4xpKkAayonWXc9NjJ8RZRjlMKn0Ug0JoSMygK6lkgjQfjZ9eoJPrBLiKFZ2pMFT9e9GRoTWYxHYpCBmqBe9XPzP66YmuvIzJpPUgKSzQ1HKsYlx3gAOmQJq+NgSQhWzv2I6JIpQY3uau6KNbUnbgD4TNhrrvCJvsZBl0j6ve17du7uoNa6LssroCB2jU+ShS9RAt6iJWoiiR/SCXtGb8+y8Ox/O5yxacoqdQzQH5+sXhK+fiQ==</latexit>

↵(⇢)
<latexit sha1_base64="teI9eIVs443HqXRX8rosyTC/8Dw=">AAACGXicbVDLSsNAFJ3UV62vWJduBotQF5ZEBF0W3LiSCvYBTSiTyaQdOpMJMxOxhH6J4FZ/w524deVf+AlO2ixs64ELh3PO5V5OkDCqtON8W6W19Y3NrfJ2ZWd3b//APqx2lEglJm0smJC9ACnCaEzammpGeokkiAeMdIPxTe53H4lUVMQPepIQn6NhTCOKkTbSwK56koSZh1gyQnVPjsTZdGDXnIYzA1wlbkFqoEBrYP94ocApJ7HGDCnVd51E+xmSmmJGphUvVSRBeIyGpG9ojDhRfjb7fQpPjRLCSEgzsYYz9e9GhrhSEx6YJEd6pJa9XPzP66c6uvYzGiepJjGeH4pSBrWAeREwpJJgzSaGICyp+RXiEZIIa1PXwhWlTVnKBNQ5N1Gh8orc5UJWSeei4boN9/6y1rwryiqDY3AC6sAFV6AJbkELtAEGT+AFvII369l6tz6sz3m0ZBU7R2AB1tcvPMWhcQ==</latexit><latexit sha1_base64="teI9eIVs443HqXRX8rosyTC/8Dw=">AAACGXicbVDLSsNAFJ3UV62vWJduBotQF5ZEBF0W3LiSCvYBTSiTyaQdOpMJMxOxhH6J4FZ/w524deVf+AlO2ixs64ELh3PO5V5OkDCqtON8W6W19Y3NrfJ2ZWd3b//APqx2lEglJm0smJC9ACnCaEzammpGeokkiAeMdIPxTe53H4lUVMQPepIQn6NhTCOKkTbSwK56koSZh1gyQnVPjsTZdGDXnIYzA1wlbkFqoEBrYP94ocApJ7HGDCnVd51E+xmSmmJGphUvVSRBeIyGpG9ojDhRfjb7fQpPjRLCSEgzsYYz9e9GhrhSEx6YJEd6pJa9XPzP66c6uvYzGiepJjGeH4pSBrWAeREwpJJgzSaGICyp+RXiEZIIa1PXwhWlTVnKBNQ5N1Gh8orc5UJWSeei4boN9/6y1rwryiqDY3AC6sAFV6AJbkELtAEGT+AFvII369l6tz6sz3m0ZBU7R2AB1tcvPMWhcQ==</latexit><latexit sha1_base64="teI9eIVs443HqXRX8rosyTC/8Dw=">AAACGXicbVDLSsNAFJ3UV62vWJduBotQF5ZEBF0W3LiSCvYBTSiTyaQdOpMJMxOxhH6J4FZ/w524deVf+AlO2ixs64ELh3PO5V5OkDCqtON8W6W19Y3NrfJ2ZWd3b//APqx2lEglJm0smJC9ACnCaEzammpGeokkiAeMdIPxTe53H4lUVMQPepIQn6NhTCOKkTbSwK56koSZh1gyQnVPjsTZdGDXnIYzA1wlbkFqoEBrYP94ocApJ7HGDCnVd51E+xmSmmJGphUvVSRBeIyGpG9ojDhRfjb7fQpPjRLCSEgzsYYz9e9GhrhSEx6YJEd6pJa9XPzP66c6uvYzGiepJjGeH4pSBrWAeREwpJJgzSaGICyp+RXiEZIIa1PXwhWlTVnKBNQ5N1Gh8orc5UJWSeei4boN9/6y1rwryiqDY3AC6sAFV6AJbkELtAEGT+AFvII369l6tz6sz3m0ZBU7R2AB1tcvPMWhcQ==</latexit><latexit sha1_base64="teI9eIVs443HqXRX8rosyTC/8Dw=">AAACGXicbVDLSsNAFJ3UV62vWJduBotQF5ZEBF0W3LiSCvYBTSiTyaQdOpMJMxOxhH6J4FZ/w524deVf+AlO2ixs64ELh3PO5V5OkDCqtON8W6W19Y3NrfJ2ZWd3b//APqx2lEglJm0smJC9ACnCaEzammpGeokkiAeMdIPxTe53H4lUVMQPepIQn6NhTCOKkTbSwK56koSZh1gyQnVPjsTZdGDXnIYzA1wlbkFqoEBrYP94ocApJ7HGDCnVd51E+xmSmmJGphUvVSRBeIyGpG9ojDhRfjb7fQpPjRLCSEgzsYYz9e9GhrhSEx6YJEd6pJa9XPzP66c6uvYzGiepJjGeH4pSBrWAeREwpJJgzSaGICyp+RXiEZIIa1PXwhWlTVnKBNQ5N1Gh8orc5UJWSeei4boN9/6y1rwryiqDY3AC6sAFV6AJbkELtAEGT+AFvII369l6tz6sz3m0ZBU7R2AB1tcvPMWhcQ==</latexit>

↵(⇢)
<latexit sha1_base64="teI9eIVs443HqXRX8rosyTC/8Dw=">AAACGXicbVDLSsNAFJ3UV62vWJduBotQF5ZEBF0W3LiSCvYBTSiTyaQdOpMJMxOxhH6J4FZ/w524deVf+AlO2ixs64ELh3PO5V5OkDCqtON8W6W19Y3NrfJ2ZWd3b//APqx2lEglJm0smJC9ACnCaEzammpGeokkiAeMdIPxTe53H4lUVMQPepIQn6NhTCOKkTbSwK56koSZh1gyQnVPjsTZdGDXnIYzA1wlbkFqoEBrYP94ocApJ7HGDCnVd51E+xmSmmJGphUvVSRBeIyGpG9ojDhRfjb7fQpPjRLCSEgzsYYz9e9GhrhSEx6YJEd6pJa9XPzP66c6uvYzGiepJjGeH4pSBrWAeREwpJJgzSaGICyp+RXiEZIIa1PXwhWlTVnKBNQ5N1Gh8orc5UJWSeei4boN9/6y1rwryiqDY3AC6sAFV6AJbkELtAEGT+AFvII369l6tz6sz3m0ZBU7R2AB1tcvPMWhcQ==</latexit><latexit sha1_base64="teI9eIVs443HqXRX8rosyTC/8Dw=">AAACGXicbVDLSsNAFJ3UV62vWJduBotQF5ZEBF0W3LiSCvYBTSiTyaQdOpMJMxOxhH6J4FZ/w524deVf+AlO2ixs64ELh3PO5V5OkDCqtON8W6W19Y3NrfJ2ZWd3b//APqx2lEglJm0smJC9ACnCaEzammpGeokkiAeMdIPxTe53H4lUVMQPepIQn6NhTCOKkTbSwK56koSZh1gyQnVPjsTZdGDXnIYzA1wlbkFqoEBrYP94ocApJ7HGDCnVd51E+xmSmmJGphUvVSRBeIyGpG9ojDhRfjb7fQpPjRLCSEgzsYYz9e9GhrhSEx6YJEd6pJa9XPzP66c6uvYzGiepJjGeH4pSBrWAeREwpJJgzSaGICyp+RXiEZIIa1PXwhWlTVnKBNQ5N1Gh8orc5UJWSeei4boN9/6y1rwryiqDY3AC6sAFV6AJbkELtAEGT+AFvII369l6tz6sz3m0ZBU7R2AB1tcvPMWhcQ==</latexit><latexit sha1_base64="teI9eIVs443HqXRX8rosyTC/8Dw=">AAACGXicbVDLSsNAFJ3UV62vWJduBotQF5ZEBF0W3LiSCvYBTSiTyaQdOpMJMxOxhH6J4FZ/w524deVf+AlO2ixs64ELh3PO5V5OkDCqtON8W6W19Y3NrfJ2ZWd3b//APqx2lEglJm0smJC9ACnCaEzammpGeokkiAeMdIPxTe53H4lUVMQPepIQn6NhTCOKkTbSwK56koSZh1gyQnVPjsTZdGDXnIYzA1wlbkFqoEBrYP94ocApJ7HGDCnVd51E+xmSmmJGphUvVSRBeIyGpG9ojDhRfjb7fQpPjRLCSEgzsYYz9e9GhrhSEx6YJEd6pJa9XPzP66c6uvYzGiepJjGeH4pSBrWAeREwpJJgzSaGICyp+RXiEZIIa1PXwhWlTVnKBNQ5N1Gh8orc5UJWSeei4boN9/6y1rwryiqDY3AC6sAFV6AJbkELtAEGT+AFvII369l6tz6sz3m0ZBU7R2AB1tcvPMWhcQ==</latexit><latexit sha1_base64="teI9eIVs443HqXRX8rosyTC/8Dw=">AAACGXicbVDLSsNAFJ3UV62vWJduBotQF5ZEBF0W3LiSCvYBTSiTyaQdOpMJMxOxhH6J4FZ/w524deVf+AlO2ixs64ELh3PO5V5OkDCqtON8W6W19Y3NrfJ2ZWd3b//APqx2lEglJm0smJC9ACnCaEzammpGeokkiAeMdIPxTe53H4lUVMQPepIQn6NhTCOKkTbSwK56koSZh1gyQnVPjsTZdGDXnIYzA1wlbkFqoEBrYP94ocApJ7HGDCnVd51E+xmSmmJGphUvVSRBeIyGpG9ojDhRfjb7fQpPjRLCSEgzsYYz9e9GhrhSEx6YJEd6pJa9XPzP66c6uvYzGiepJjGeH4pSBrWAeREwpJJgzSaGICyp+RXiEZIIa1PXwhWlTVnKBNQ5N1Gh8orc5UJWSeei4boN9/6y1rwryiqDY3AC6sAFV6AJbkELtAEGT+AFvII369l6tz6sz3m0ZBU7R2AB1tcvPMWhcQ==</latexit>

↵(⇢)
<latexit sha1_base64="teI9eIVs443HqXRX8rosyTC/8Dw=">AAACGXicbVDLSsNAFJ3UV62vWJduBotQF5ZEBF0W3LiSCvYBTSiTyaQdOpMJMxOxhH6J4FZ/w524deVf+AlO2ixs64ELh3PO5V5OkDCqtON8W6W19Y3NrfJ2ZWd3b//APqx2lEglJm0smJC9ACnCaEzammpGeokkiAeMdIPxTe53H4lUVMQPepIQn6NhTCOKkTbSwK56koSZh1gyQnVPjsTZdGDXnIYzA1wlbkFqoEBrYP94ocApJ7HGDCnVd51E+xmSmmJGphUvVSRBeIyGpG9ojDhRfjb7fQpPjRLCSEgzsYYz9e9GhrhSEx6YJEd6pJa9XPzP66c6uvYzGiepJjGeH4pSBrWAeREwpJJgzSaGICyp+RXiEZIIa1PXwhWlTVnKBNQ5N1Gh8orc5UJWSeei4boN9/6y1rwryiqDY3AC6sAFV6AJbkELtAEGT+AFvII369l6tz6sz3m0ZBU7R2AB1tcvPMWhcQ==</latexit><latexit sha1_base64="teI9eIVs443HqXRX8rosyTC/8Dw=">AAACGXicbVDLSsNAFJ3UV62vWJduBotQF5ZEBF0W3LiSCvYBTSiTyaQdOpMJMxOxhH6J4FZ/w524deVf+AlO2ixs64ELh3PO5V5OkDCqtON8W6W19Y3NrfJ2ZWd3b//APqx2lEglJm0smJC9ACnCaEzammpGeokkiAeMdIPxTe53H4lUVMQPepIQn6NhTCOKkTbSwK56koSZh1gyQnVPjsTZdGDXnIYzA1wlbkFqoEBrYP94ocApJ7HGDCnVd51E+xmSmmJGphUvVSRBeIyGpG9ojDhRfjb7fQpPjRLCSEgzsYYz9e9GhrhSEx6YJEd6pJa9XPzP66c6uvYzGiepJjGeH4pSBrWAeREwpJJgzSaGICyp+RXiEZIIa1PXwhWlTVnKBNQ5N1Gh8orc5UJWSeei4boN9/6y1rwryiqDY3AC6sAFV6AJbkELtAEGT+AFvII369l6tz6sz3m0ZBU7R2AB1tcvPMWhcQ==</latexit><latexit sha1_base64="teI9eIVs443HqXRX8rosyTC/8Dw=">AAACGXicbVDLSsNAFJ3UV62vWJduBotQF5ZEBF0W3LiSCvYBTSiTyaQdOpMJMxOxhH6J4FZ/w524deVf+AlO2ixs64ELh3PO5V5OkDCqtON8W6W19Y3NrfJ2ZWd3b//APqx2lEglJm0smJC9ACnCaEzammpGeokkiAeMdIPxTe53H4lUVMQPepIQn6NhTCOKkTbSwK56koSZh1gyQnVPjsTZdGDXnIYzA1wlbkFqoEBrYP94ocApJ7HGDCnVd51E+xmSmmJGphUvVSRBeIyGpG9ojDhRfjb7fQpPjRLCSEgzsYYz9e9GhrhSEx6YJEd6pJa9XPzP66c6uvYzGiepJjGeH4pSBrWAeREwpJJgzSaGICyp+RXiEZIIa1PXwhWlTVnKBNQ5N1Gh8orc5UJWSeei4boN9/6y1rwryiqDY3AC6sAFV6AJbkELtAEGT+AFvII369l6tz6sz3m0ZBU7R2AB1tcvPMWhcQ==</latexit><latexit sha1_base64="teI9eIVs443HqXRX8rosyTC/8Dw=">AAACGXicbVDLSsNAFJ3UV62vWJduBotQF5ZEBF0W3LiSCvYBTSiTyaQdOpMJMxOxhH6J4FZ/w524deVf+AlO2ixs64ELh3PO5V5OkDCqtON8W6W19Y3NrfJ2ZWd3b//APqx2lEglJm0smJC9ACnCaEzammpGeokkiAeMdIPxTe53H4lUVMQPepIQn6NhTCOKkTbSwK56koSZh1gyQnVPjsTZdGDXnIYzA1wlbkFqoEBrYP94ocApJ7HGDCnVd51E+xmSmmJGphUvVSRBeIyGpG9ojDhRfjb7fQpPjRLCSEgzsYYz9e9GhrhSEx6YJEd6pJa9XPzP66c6uvYzGiepJjGeH4pSBrWAeREwpJJgzSaGICyp+RXiEZIIa1PXwhWlTVnKBNQ5N1Gh8orc5UJWSeei4boN9/6y1rwryiqDY3AC6sAFV6AJbkELtAEGT+AFvII369l6tz6sz3m0ZBU7R2AB1tcvPMWhcQ==</latexit>

k #,↵(⇢) #
<latexit sha1_base64="TLQYpaGixMtuEhsBuIZp75t4Du0="></latexit><latexit sha1_base64="TLQYpaGixMtuEhsBuIZp75t4Du0="></latexit><latexit sha1_base64="TLQYpaGixMtuEhsBuIZp75t4Du0="></latexit><latexit sha1_base64="TLQYpaGixMtuEhsBuIZp75t4Du0="></latexit>

More robustLess robust

Interpretation

minimize
✓2⇥

(
sup

Q:Dfk
(Q||Pobs)⇢

EQ[`(✓;Z)] = sup
PA2PA,k,⇢

EA⇠PA


sup
Q⌫A

EQ[`(✓;Z)]

�)

<latexit sha1_base64="p3bL8W8Q4qM8Q7s8sGzF238OFLk="></latexit><latexit sha1_base64="p3bL8W8Q4qM8Q7s8sGzF238OFLk="></latexit><latexit sha1_base64="p3bL8W8Q4qM8Q7s8sGzF238OFLk="></latexit><latexit sha1_base64="p3bL8W8Q4qM8Q7s8sGzF238OFLk="></latexit>

• Heuristically, tune    and         on some preliminary subpopulationk
<latexit sha1_base64="8OYT1up2r4azsi8nOt+If2C6oug=">AAACEnicbVDLSsNAFJ3UV62vqks3g0VwY0lE0JUU3LisYFuhDWUyuWmHzkzizEQooX8huNXfcCdu/QH/wk9w0mZhWw9cOJxzLvdygoQzbVz32ymtrK6tb5Q3K1vbO7t71f2Dto5TRaFFYx6rh4Bo4ExCyzDD4SFRQETAoROMbnK/8wRKs1jem3ECviADySJGibGS3wuJGg0UgMxGk3615tbdKfAy8QpSQwWa/epPL4xpKkAayonWXc9NjJ8RZRjlMKn0Ug0JoSMygK6lkgjQfjZ9eoJPrBLiKFZ2pMFT9e9GRoTWYxHYpCBmqBe9XPzP66YmuvIzJpPUgKSzQ1HKsYlx3gAOmQJq+NgSQhWzv2I6JIpQY3uau6KNbUnbgD4TNhrrvCJvsZBl0j6ve17du7uoNa6LssroCB2jU+ShS9RAt6iJWoiiR/SCXtGb8+y8Ox/O5yxacoqdQzQH5+sXhK+fiQ==</latexit><latexit sha1_base64="8OYT1up2r4azsi8nOt+If2C6oug=">AAACEnicbVDLSsNAFJ3UV62vqks3g0VwY0lE0JUU3LisYFuhDWUyuWmHzkzizEQooX8huNXfcCdu/QH/wk9w0mZhWw9cOJxzLvdygoQzbVz32ymtrK6tb5Q3K1vbO7t71f2Dto5TRaFFYx6rh4Bo4ExCyzDD4SFRQETAoROMbnK/8wRKs1jem3ECviADySJGibGS3wuJGg0UgMxGk3615tbdKfAy8QpSQwWa/epPL4xpKkAayonWXc9NjJ8RZRjlMKn0Ug0JoSMygK6lkgjQfjZ9eoJPrBLiKFZ2pMFT9e9GRoTWYxHYpCBmqBe9XPzP66YmuvIzJpPUgKSzQ1HKsYlx3gAOmQJq+NgSQhWzv2I6JIpQY3uau6KNbUnbgD4TNhrrvCJvsZBl0j6ve17du7uoNa6LssroCB2jU+ShS9RAt6iJWoiiR/SCXtGb8+y8Ox/O5yxacoqdQzQH5+sXhK+fiQ==</latexit><latexit sha1_base64="8OYT1up2r4azsi8nOt+If2C6oug=">AAACEnicbVDLSsNAFJ3UV62vqks3g0VwY0lE0JUU3LisYFuhDWUyuWmHzkzizEQooX8huNXfcCdu/QH/wk9w0mZhWw9cOJxzLvdygoQzbVz32ymtrK6tb5Q3K1vbO7t71f2Dto5TRaFFYx6rh4Bo4ExCyzDD4SFRQETAoROMbnK/8wRKs1jem3ECviADySJGibGS3wuJGg0UgMxGk3615tbdKfAy8QpSQwWa/epPL4xpKkAayonWXc9NjJ8RZRjlMKn0Ug0JoSMygK6lkgjQfjZ9eoJPrBLiKFZ2pMFT9e9GRoTWYxHYpCBmqBe9XPzP66YmuvIzJpPUgKSzQ1HKsYlx3gAOmQJq+NgSQhWzv2I6JIpQY3uau6KNbUnbgD4TNhrrvCJvsZBl0j6ve17du7uoNa6LssroCB2jU+ShS9RAt6iJWoiiR/SCXtGb8+y8Ox/O5yxacoqdQzQH5+sXhK+fiQ==</latexit><latexit sha1_base64="8OYT1up2r4azsi8nOt+If2C6oug=">AAACEnicbVDLSsNAFJ3UV62vqks3g0VwY0lE0JUU3LisYFuhDWUyuWmHzkzizEQooX8huNXfcCdu/QH/wk9w0mZhWw9cOJxzLvdygoQzbVz32ymtrK6tb5Q3K1vbO7t71f2Dto5TRaFFYx6rh4Bo4ExCyzDD4SFRQETAoROMbnK/8wRKs1jem3ECviADySJGibGS3wuJGg0UgMxGk3615tbdKfAy8QpSQwWa/epPL4xpKkAayonWXc9NjJ8RZRjlMKn0Ug0JoSMygK6lkgjQfjZ9eoJPrBLiKFZ2pMFT9e9GRoTWYxHYpCBmqBe9XPzP66YmuvIzJpPUgKSzQ1HKsYlx3gAOmQJq+NgSQhWzv2I6JIpQY3uau6KNbUnbgD4TNhrrvCJvsZBl0j6ve17du7uoNa6LssroCB2jU+ShS9RAt6iJWoiiR/SCXtGb8+y8Ox/O5yxacoqdQzQH5+sXhK+fiQ==</latexit>

↵(⇢)
<latexit sha1_base64="teI9eIVs443HqXRX8rosyTC/8Dw=">AAACGXicbVDLSsNAFJ3UV62vWJduBotQF5ZEBF0W3LiSCvYBTSiTyaQdOpMJMxOxhH6J4FZ/w524deVf+AlO2ixs64ELh3PO5V5OkDCqtON8W6W19Y3NrfJ2ZWd3b//APqx2lEglJm0smJC9ACnCaEzammpGeokkiAeMdIPxTe53H4lUVMQPepIQn6NhTCOKkTbSwK56koSZh1gyQnVPjsTZdGDXnIYzA1wlbkFqoEBrYP94ocApJ7HGDCnVd51E+xmSmmJGphUvVSRBeIyGpG9ojDhRfjb7fQpPjRLCSEgzsYYz9e9GhrhSEx6YJEd6pJa9XPzP66c6uvYzGiepJjGeH4pSBrWAeREwpJJgzSaGICyp+RXiEZIIa1PXwhWlTVnKBNQ5N1Gh8orc5UJWSeei4boN9/6y1rwryiqDY3AC6sAFV6AJbkELtAEGT+AFvII369l6tz6sz3m0ZBU7R2AB1tcvPMWhcQ==</latexit><latexit sha1_base64="teI9eIVs443HqXRX8rosyTC/8Dw=">AAACGXicbVDLSsNAFJ3UV62vWJduBotQF5ZEBF0W3LiSCvYBTSiTyaQdOpMJMxOxhH6J4FZ/w524deVf+AlO2ixs64ELh3PO5V5OkDCqtON8W6W19Y3NrfJ2ZWd3b//APqx2lEglJm0smJC9ACnCaEzammpGeokkiAeMdIPxTe53H4lUVMQPepIQn6NhTCOKkTbSwK56koSZh1gyQnVPjsTZdGDXnIYzA1wlbkFqoEBrYP94ocApJ7HGDCnVd51E+xmSmmJGphUvVSRBeIyGpG9ojDhRfjb7fQpPjRLCSEgzsYYz9e9GhrhSEx6YJEd6pJa9XPzP66c6uvYzGiepJjGeH4pSBrWAeREwpJJgzSaGICyp+RXiEZIIa1PXwhWlTVnKBNQ5N1Gh8orc5UJWSeei4boN9/6y1rwryiqDY3AC6sAFV6AJbkELtAEGT+AFvII369l6tz6sz3m0ZBU7R2AB1tcvPMWhcQ==</latexit><latexit sha1_base64="teI9eIVs443HqXRX8rosyTC/8Dw=">AAACGXicbVDLSsNAFJ3UV62vWJduBotQF5ZEBF0W3LiSCvYBTSiTyaQdOpMJMxOxhH6J4FZ/w524deVf+AlO2ixs64ELh3PO5V5OkDCqtON8W6W19Y3NrfJ2ZWd3b//APqx2lEglJm0smJC9ACnCaEzammpGeokkiAeMdIPxTe53H4lUVMQPepIQn6NhTCOKkTbSwK56koSZh1gyQnVPjsTZdGDXnIYzA1wlbkFqoEBrYP94ocApJ7HGDCnVd51E+xmSmmJGphUvVSRBeIyGpG9ojDhRfjb7fQpPjRLCSEgzsYYz9e9GhrhSEx6YJEd6pJa9XPzP66c6uvYzGiepJjGeH4pSBrWAeREwpJJgzSaGICyp+RXiEZIIa1PXwhWlTVnKBNQ5N1Gh8orc5UJWSeei4boN9/6y1rwryiqDY3AC6sAFV6AJbkELtAEGT+AFvII369l6tz6sz3m0ZBU7R2AB1tcvPMWhcQ==</latexit><latexit sha1_base64="teI9eIVs443HqXRX8rosyTC/8Dw=">AAACGXicbVDLSsNAFJ3UV62vWJduBotQF5ZEBF0W3LiSCvYBTSiTyaQdOpMJMxOxhH6J4FZ/w524deVf+AlO2ixs64ELh3PO5V5OkDCqtON8W6W19Y3NrfJ2ZWd3b//APqx2lEglJm0smJC9ACnCaEzammpGeokkiAeMdIPxTe53H4lUVMQPepIQn6NhTCOKkTbSwK56koSZh1gyQnVPjsTZdGDXnIYzA1wlbkFqoEBrYP94ocApJ7HGDCnVd51E+xmSmmJGphUvVSRBeIyGpG9ojDhRfjb7fQpPjRLCSEgzsYYz9e9GhrhSEx6YJEd6pJa9XPzP66c6uvYzGiepJjGeH4pSBrWAeREwpJJgzSaGICyp+RXiEZIIa1PXwhWlTVnKBNQ5N1Gh8orc5UJWSeei4boN9/6y1rwryiqDY3AC6sAFV6AJbkELtAEGT+AFvII369l6tz6sz3m0ZBU7R2AB1tcvPMWhcQ==</latexit>

↵k(⇢)
�1 := (1 + k(k � 1)⇢)1/k

<latexit sha1_base64="tv9JIw+YvBqTyJjJ0HYywzfugRU="></latexit><latexit sha1_base64="tv9JIw+YvBqTyJjJ0HYywzfugRU="></latexit><latexit sha1_base64="tv9JIw+YvBqTyJjJ0HYywzfugRU="></latexit><latexit sha1_base64="tv9JIw+YvBqTyJjJ0HYywzfugRU="></latexit>

fk(t) = (k(k � 1))�1(tk � 1)
<latexit sha1_base64="lMbUC3wQNyt1aN5e8a7RA1dvSaU="></latexit><latexit sha1_base64="lMbUC3wQNyt1aN5e8a7RA1dvSaU="></latexit><latexit sha1_base64="lMbUC3wQNyt1aN5e8a7RA1dvSaU="></latexit><latexit sha1_base64="lMbUC3wQNyt1aN5e8a7RA1dvSaU="></latexit>

for k 2 (1,1)
<latexit sha1_base64="BMNWvNNaU9BBs0odSEbRlCGt2B8=">AAACJHicbVDLSgMxFM34rO9RlyIEi6CgZUYEXYngxqWCrUJbSia904bJZIbkjlCGrvwXwa3+hjtx4cZv8BPMtLNQ64GQwznncpMTpFIY9LwPZ2p6ZnZuvrKwuLS8srrmrm80TJJpDnWeyETfBcyAFArqKFDCXaqBxYGE2yC6KPzbe9BGJOoGBym0Y9ZTIhScoZU67nary3TU0wAqj2hLKLrnHxR3iIP9YcetejVvBDpJ/JJUSYmrjvvV6iY8i0Ehl8yYpu+l2M6ZRsElDBdbmYGU8Yj1oGmpYjGYdj76xpDuWqVLw0Tbo5CO1J8TOYuNGcSBTcYM++avV4j/ec0Mw9N2LlSaISg+XhRmkmJCi05oV2jgKAeWMK6FfSvlfaYZR9vcry0GbW/GBsxhbKOJKSry/xYySRpHNd+v+dfH1fOzsqwK2SI7ZI/45ISck0tyReqEkwfyRJ7Ji/PovDpvzvs4OuWUM5vkF5zPb5bApSE=</latexit><latexit sha1_base64="BMNWvNNaU9BBs0odSEbRlCGt2B8=">AAACJHicbVDLSgMxFM34rO9RlyIEi6CgZUYEXYngxqWCrUJbSia904bJZIbkjlCGrvwXwa3+hjtx4cZv8BPMtLNQ64GQwznncpMTpFIY9LwPZ2p6ZnZuvrKwuLS8srrmrm80TJJpDnWeyETfBcyAFArqKFDCXaqBxYGE2yC6KPzbe9BGJOoGBym0Y9ZTIhScoZU67nary3TU0wAqj2hLKLrnHxR3iIP9YcetejVvBDpJ/JJUSYmrjvvV6iY8i0Ehl8yYpu+l2M6ZRsElDBdbmYGU8Yj1oGmpYjGYdj76xpDuWqVLw0Tbo5CO1J8TOYuNGcSBTcYM++avV4j/ec0Mw9N2LlSaISg+XhRmkmJCi05oV2jgKAeWMK6FfSvlfaYZR9vcry0GbW/GBsxhbKOJKSry/xYySRpHNd+v+dfH1fOzsqwK2SI7ZI/45ISck0tyReqEkwfyRJ7Ji/PovDpvzvs4OuWUM5vkF5zPb5bApSE=</latexit><latexit sha1_base64="BMNWvNNaU9BBs0odSEbRlCGt2B8=">AAACJHicbVDLSgMxFM34rO9RlyIEi6CgZUYEXYngxqWCrUJbSia904bJZIbkjlCGrvwXwa3+hjtx4cZv8BPMtLNQ64GQwznncpMTpFIY9LwPZ2p6ZnZuvrKwuLS8srrmrm80TJJpDnWeyETfBcyAFArqKFDCXaqBxYGE2yC6KPzbe9BGJOoGBym0Y9ZTIhScoZU67nary3TU0wAqj2hLKLrnHxR3iIP9YcetejVvBDpJ/JJUSYmrjvvV6iY8i0Ehl8yYpu+l2M6ZRsElDBdbmYGU8Yj1oGmpYjGYdj76xpDuWqVLw0Tbo5CO1J8TOYuNGcSBTcYM++avV4j/ec0Mw9N2LlSaISg+XhRmkmJCi05oV2jgKAeWMK6FfSvlfaYZR9vcry0GbW/GBsxhbKOJKSry/xYySRpHNd+v+dfH1fOzsqwK2SI7ZI/45ISck0tyReqEkwfyRJ7Ji/PovDpvzvs4OuWUM5vkF5zPb5bApSE=</latexit><latexit sha1_base64="BMNWvNNaU9BBs0odSEbRlCGt2B8=">AAACJHicbVDLSgMxFM34rO9RlyIEi6CgZUYEXYngxqWCrUJbSia904bJZIbkjlCGrvwXwa3+hjtx4cZv8BPMtLNQ64GQwznncpMTpFIY9LwPZ2p6ZnZuvrKwuLS8srrmrm80TJJpDnWeyETfBcyAFArqKFDCXaqBxYGE2yC6KPzbe9BGJOoGBym0Y9ZTIhScoZU67nary3TU0wAqj2hLKLrnHxR3iIP9YcetejVvBDpJ/JJUSYmrjvvV6iY8i0Ehl8yYpu+l2M6ZRsElDBdbmYGU8Yj1oGmpYjGYdj76xpDuWqVLw0Tbo5CO1J8TOYuNGcSBTcYM++avV4j/ec0Mw9N2LlSaISg+XhRmkmJCi05oV2jgKAeWMK6FfSvlfaYZR9vcry0GbW/GBsxhbKOJKSry/xYySRpHNd+v+dfH1fOzsqwK2SI7ZI/45ISck0tyReqEkwfyRJ7Ji/PovDpvzvs4OuWUM5vkF5zPb5bApSE=</latexit>



Worst case over distributions Dobs
<latexit sha1_base64="mzr1m5m0to/V5iJ6s/6rFr5HXzY=">AAACHXicbZDLSgMxGIUz9VbrbVRw4yZYBDeWGRF0WdGFywr2Ap1hyGTSNjSZDElGKOOAbyK41ddwJ27Ft/ARzLRd2NYfAodzTvh/vjBhVGnH+bZKS8srq2vl9crG5tb2jr2711IilZg0sWBCdkKkCKMxaWqqGekkkiAeMtIOh9dF3n4gUlER3+tRQnyO+jHtUYy0sQL7wJMkyjyOs5s8yDzJoQhVngd21ak544GLwp2KKphOI7B/vEjglJNYY4aU6rpOov0MSU0xI3nFSxVJEB6iPukaGSNOlJ+N78/hsXEi2BPSvFjDsfv3R4a4UiMemiZHeqDms8L8L+umunfpZzROUk1iPFnUSxnUAhYwYEQlwZqNjEBYUnMrxAMkEdYG2cwWpQ0wZQrqlJuqUAUidx7Iomid1Vy35t6dV+tXTxNYZXAIjsAJcMEFqINb0ABNgMEjeAGv4M16tt6tD+tzUi1ZU8D7YGasr19izKQS</latexit><latexit sha1_base64="mzr1m5m0to/V5iJ6s/6rFr5HXzY=">AAACHXicbZDLSgMxGIUz9VbrbVRw4yZYBDeWGRF0WdGFywr2Ap1hyGTSNjSZDElGKOOAbyK41ddwJ27Ft/ARzLRd2NYfAodzTvh/vjBhVGnH+bZKS8srq2vl9crG5tb2jr2711IilZg0sWBCdkKkCKMxaWqqGekkkiAeMtIOh9dF3n4gUlER3+tRQnyO+jHtUYy0sQL7wJMkyjyOs5s8yDzJoQhVngd21ak544GLwp2KKphOI7B/vEjglJNYY4aU6rpOov0MSU0xI3nFSxVJEB6iPukaGSNOlJ+N78/hsXEi2BPSvFjDsfv3R4a4UiMemiZHeqDms8L8L+umunfpZzROUk1iPFnUSxnUAhYwYEQlwZqNjEBYUnMrxAMkEdYG2cwWpQ0wZQrqlJuqUAUidx7Iomid1Vy35t6dV+tXTxNYZXAIjsAJcMEFqINb0ABNgMEjeAGv4M16tt6tD+tzUi1ZU8D7YGasr19izKQS</latexit><latexit sha1_base64="mzr1m5m0to/V5iJ6s/6rFr5HXzY=">AAACHXicbZDLSgMxGIUz9VbrbVRw4yZYBDeWGRF0WdGFywr2Ap1hyGTSNjSZDElGKOOAbyK41ddwJ27Ft/ARzLRd2NYfAodzTvh/vjBhVGnH+bZKS8srq2vl9crG5tb2jr2711IilZg0sWBCdkKkCKMxaWqqGekkkiAeMtIOh9dF3n4gUlER3+tRQnyO+jHtUYy0sQL7wJMkyjyOs5s8yDzJoQhVngd21ak544GLwp2KKphOI7B/vEjglJNYY4aU6rpOov0MSU0xI3nFSxVJEB6iPukaGSNOlJ+N78/hsXEi2BPSvFjDsfv3R4a4UiMemiZHeqDms8L8L+umunfpZzROUk1iPFnUSxnUAhYwYEQlwZqNjEBYUnMrxAMkEdYG2cwWpQ0wZQrqlJuqUAUidx7Iomid1Vy35t6dV+tXTxNYZXAIjsAJcMEFqINb0ABNgMEjeAGv4M16tt6tD+tzUi1ZU8D7YGasr19izKQS</latexit><latexit sha1_base64="mzr1m5m0to/V5iJ6s/6rFr5HXzY=">AAACHXicbZDLSgMxGIUz9VbrbVRw4yZYBDeWGRF0WdGFywr2Ap1hyGTSNjSZDElGKOOAbyK41ddwJ27Ft/ARzLRd2NYfAodzTvh/vjBhVGnH+bZKS8srq2vl9crG5tb2jr2711IilZg0sWBCdkKkCKMxaWqqGekkkiAeMtIOh9dF3n4gUlER3+tRQnyO+jHtUYy0sQL7wJMkyjyOs5s8yDzJoQhVngd21ak544GLwp2KKphOI7B/vEjglJNYY4aU6rpOov0MSU0xI3nFSxVJEB6iPukaGSNOlJ+N78/hsXEi2BPSvFjDsfv3R4a4UiMemiZHeqDms8L8L+umunfpZzROUk1iPFnUSxnUAhYwYEQlwZqNjEBYUnMrxAMkEdYG2cwWpQ0wZQrqlJuqUAUidx7Iomid1Vy35t6dV+tXTxNYZXAIjsAJcMEFqINb0ABNgMEjeAGv4M16tt6tD+tzUi1ZU8D7YGasr19izKQS</latexit>

Minimax (excess) risk

Best case over procedures

A principle: minimax

b✓ : Zn ! ⇥
<latexit sha1_base64="Oz9Thqeaj8B+EgxCt7i6XMr0f5E="></latexit><latexit sha1_base64="Oz9Thqeaj8B+EgxCt7i6XMr0f5E="></latexit><latexit sha1_base64="Oz9Thqeaj8B+EgxCt7i6XMr0f5E="></latexit><latexit sha1_base64="Oz9Thqeaj8B+EgxCt7i6XMr0f5E="></latexit>

[Wald 39, von Neumann 28]:

1. We choose procedure   , nature chooses
2. Receive data      i.i.d. from       ,    makes decision

b✓
<latexit sha1_base64="95oKg9zRDU0wrk/ST2K4nltQHR0=">AAACG3icbZDLSsNAFIYn9VbrLV52boJFcGNJRNBlxY3LCvYCTSmT6Wk7dJIJMydKDQVfRHCrr+FO3LrwLXwEJ20XtvXAwM///8M5fEEsuEbX/bZyS8srq2v59cLG5tb2jr27V9MyUQyqTAqpGgHVIHgEVeQooBEroGEgoB4MrrO8fg9Kcxnd4TCGVkh7Ee9yRtFYbfvAD0QCqf/Qp5j62Aeko1HbLroldzzOovCmokimU2nbP35HsiSECJmgWjc9N8ZWShVyJmBU8BMNMWUD2oOmkRENQbfS8fUj59g4HacrlXkROmP374+UhloPw8A0Q4p9PZ9l5n9ZM8HuZSvlUZwgRGyyqJsIB6WToXA6XAFDMTSCMsXNrQ7rU0UZGmAzWzQaXNoU9GloqlJniLx5IIuidlbyjL49L5avniaw8uSQHJET4pELUiY3pEKqhJFH8kJeyZv1bL1bH9bnpJqzpoD3ycxYX79HTKOG</latexit><latexit sha1_base64="95oKg9zRDU0wrk/ST2K4nltQHR0=">AAACG3icbZDLSsNAFIYn9VbrLV52boJFcGNJRNBlxY3LCvYCTSmT6Wk7dJIJMydKDQVfRHCrr+FO3LrwLXwEJ20XtvXAwM///8M5fEEsuEbX/bZyS8srq2v59cLG5tb2jr27V9MyUQyqTAqpGgHVIHgEVeQooBEroGEgoB4MrrO8fg9Kcxnd4TCGVkh7Ee9yRtFYbfvAD0QCqf/Qp5j62Aeko1HbLroldzzOovCmokimU2nbP35HsiSECJmgWjc9N8ZWShVyJmBU8BMNMWUD2oOmkRENQbfS8fUj59g4HacrlXkROmP374+UhloPw8A0Q4p9PZ9l5n9ZM8HuZSvlUZwgRGyyqJsIB6WToXA6XAFDMTSCMsXNrQ7rU0UZGmAzWzQaXNoU9GloqlJniLx5IIuidlbyjL49L5avniaw8uSQHJET4pELUiY3pEKqhJFH8kJeyZv1bL1bH9bnpJqzpoD3ycxYX79HTKOG</latexit><latexit sha1_base64="95oKg9zRDU0wrk/ST2K4nltQHR0=">AAACG3icbZDLSsNAFIYn9VbrLV52boJFcGNJRNBlxY3LCvYCTSmT6Wk7dJIJMydKDQVfRHCrr+FO3LrwLXwEJ20XtvXAwM///8M5fEEsuEbX/bZyS8srq2v59cLG5tb2jr27V9MyUQyqTAqpGgHVIHgEVeQooBEroGEgoB4MrrO8fg9Kcxnd4TCGVkh7Ee9yRtFYbfvAD0QCqf/Qp5j62Aeko1HbLroldzzOovCmokimU2nbP35HsiSECJmgWjc9N8ZWShVyJmBU8BMNMWUD2oOmkRENQbfS8fUj59g4HacrlXkROmP374+UhloPw8A0Q4p9PZ9l5n9ZM8HuZSvlUZwgRGyyqJsIB6WToXA6XAFDMTSCMsXNrQ7rU0UZGmAzWzQaXNoU9GloqlJniLx5IIuidlbyjL49L5avniaw8uSQHJET4pELUiY3pEKqhJFH8kJeyZv1bL1bH9bnpJqzpoD3ycxYX79HTKOG</latexit><latexit sha1_base64="95oKg9zRDU0wrk/ST2K4nltQHR0=">AAACG3icbZDLSsNAFIYn9VbrLV52boJFcGNJRNBlxY3LCvYCTSmT6Wk7dJIJMydKDQVfRHCrr+FO3LrwLXwEJ20XtvXAwM///8M5fEEsuEbX/bZyS8srq2v59cLG5tb2jr27V9MyUQyqTAqpGgHVIHgEVeQooBEroGEgoB4MrrO8fg9Kcxnd4TCGVkh7Ee9yRtFYbfvAD0QCqf/Qp5j62Aeko1HbLroldzzOovCmokimU2nbP35HsiSECJmgWjc9N8ZWShVyJmBU8BMNMWUD2oOmkRENQbfS8fUj59g4HacrlXkROmP374+UhloPw8A0Q4p9PZ9l5n9ZM8HuZSvlUZwgRGyyqJsIB6WToXA6XAFDMTSCMsXNrQ7rU0UZGmAzWzQaXNoU9GloqlJniLx5IIuidlbyjL49L5avniaw8uSQHJET4pELUiY3pEKqhJFH8kJeyZv1bL1bH9bnpJqzpoD3ycxYX79HTKOG</latexit>

b✓
<latexit sha1_base64="95oKg9zRDU0wrk/ST2K4nltQHR0=">AAACG3icbZDLSsNAFIYn9VbrLV52boJFcGNJRNBlxY3LCvYCTSmT6Wk7dJIJMydKDQVfRHCrr+FO3LrwLXwEJ20XtvXAwM///8M5fEEsuEbX/bZyS8srq2v59cLG5tb2jr27V9MyUQyqTAqpGgHVIHgEVeQooBEroGEgoB4MrrO8fg9Kcxnd4TCGVkh7Ee9yRtFYbfvAD0QCqf/Qp5j62Aeko1HbLroldzzOovCmokimU2nbP35HsiSECJmgWjc9N8ZWShVyJmBU8BMNMWUD2oOmkRENQbfS8fUj59g4HacrlXkROmP374+UhloPw8A0Q4p9PZ9l5n9ZM8HuZSvlUZwgRGyyqJsIB6WToXA6XAFDMTSCMsXNrQ7rU0UZGmAzWzQaXNoU9GloqlJniLx5IIuidlbyjL49L5avniaw8uSQHJET4pELUiY3pEKqhJFH8kJeyZv1bL1bH9bnpJqzpoD3ycxYX79HTKOG</latexit><latexit sha1_base64="95oKg9zRDU0wrk/ST2K4nltQHR0=">AAACG3icbZDLSsNAFIYn9VbrLV52boJFcGNJRNBlxY3LCvYCTSmT6Wk7dJIJMydKDQVfRHCrr+FO3LrwLXwEJ20XtvXAwM///8M5fEEsuEbX/bZyS8srq2v59cLG5tb2jr27V9MyUQyqTAqpGgHVIHgEVeQooBEroGEgoB4MrrO8fg9Kcxnd4TCGVkh7Ee9yRtFYbfvAD0QCqf/Qp5j62Aeko1HbLroldzzOovCmokimU2nbP35HsiSECJmgWjc9N8ZWShVyJmBU8BMNMWUD2oOmkRENQbfS8fUj59g4HacrlXkROmP374+UhloPw8A0Q4p9PZ9l5n9ZM8HuZSvlUZwgRGyyqJsIB6WToXA6XAFDMTSCMsXNrQ7rU0UZGmAzWzQaXNoU9GloqlJniLx5IIuidlbyjL49L5avniaw8uSQHJET4pELUiY3pEKqhJFH8kJeyZv1bL1bH9bnpJqzpoD3ycxYX79HTKOG</latexit><latexit sha1_base64="95oKg9zRDU0wrk/ST2K4nltQHR0=">AAACG3icbZDLSsNAFIYn9VbrLV52boJFcGNJRNBlxY3LCvYCTSmT6Wk7dJIJMydKDQVfRHCrr+FO3LrwLXwEJ20XtvXAwM///8M5fEEsuEbX/bZyS8srq2v59cLG5tb2jr27V9MyUQyqTAqpGgHVIHgEVeQooBEroGEgoB4MrrO8fg9Kcxnd4TCGVkh7Ee9yRtFYbfvAD0QCqf/Qp5j62Aeko1HbLroldzzOovCmokimU2nbP35HsiSECJmgWjc9N8ZWShVyJmBU8BMNMWUD2oOmkRENQbfS8fUj59g4HacrlXkROmP374+UhloPw8A0Q4p9PZ9l5n9ZM8HuZSvlUZwgRGyyqJsIB6WToXA6XAFDMTSCMsXNrQ7rU0UZGmAzWzQaXNoU9GloqlJniLx5IIuidlbyjL49L5avniaw8uSQHJET4pELUiY3pEKqhJFH8kJeyZv1bL1bH9bnpJqzpoD3ycxYX79HTKOG</latexit><latexit sha1_base64="95oKg9zRDU0wrk/ST2K4nltQHR0=">AAACG3icbZDLSsNAFIYn9VbrLV52boJFcGNJRNBlxY3LCvYCTSmT6Wk7dJIJMydKDQVfRHCrr+FO3LrwLXwEJ20XtvXAwM///8M5fEEsuEbX/bZyS8srq2v59cLG5tb2jr27V9MyUQyqTAqpGgHVIHgEVeQooBEroGEgoB4MrrO8fg9Kcxnd4TCGVkh7Ee9yRtFYbfvAD0QCqf/Qp5j62Aeko1HbLroldzzOovCmokimU2nbP35HsiSECJmgWjc9N8ZWShVyJmBU8BMNMWUD2oOmkRENQbfS8fUj59g4HacrlXkROmP374+UhloPw8A0Q4p9PZ9l5n9ZM8HuZSvlUZwgRGyyqJsIB6WToXA6XAFDMTSCMsXNrQ7rU0UZGmAzWzQaXNoU9GloqlJniLx5IIuidlbyjL49L5avniaw8uSQHJET4pELUiY3pEKqhJFH8kJeyZv1bL1bH9bnpJqzpoD3ycxYX79HTKOG</latexit>

Pobs
<latexit sha1_base64="5J4YEv6lHaS2KohKTMcoI+JzW5Q=">AAACGHicbZDLSsNAGIUnXmu9pbp0M1gEN5ZEBF1W3LisYC/QhDCZTNqhM5kwM1FKCPgcglt9DXfi1p1v4SM4abuwrT8MHM45w//zhSmjSjvOt7Wyura+sVnZqm7v7O7t27WDjhKZxKSNBROyFyJFGE1IW1PNSC+VBPGQkW44uinz7gORiorkXo9T4nM0SGhMMdLGCuyaJ0mUt4LckxyKUBVFYNedhjMZuCzcmaiD2bQC+8eLBM44STRmSKm+66Taz5HUFDNSVL1MkRThERqQvpEJ4kT5+eT0Ap4YJ4KxkOYlGk7cvz9yxJUa89A0OdJDtZiV5n9ZP9PxlZ/TJM00SfB0UZwxqAUsOcCISoI1GxuBsKTmVoiHSCKsDa25LUobVsoU1Bk3VaFKRO4ikGXROW+4Rt9d1JvXT1NYFXAEjsEpcMElaIJb0AJtgMEjeAGv4M16tt6tD+tzWl2xZoAPwdxYX78VcKHH</latexit><latexit sha1_base64="5J4YEv6lHaS2KohKTMcoI+JzW5Q=">AAACGHicbZDLSsNAGIUnXmu9pbp0M1gEN5ZEBF1W3LisYC/QhDCZTNqhM5kwM1FKCPgcglt9DXfi1p1v4SM4abuwrT8MHM45w//zhSmjSjvOt7Wyura+sVnZqm7v7O7t27WDjhKZxKSNBROyFyJFGE1IW1PNSC+VBPGQkW44uinz7gORiorkXo9T4nM0SGhMMdLGCuyaJ0mUt4LckxyKUBVFYNedhjMZuCzcmaiD2bQC+8eLBM44STRmSKm+66Taz5HUFDNSVL1MkRThERqQvpEJ4kT5+eT0Ap4YJ4KxkOYlGk7cvz9yxJUa89A0OdJDtZiV5n9ZP9PxlZ/TJM00SfB0UZwxqAUsOcCISoI1GxuBsKTmVoiHSCKsDa25LUobVsoU1Bk3VaFKRO4ikGXROW+4Rt9d1JvXT1NYFXAEjsEpcMElaIJb0AJtgMEjeAGv4M16tt6tD+tzWl2xZoAPwdxYX78VcKHH</latexit><latexit sha1_base64="5J4YEv6lHaS2KohKTMcoI+JzW5Q=">AAACGHicbZDLSsNAGIUnXmu9pbp0M1gEN5ZEBF1W3LisYC/QhDCZTNqhM5kwM1FKCPgcglt9DXfi1p1v4SM4abuwrT8MHM45w//zhSmjSjvOt7Wyura+sVnZqm7v7O7t27WDjhKZxKSNBROyFyJFGE1IW1PNSC+VBPGQkW44uinz7gORiorkXo9T4nM0SGhMMdLGCuyaJ0mUt4LckxyKUBVFYNedhjMZuCzcmaiD2bQC+8eLBM44STRmSKm+66Taz5HUFDNSVL1MkRThERqQvpEJ4kT5+eT0Ap4YJ4KxkOYlGk7cvz9yxJUa89A0OdJDtZiV5n9ZP9PxlZ/TJM00SfB0UZwxqAUsOcCISoI1GxuBsKTmVoiHSCKsDa25LUobVsoU1Bk3VaFKRO4ikGXROW+4Rt9d1JvXT1NYFXAEjsEpcMElaIJb0AJtgMEjeAGv4M16tt6tD+tzWl2xZoAPwdxYX78VcKHH</latexit><latexit sha1_base64="5J4YEv6lHaS2KohKTMcoI+JzW5Q=">AAACGHicbZDLSsNAGIUnXmu9pbp0M1gEN5ZEBF1W3LisYC/QhDCZTNqhM5kwM1FKCPgcglt9DXfi1p1v4SM4abuwrT8MHM45w//zhSmjSjvOt7Wyura+sVnZqm7v7O7t27WDjhKZxKSNBROyFyJFGE1IW1PNSC+VBPGQkW44uinz7gORiorkXo9T4nM0SGhMMdLGCuyaJ0mUt4LckxyKUBVFYNedhjMZuCzcmaiD2bQC+8eLBM44STRmSKm+66Taz5HUFDNSVL1MkRThERqQvpEJ4kT5+eT0Ap4YJ4KxkOYlGk7cvz9yxJUa89A0OdJDtZiV5n9ZP9PxlZ/TJM00SfB0UZwxqAUsOcCISoI1GxuBsKTmVoiHSCKsDa25LUobVsoU1Bk3VaFKRO4ikGXROW+4Rt9d1JvXT1NYFXAEjsEpcMElaIJb0AJtgMEjeAGv4M16tt6tD+tzWl2xZoAPwdxYX78VcKHH</latexit>

Pobs
<latexit sha1_base64="5J4YEv6lHaS2KohKTMcoI+JzW5Q=">AAACGHicbZDLSsNAGIUnXmu9pbp0M1gEN5ZEBF1W3LisYC/QhDCZTNqhM5kwM1FKCPgcglt9DXfi1p1v4SM4abuwrT8MHM45w//zhSmjSjvOt7Wyura+sVnZqm7v7O7t27WDjhKZxKSNBROyFyJFGE1IW1PNSC+VBPGQkW44uinz7gORiorkXo9T4nM0SGhMMdLGCuyaJ0mUt4LckxyKUBVFYNedhjMZuCzcmaiD2bQC+8eLBM44STRmSKm+66Taz5HUFDNSVL1MkRThERqQvpEJ4kT5+eT0Ap4YJ4KxkOYlGk7cvz9yxJUa89A0OdJDtZiV5n9ZP9PxlZ/TJM00SfB0UZwxqAUsOcCISoI1GxuBsKTmVoiHSCKsDa25LUobVsoU1Bk3VaFKRO4ikGXROW+4Rt9d1JvXT1NYFXAEjsEpcMElaIJb0AJtgMEjeAGv4M16tt6tD+tzWl2xZoAPwdxYX78VcKHH</latexit><latexit sha1_base64="5J4YEv6lHaS2KohKTMcoI+JzW5Q=">AAACGHicbZDLSsNAGIUnXmu9pbp0M1gEN5ZEBF1W3LisYC/QhDCZTNqhM5kwM1FKCPgcglt9DXfi1p1v4SM4abuwrT8MHM45w//zhSmjSjvOt7Wyura+sVnZqm7v7O7t27WDjhKZxKSNBROyFyJFGE1IW1PNSC+VBPGQkW44uinz7gORiorkXo9T4nM0SGhMMdLGCuyaJ0mUt4LckxyKUBVFYNedhjMZuCzcmaiD2bQC+8eLBM44STRmSKm+66Taz5HUFDNSVL1MkRThERqQvpEJ4kT5+eT0Ap4YJ4KxkOYlGk7cvz9yxJUa89A0OdJDtZiV5n9ZP9PxlZ/TJM00SfB0UZwxqAUsOcCISoI1GxuBsKTmVoiHSCKsDa25LUobVsoU1Bk3VaFKRO4ikGXROW+4Rt9d1JvXT1NYFXAEjsEpcMElaIJb0AJtgMEjeAGv4M16tt6tD+tzWl2xZoAPwdxYX78VcKHH</latexit><latexit sha1_base64="5J4YEv6lHaS2KohKTMcoI+JzW5Q=">AAACGHicbZDLSsNAGIUnXmu9pbp0M1gEN5ZEBF1W3LisYC/QhDCZTNqhM5kwM1FKCPgcglt9DXfi1p1v4SM4abuwrT8MHM45w//zhSmjSjvOt7Wyura+sVnZqm7v7O7t27WDjhKZxKSNBROyFyJFGE1IW1PNSC+VBPGQkW44uinz7gORiorkXo9T4nM0SGhMMdLGCuyaJ0mUt4LckxyKUBVFYNedhjMZuCzcmaiD2bQC+8eLBM44STRmSKm+66Taz5HUFDNSVL1MkRThERqQvpEJ4kT5+eT0Ap4YJ4KxkOYlGk7cvz9yxJUa89A0OdJDtZiV5n9ZP9PxlZ/TJM00SfB0UZwxqAUsOcCISoI1GxuBsKTmVoiHSCKsDa25LUobVsoU1Bk3VaFKRO4ikGXROW+4Rt9d1JvXT1NYFXAEjsEpcMElaIJb0AJtgMEjeAGv4M16tt6tD+tzWl2xZoAPwdxYX78VcKHH</latexit><latexit sha1_base64="5J4YEv6lHaS2KohKTMcoI+JzW5Q=">AAACGHicbZDLSsNAGIUnXmu9pbp0M1gEN5ZEBF1W3LisYC/QhDCZTNqhM5kwM1FKCPgcglt9DXfi1p1v4SM4abuwrT8MHM45w//zhSmjSjvOt7Wyura+sVnZqm7v7O7t27WDjhKZxKSNBROyFyJFGE1IW1PNSC+VBPGQkW44uinz7gORiorkXo9T4nM0SGhMMdLGCuyaJ0mUt4LckxyKUBVFYNedhjMZuCzcmaiD2bQC+8eLBM44STRmSKm+66Taz5HUFDNSVL1MkRThERqQvpEJ4kT5+eT0Ap4YJ4KxkOYlGk7cvz9yxJUa89A0OdJDtZiV5n9ZP9PxlZ/TJM00SfB0UZwxqAUsOcCISoI1GxuBsKTmVoiHSCKsDa25LUobVsoU1Bk3VaFKRO4ikGXROW+4Rt9d1JvXT1NYFXAEjsEpcMElaIJb0AJtgMEjeAGv4M16tt6tD+tzWl2xZoAPwdxYX78VcKHH</latexit>

Zi
<latexit sha1_base64="m7AJ0mJZHkuKVJZ4MIL/t3ITQsQ=">AAACCHicbVDLSgMxFL3js9ZX1aWbYBHcWGZE0GXFjcuK9oHtUDJppg3NY0gyQhkKrgW3+hvuxK1/4V/4CaaPhW09EDicc8K990QJZ8b6/re3tLyyurae28hvbm3v7Bb29mtGpZrQKlFc6UaEDeVM0qplltNGoikWEaf1qH898uuPVBum5L0dJDQUuCtZzAi2Trp7aLN2oeiX/DHQIgmmpAhTVNqFn1ZHkVRQaQnHxjQDP7FhhrVlhNNhvpUammDSx13adFRiQU2YjVcdomOndFCstHvSorH690eGhTEDEbmkwLZn5r2R+J/XTG18GWZMJqmlkkwGxSlHVqHR3ajDNCWWDxzBRDO3KyI9rDGxrp2ZKca6bowLmFPhosoMXUXBfCGLpHZWChy/PS+Wr54mZeXgEI7gBAK4gDLcQAWqQKALL/AKb96z9+59eJ+T6JI3LfgAZuB9/QIPNJtX</latexit><latexit sha1_base64="m7AJ0mJZHkuKVJZ4MIL/t3ITQsQ=">AAACCHicbVDLSgMxFL3js9ZX1aWbYBHcWGZE0GXFjcuK9oHtUDJppg3NY0gyQhkKrgW3+hvuxK1/4V/4CaaPhW09EDicc8K990QJZ8b6/re3tLyyurae28hvbm3v7Bb29mtGpZrQKlFc6UaEDeVM0qplltNGoikWEaf1qH898uuPVBum5L0dJDQUuCtZzAi2Trp7aLN2oeiX/DHQIgmmpAhTVNqFn1ZHkVRQaQnHxjQDP7FhhrVlhNNhvpUammDSx13adFRiQU2YjVcdomOndFCstHvSorH690eGhTEDEbmkwLZn5r2R+J/XTG18GWZMJqmlkkwGxSlHVqHR3ajDNCWWDxzBRDO3KyI9rDGxrp2ZKca6bowLmFPhosoMXUXBfCGLpHZWChy/PS+Wr54mZeXgEI7gBAK4gDLcQAWqQKALL/AKb96z9+59eJ+T6JI3LfgAZuB9/QIPNJtX</latexit><latexit sha1_base64="m7AJ0mJZHkuKVJZ4MIL/t3ITQsQ=">AAACCHicbVDLSgMxFL3js9ZX1aWbYBHcWGZE0GXFjcuK9oHtUDJppg3NY0gyQhkKrgW3+hvuxK1/4V/4CaaPhW09EDicc8K990QJZ8b6/re3tLyyurae28hvbm3v7Bb29mtGpZrQKlFc6UaEDeVM0qplltNGoikWEaf1qH898uuPVBum5L0dJDQUuCtZzAi2Trp7aLN2oeiX/DHQIgmmpAhTVNqFn1ZHkVRQaQnHxjQDP7FhhrVlhNNhvpUammDSx13adFRiQU2YjVcdomOndFCstHvSorH690eGhTEDEbmkwLZn5r2R+J/XTG18GWZMJqmlkkwGxSlHVqHR3ajDNCWWDxzBRDO3KyI9rDGxrp2ZKca6bowLmFPhosoMXUXBfCGLpHZWChy/PS+Wr54mZeXgEI7gBAK4gDLcQAWqQKALL/AKb96z9+59eJ+T6JI3LfgAZuB9/QIPNJtX</latexit><latexit sha1_base64="m7AJ0mJZHkuKVJZ4MIL/t3ITQsQ=">AAACCHicbVDLSgMxFL3js9ZX1aWbYBHcWGZE0GXFjcuK9oHtUDJppg3NY0gyQhkKrgW3+hvuxK1/4V/4CaaPhW09EDicc8K990QJZ8b6/re3tLyyurae28hvbm3v7Bb29mtGpZrQKlFc6UaEDeVM0qplltNGoikWEaf1qH898uuPVBum5L0dJDQUuCtZzAi2Trp7aLN2oeiX/DHQIgmmpAhTVNqFn1ZHkVRQaQnHxjQDP7FhhrVlhNNhvpUammDSx13adFRiQU2YjVcdomOndFCstHvSorH690eGhTEDEbmkwLZn5r2R+J/XTG18GWZMJqmlkkwGxSlHVqHR3ajDNCWWDxzBRDO3KyI9rDGxrp2ZKca6bowLmFPhosoMXUXBfCGLpHZWChy/PS+Wr54mZeXgEI7gBAK4gDLcQAWqQKALL/AKb96z9+59eJ+T6JI3LfgAZuB9/QIPNJtX</latexit>

Define Rk,⇢(✓;P ) := sup
Q:Dfk

(Q||P )⇢
EQ[`(✓;Z)]

<latexit sha1_base64="cPuaVFMNYMEpOQePbYn4BEeyUKc="></latexit><latexit sha1_base64="cPuaVFMNYMEpOQePbYn4BEeyUKc="></latexit><latexit sha1_base64="cPuaVFMNYMEpOQePbYn4BEeyUKc="></latexit><latexit sha1_base64="cPuaVFMNYMEpOQePbYn4BEeyUKc="></latexit>

min
b✓

max
Pobs2Dobs

⇢
EPobs [Rk,⇢(b✓(Zn

1 );Pobs)]�min
✓2⇥

Rk,⇢(✓;Pobs)

�

<latexit sha1_base64="XeUhBpRgTZKu6pF31sinNsXwwXQ="></latexit><latexit sha1_base64="XeUhBpRgTZKu6pF31sinNsXwwXQ="></latexit><latexit sha1_base64="XeUhBpRgTZKu6pF31sinNsXwwXQ="></latexit><latexit sha1_base64="XeUhBpRgTZKu6pF31sinNsXwwXQ="></latexit>



Main result

Two pronged approach 

1. Convergence guarantee: find good procedure 

2. Lower bound: show no procedure can do better

Worst case over distributions Dobs
<latexit sha1_base64="mzr1m5m0to/V5iJ6s/6rFr5HXzY=">AAACHXicbZDLSgMxGIUz9VbrbVRw4yZYBDeWGRF0WdGFywr2Ap1hyGTSNjSZDElGKOOAbyK41ddwJ27Ft/ARzLRd2NYfAodzTvh/vjBhVGnH+bZKS8srq2vl9crG5tb2jr2711IilZg0sWBCdkKkCKMxaWqqGekkkiAeMtIOh9dF3n4gUlER3+tRQnyO+jHtUYy0sQL7wJMkyjyOs5s8yDzJoQhVngd21ak544GLwp2KKphOI7B/vEjglJNYY4aU6rpOov0MSU0xI3nFSxVJEB6iPukaGSNOlJ+N78/hsXEi2BPSvFjDsfv3R4a4UiMemiZHeqDms8L8L+umunfpZzROUk1iPFnUSxnUAhYwYEQlwZqNjEBYUnMrxAMkEdYG2cwWpQ0wZQrqlJuqUAUidx7Iomid1Vy35t6dV+tXTxNYZXAIjsAJcMEFqINb0ABNgMEjeAGv4M16tt6tD+tzUi1ZU8D7YGasr19izKQS</latexit><latexit sha1_base64="mzr1m5m0to/V5iJ6s/6rFr5HXzY=">AAACHXicbZDLSgMxGIUz9VbrbVRw4yZYBDeWGRF0WdGFywr2Ap1hyGTSNjSZDElGKOOAbyK41ddwJ27Ft/ARzLRd2NYfAodzTvh/vjBhVGnH+bZKS8srq2vl9crG5tb2jr2711IilZg0sWBCdkKkCKMxaWqqGekkkiAeMtIOh9dF3n4gUlER3+tRQnyO+jHtUYy0sQL7wJMkyjyOs5s8yDzJoQhVngd21ak544GLwp2KKphOI7B/vEjglJNYY4aU6rpOov0MSU0xI3nFSxVJEB6iPukaGSNOlJ+N78/hsXEi2BPSvFjDsfv3R4a4UiMemiZHeqDms8L8L+umunfpZzROUk1iPFnUSxnUAhYwYEQlwZqNjEBYUnMrxAMkEdYG2cwWpQ0wZQrqlJuqUAUidx7Iomid1Vy35t6dV+tXTxNYZXAIjsAJcMEFqINb0ABNgMEjeAGv4M16tt6tD+tzUi1ZU8D7YGasr19izKQS</latexit><latexit sha1_base64="mzr1m5m0to/V5iJ6s/6rFr5HXzY=">AAACHXicbZDLSgMxGIUz9VbrbVRw4yZYBDeWGRF0WdGFywr2Ap1hyGTSNjSZDElGKOOAbyK41ddwJ27Ft/ARzLRd2NYfAodzTvh/vjBhVGnH+bZKS8srq2vl9crG5tb2jr2711IilZg0sWBCdkKkCKMxaWqqGekkkiAeMtIOh9dF3n4gUlER3+tRQnyO+jHtUYy0sQL7wJMkyjyOs5s8yDzJoQhVngd21ak544GLwp2KKphOI7B/vEjglJNYY4aU6rpOov0MSU0xI3nFSxVJEB6iPukaGSNOlJ+N78/hsXEi2BPSvFjDsfv3R4a4UiMemiZHeqDms8L8L+umunfpZzROUk1iPFnUSxnUAhYwYEQlwZqNjEBYUnMrxAMkEdYG2cwWpQ0wZQrqlJuqUAUidx7Iomid1Vy35t6dV+tXTxNYZXAIjsAJcMEFqINb0ABNgMEjeAGv4M16tt6tD+tzUi1ZU8D7YGasr19izKQS</latexit><latexit sha1_base64="mzr1m5m0to/V5iJ6s/6rFr5HXzY=">AAACHXicbZDLSgMxGIUz9VbrbVRw4yZYBDeWGRF0WdGFywr2Ap1hyGTSNjSZDElGKOOAbyK41ddwJ27Ft/ARzLRd2NYfAodzTvh/vjBhVGnH+bZKS8srq2vl9crG5tb2jr2711IilZg0sWBCdkKkCKMxaWqqGekkkiAeMtIOh9dF3n4gUlER3+tRQnyO+jHtUYy0sQL7wJMkyjyOs5s8yDzJoQhVngd21ak544GLwp2KKphOI7B/vEjglJNYY4aU6rpOov0MSU0xI3nFSxVJEB6iPukaGSNOlJ+N78/hsXEi2BPSvFjDsfv3R4a4UiMemiZHeqDms8L8L+umunfpZzROUk1iPFnUSxnUAhYwYEQlwZqNjEBYUnMrxAMkEdYG2cwWpQ0wZQrqlJuqUAUidx7Iomid1Vy35t6dV+tXTxNYZXAIjsAJcMEFqINb0ABNgMEjeAGv4M16tt6tD+tzUi1ZU8D7YGasr19izKQS</latexit>

Best case over procedures b✓ : Zn ! ⇥
<latexit sha1_base64="Oz9Thqeaj8B+EgxCt7i6XMr0f5E="></latexit><latexit sha1_base64="Oz9Thqeaj8B+EgxCt7i6XMr0f5E="></latexit><latexit sha1_base64="Oz9Thqeaj8B+EgxCt7i6XMr0f5E="></latexit><latexit sha1_base64="Oz9Thqeaj8B+EgxCt7i6XMr0f5E="></latexit>

: parametric          k 2 [2,1)
<latexit sha1_base64="yQLQLovVH14wgDFtbeu+/xV7aPI=">AAACGHicbZDLSsNAFIYn9VbrLdWlm8EiKGhJiqDLihuXFewF2lAm00k7dDIJMydKCQWfQ3Crr+FO3LrzLXwEJ20XtvXAMD//+Q/n8Pmx4Boc59vKrayurW/kNwtb2zu7e3Zxv6GjRFFWp5GIVMsnmgkuWR04CNaKFSOhL1jTH95k/eYDU5pH8h5GMfNC0pc84JSAsbp2cYg7XOJ25Sz7Axiddu2SU3YmhZeFOxMlNKta1/7p9CKahEwCFUTrtuvE4KVEAaeCjQudRLOY0CHps7aRkoRMe+nk9DE+Nk4PB5EyTwKeuH8nUhJqPQp9kwwJDPRiLzP/67UTCK68lMs4ASbpdFGQCAwRzjjgHleMghgZQaji5lZMB0QRCobW3BYNhpU2AX0emmikxwaRuwhkWTQqZdctu3cXper10xRWHh2iI3SCXHSJqugW1VAdUfSIXtArerOerXfrw/qcRnPWDPABmivr6xeyJqBZ</latexit><latexit sha1_base64="yQLQLovVH14wgDFtbeu+/xV7aPI=">AAACGHicbZDLSsNAFIYn9VbrLdWlm8EiKGhJiqDLihuXFewF2lAm00k7dDIJMydKCQWfQ3Crr+FO3LrzLXwEJ20XtvXAMD//+Q/n8Pmx4Boc59vKrayurW/kNwtb2zu7e3Zxv6GjRFFWp5GIVMsnmgkuWR04CNaKFSOhL1jTH95k/eYDU5pH8h5GMfNC0pc84JSAsbp2cYg7XOJ25Sz7Axiddu2SU3YmhZeFOxMlNKta1/7p9CKahEwCFUTrtuvE4KVEAaeCjQudRLOY0CHps7aRkoRMe+nk9DE+Nk4PB5EyTwKeuH8nUhJqPQp9kwwJDPRiLzP/67UTCK68lMs4ASbpdFGQCAwRzjjgHleMghgZQaji5lZMB0QRCobW3BYNhpU2AX0emmikxwaRuwhkWTQqZdctu3cXper10xRWHh2iI3SCXHSJqugW1VAdUfSIXtArerOerXfrw/qcRnPWDPABmivr6xeyJqBZ</latexit><latexit sha1_base64="yQLQLovVH14wgDFtbeu+/xV7aPI=">AAACGHicbZDLSsNAFIYn9VbrLdWlm8EiKGhJiqDLihuXFewF2lAm00k7dDIJMydKCQWfQ3Crr+FO3LrzLXwEJ20XtvXAMD//+Q/n8Pmx4Boc59vKrayurW/kNwtb2zu7e3Zxv6GjRFFWp5GIVMsnmgkuWR04CNaKFSOhL1jTH95k/eYDU5pH8h5GMfNC0pc84JSAsbp2cYg7XOJ25Sz7Axiddu2SU3YmhZeFOxMlNKta1/7p9CKahEwCFUTrtuvE4KVEAaeCjQudRLOY0CHps7aRkoRMe+nk9DE+Nk4PB5EyTwKeuH8nUhJqPQp9kwwJDPRiLzP/67UTCK68lMs4ASbpdFGQCAwRzjjgHleMghgZQaji5lZMB0QRCobW3BYNhpU2AX0emmikxwaRuwhkWTQqZdctu3cXper10xRWHh2iI3SCXHSJqugW1VAdUfSIXtArerOerXfrw/qcRnPWDPABmivr6xeyJqBZ</latexit><latexit sha1_base64="yQLQLovVH14wgDFtbeu+/xV7aPI=">AAACGHicbZDLSsNAFIYn9VbrLdWlm8EiKGhJiqDLihuXFewF2lAm00k7dDIJMydKCQWfQ3Crr+FO3LrzLXwEJ20XtvXAMD//+Q/n8Pmx4Boc59vKrayurW/kNwtb2zu7e3Zxv6GjRFFWp5GIVMsnmgkuWR04CNaKFSOhL1jTH95k/eYDU5pH8h5GMfNC0pc84JSAsbp2cYg7XOJ25Sz7Axiddu2SU3YmhZeFOxMlNKta1/7p9CKahEwCFUTrtuvE4KVEAaeCjQudRLOY0CHps7aRkoRMe+nk9DE+Nk4PB5EyTwKeuH8nUhJqPQp9kwwJDPRiLzP/67UTCK68lMs4ASbpdFGQCAwRzjjgHleMghgZQaji5lZMB0QRCobW3BYNhpU2AX0emmikxwaRuwhkWTQqZdctu3cXper10xRWHh2iI3SCXHSJqugW1VAdUfSIXtArerOerXfrw/qcRnPWDPABmivr6xeyJqBZ</latexit>

: slower k 2 (1, 2)
<latexit sha1_base64="O5Xpo+NM33XIQiyqH63Er99LhOM=">AAACEXicbZDLSgMxGIUzXmu9VV26CRahgpZJEXRZceOygr1AZyiZNNOG5jIkGaEMBd9BcKuv4U7c+gS+hY9gelnY1h8Ch3NO+H++KOHMWN//9lZW19Y3NnNb+e2d3b39wsFhw6hUE1oniivdirChnElat8xy2ko0xSLitBkNbsd585Fqw5R8sMOEhgL3JIsZwdZZwQAGTMISOoeVs06h6Jf9ycBlgWaiCGZT6xR+gq4iqaDSEo6NaSM/sWGGtWWE01E+SA1NMBngHm07KbGgJswmN4/gqXO6MFbaPWnhxP37I8PCmKGIXFNg2zeL2dj8L2unNr4OMyaT1FJJpovilEOr4BgA7DJNieVDJzDRzN0KSR9rTKzDNLfFWAfJuIK5EK6qzMghQotAlkWjUkaojO4vi9WbpymsHDgGJ6AEELgCVXAHaqAOCEjAC3gFb96z9+59eJ/T6oo3A3wE5sb7+gVDxp1u</latexit><latexit sha1_base64="O5Xpo+NM33XIQiyqH63Er99LhOM=">AAACEXicbZDLSgMxGIUzXmu9VV26CRahgpZJEXRZceOygr1AZyiZNNOG5jIkGaEMBd9BcKuv4U7c+gS+hY9gelnY1h8Ch3NO+H++KOHMWN//9lZW19Y3NnNb+e2d3b39wsFhw6hUE1oniivdirChnElat8xy2ko0xSLitBkNbsd585Fqw5R8sMOEhgL3JIsZwdZZwQAGTMISOoeVs06h6Jf9ycBlgWaiCGZT6xR+gq4iqaDSEo6NaSM/sWGGtWWE01E+SA1NMBngHm07KbGgJswmN4/gqXO6MFbaPWnhxP37I8PCmKGIXFNg2zeL2dj8L2unNr4OMyaT1FJJpovilEOr4BgA7DJNieVDJzDRzN0KSR9rTKzDNLfFWAfJuIK5EK6qzMghQotAlkWjUkaojO4vi9WbpymsHDgGJ6AEELgCVXAHaqAOCEjAC3gFb96z9+59eJ/T6oo3A3wE5sb7+gVDxp1u</latexit><latexit sha1_base64="O5Xpo+NM33XIQiyqH63Er99LhOM=">AAACEXicbZDLSgMxGIUzXmu9VV26CRahgpZJEXRZceOygr1AZyiZNNOG5jIkGaEMBd9BcKuv4U7c+gS+hY9gelnY1h8Ch3NO+H++KOHMWN//9lZW19Y3NnNb+e2d3b39wsFhw6hUE1oniivdirChnElat8xy2ko0xSLitBkNbsd585Fqw5R8sMOEhgL3JIsZwdZZwQAGTMISOoeVs06h6Jf9ycBlgWaiCGZT6xR+gq4iqaDSEo6NaSM/sWGGtWWE01E+SA1NMBngHm07KbGgJswmN4/gqXO6MFbaPWnhxP37I8PCmKGIXFNg2zeL2dj8L2unNr4OMyaT1FJJpovilEOr4BgA7DJNieVDJzDRzN0KSR9rTKzDNLfFWAfJuIK5EK6qzMghQotAlkWjUkaojO4vi9WbpymsHDgGJ6AEELgCVXAHaqAOCEjAC3gFb96z9+59eJ/T6oo3A3wE5sb7+gVDxp1u</latexit><latexit sha1_base64="O5Xpo+NM33XIQiyqH63Er99LhOM=">AAACEXicbZDLSgMxGIUzXmu9VV26CRahgpZJEXRZceOygr1AZyiZNNOG5jIkGaEMBd9BcKuv4U7c+gS+hY9gelnY1h8Ch3NO+H++KOHMWN//9lZW19Y3NnNb+e2d3b39wsFhw6hUE1oniivdirChnElat8xy2ko0xSLitBkNbsd585Fqw5R8sMOEhgL3JIsZwdZZwQAGTMISOoeVs06h6Jf9ycBlgWaiCGZT6xR+gq4iqaDSEo6NaSM/sWGGtWWE01E+SA1NMBngHm07KbGgJswmN4/gqXO6MFbaPWnhxP37I8PCmKGIXFNg2zeL2dj8L2unNr4OMyaT1FJJpovilEOr4BgA7DJNieVDJzDRzN0KSR9rTKzDNLfFWAfJuIK5EK6qzMghQotAlkWjUkaojO4vi9WbpymsHDgGJ6AEELgCVXAHaqAOCEjAC3gFb96z9+59eJ/T6oo3A3wE5sb7+gVDxp1u</latexit>

k⇤ = k/(k � 1)
<latexit sha1_base64="D+hwrYXZN2QTULqgZYB+Zeyyqbk=">AAACFnicbZDLSgMxGIUz9VbrpaMu3QSLUIXWGRF0I1TcuKxgL9AOQybNtGEyyZBkhDIUfAzBrb6GO3Hr1rfwEUwvC9v6Q+Bwzgn/zxckjCrtON9WbmV1bX0jv1nY2t7ZLdp7+00lUolJAwsmZDtAijDKSUNTzUg7kQTFASOtILod561HIhUV/EEPE+LFqM9pSDHSxvLtYuSfwmsYwTNYjiruiW+XnKozGbgs3JkogdnUffun2xM4jQnXmCGlOq6TaC9DUlPMyKjQTRVJEI5Qn3SM5Cgmyssmh4/gsXF6MBTSPK7hxP37I0OxUsM4MM0Y6YFazMbmf1kn1eGVl1GepJpwPF0UpgxqAccUYI9KgjUbGoGwpOZWiAdIIqwNq7ktShtSyhRUJTZVoUYGkbsIZFk0z6uuW3XvL0q1m6cprDw4BEegDFxwCWrgDtRBA2CQghfwCt6sZ+vd+rA+p9WcNQN8AObG+voFEjueRA==</latexit><latexit sha1_base64="D+hwrYXZN2QTULqgZYB+Zeyyqbk=">AAACFnicbZDLSgMxGIUz9VbrpaMu3QSLUIXWGRF0I1TcuKxgL9AOQybNtGEyyZBkhDIUfAzBrb6GO3Hr1rfwEUwvC9v6Q+Bwzgn/zxckjCrtON9WbmV1bX0jv1nY2t7ZLdp7+00lUolJAwsmZDtAijDKSUNTzUg7kQTFASOtILod561HIhUV/EEPE+LFqM9pSDHSxvLtYuSfwmsYwTNYjiruiW+XnKozGbgs3JkogdnUffun2xM4jQnXmCGlOq6TaC9DUlPMyKjQTRVJEI5Qn3SM5Cgmyssmh4/gsXF6MBTSPK7hxP37I0OxUsM4MM0Y6YFazMbmf1kn1eGVl1GepJpwPF0UpgxqAccUYI9KgjUbGoGwpOZWiAdIIqwNq7ktShtSyhRUJTZVoUYGkbsIZFk0z6uuW3XvL0q1m6cprDw4BEegDFxwCWrgDtRBA2CQghfwCt6sZ+vd+rA+p9WcNQN8AObG+voFEjueRA==</latexit><latexit sha1_base64="D+hwrYXZN2QTULqgZYB+Zeyyqbk=">AAACFnicbZDLSgMxGIUz9VbrpaMu3QSLUIXWGRF0I1TcuKxgL9AOQybNtGEyyZBkhDIUfAzBrb6GO3Hr1rfwEUwvC9v6Q+Bwzgn/zxckjCrtON9WbmV1bX0jv1nY2t7ZLdp7+00lUolJAwsmZDtAijDKSUNTzUg7kQTFASOtILod561HIhUV/EEPE+LFqM9pSDHSxvLtYuSfwmsYwTNYjiruiW+XnKozGbgs3JkogdnUffun2xM4jQnXmCGlOq6TaC9DUlPMyKjQTRVJEI5Qn3SM5Cgmyssmh4/gsXF6MBTSPK7hxP37I0OxUsM4MM0Y6YFazMbmf1kn1eGVl1GepJpwPF0UpgxqAccUYI9KgjUbGoGwpOZWiAdIIqwNq7ktShtSyhRUJTZVoUYGkbsIZFk0z6uuW3XvL0q1m6cprDw4BEegDFxwCWrgDtRBA2CQghfwCt6sZ+vd+rA+p9WcNQN8AObG+voFEjueRA==</latexit><latexit sha1_base64="D+hwrYXZN2QTULqgZYB+Zeyyqbk=">AAACFnicbZDLSgMxGIUz9VbrpaMu3QSLUIXWGRF0I1TcuKxgL9AOQybNtGEyyZBkhDIUfAzBrb6GO3Hr1rfwEUwvC9v6Q+Bwzgn/zxckjCrtON9WbmV1bX0jv1nY2t7ZLdp7+00lUolJAwsmZDtAijDKSUNTzUg7kQTFASOtILod561HIhUV/EEPE+LFqM9pSDHSxvLtYuSfwmsYwTNYjiruiW+XnKozGbgs3JkogdnUffun2xM4jQnXmCGlOq6TaC9DUlPMyKjQTRVJEI5Qn3SM5Cgmyssmh4/gsXF6MBTSPK7hxP37I0OxUsM4MM0Y6YFazMbmf1kn1eGVl1GepJpwPF0UpgxqAccUYI9KgjUbGoGwpOZWiAdIIqwNq7ktShtSyhRUJTZVoUYGkbsIZFk0z6uuW3XvL0q1m6cprDw4BEegDFxwCWrgDtRBA2CQghfwCt6sZ+vd+rA+p9WcNQN8AObG+voFEjueRA==</latexit>

where                         .

min
b✓

max
Pobs2Dobs

⇢
EPobs [Rk,⇢(b✓(Zn

1 );Pobs)]�min
✓2⇥

Rk,⇢(✓;Pobs)

�
⇡ n� 1

k⇤_2

<latexit sha1_base64="+YkadYUxE3B0WZJ58eakiMTrnEM="></latexit><latexit sha1_base64="+YkadYUxE3B0WZJ58eakiMTrnEM="></latexit><latexit sha1_base64="+YkadYUxE3B0WZJ58eakiMTrnEM="></latexit><latexit sha1_base64="+YkadYUxE3B0WZJ58eakiMTrnEM="></latexit>

Theorem (Duchi & Namkoong ’20)



Convergence guarantee
Plug-in procedure:
Let       be the empirical distribution on Z1, .., Zn

iid⇠ Pobs
<latexit sha1_base64="ODO+dxzpGbQ0uMvps4KbaBbEfQU=">AAACJ3icbZDLSgMxFIYz9VbrbdSlm2ARXNRhRgRdScGNywr2gp1hyKRpG5rLkGSEMnTruwhu9TXciS59Ax/B9LKwrQcCH//5D+fkT1JGtfH9L6ewsrq2vlHcLG1t7+zuufsHDS0zhUkdSyZVK0GaMCpI3VDDSCtVBPGEkWYyuBn3m49EaSrFvRmmJOKoJ2iXYmSsFLvwIQ4q0PMqFgQMNeWUdmAtzkPFoUz0KHbLvudPCi5DMIMymFUtdn/CjsQZJ8JghrRuB35qohwpQzEjo1KYaZIiPEA90rYoECc6yic/GcETq3RgVyr7hIET9e9EjrjWQ55YJ0emrxd7Y/G/Xjsz3asopyLNDBF4uqibMWgkHMcCO1QRbNjQAsKK2lsh7iOFsLHhzW3RxkanrUGfcWuVk4iCxUCWoXHuBZbvLsrV61lYRXAEjsEpCMAlqIJbUAN1gMETeAGv4M15dt6dD+dzai04s5lDMFfO9y9K8aVr</latexit><latexit sha1_base64="ODO+dxzpGbQ0uMvps4KbaBbEfQU=">AAACJ3icbZDLSgMxFIYz9VbrbdSlm2ARXNRhRgRdScGNywr2gp1hyKRpG5rLkGSEMnTruwhu9TXciS59Ax/B9LKwrQcCH//5D+fkT1JGtfH9L6ewsrq2vlHcLG1t7+zuufsHDS0zhUkdSyZVK0GaMCpI3VDDSCtVBPGEkWYyuBn3m49EaSrFvRmmJOKoJ2iXYmSsFLvwIQ4q0PMqFgQMNeWUdmAtzkPFoUz0KHbLvudPCi5DMIMymFUtdn/CjsQZJ8JghrRuB35qohwpQzEjo1KYaZIiPEA90rYoECc6yic/GcETq3RgVyr7hIET9e9EjrjWQ55YJ0emrxd7Y/G/Xjsz3asopyLNDBF4uqibMWgkHMcCO1QRbNjQAsKK2lsh7iOFsLHhzW3RxkanrUGfcWuVk4iCxUCWoXHuBZbvLsrV61lYRXAEjsEpCMAlqIJbUAN1gMETeAGv4M15dt6dD+dzai04s5lDMFfO9y9K8aVr</latexit><latexit sha1_base64="ODO+dxzpGbQ0uMvps4KbaBbEfQU=">AAACJ3icbZDLSgMxFIYz9VbrbdSlm2ARXNRhRgRdScGNywr2gp1hyKRpG5rLkGSEMnTruwhu9TXciS59Ax/B9LKwrQcCH//5D+fkT1JGtfH9L6ewsrq2vlHcLG1t7+zuufsHDS0zhUkdSyZVK0GaMCpI3VDDSCtVBPGEkWYyuBn3m49EaSrFvRmmJOKoJ2iXYmSsFLvwIQ4q0PMqFgQMNeWUdmAtzkPFoUz0KHbLvudPCi5DMIMymFUtdn/CjsQZJ8JghrRuB35qohwpQzEjo1KYaZIiPEA90rYoECc6yic/GcETq3RgVyr7hIET9e9EjrjWQ55YJ0emrxd7Y/G/Xjsz3asopyLNDBF4uqibMWgkHMcCO1QRbNjQAsKK2lsh7iOFsLHhzW3RxkanrUGfcWuVk4iCxUCWoXHuBZbvLsrV61lYRXAEjsEpCMAlqIJbUAN1gMETeAGv4M15dt6dD+dzai04s5lDMFfO9y9K8aVr</latexit><latexit sha1_base64="ODO+dxzpGbQ0uMvps4KbaBbEfQU=">AAACJ3icbZDLSgMxFIYz9VbrbdSlm2ARXNRhRgRdScGNywr2gp1hyKRpG5rLkGSEMnTruwhu9TXciS59Ax/B9LKwrQcCH//5D+fkT1JGtfH9L6ewsrq2vlHcLG1t7+zuufsHDS0zhUkdSyZVK0GaMCpI3VDDSCtVBPGEkWYyuBn3m49EaSrFvRmmJOKoJ2iXYmSsFLvwIQ4q0PMqFgQMNeWUdmAtzkPFoUz0KHbLvudPCi5DMIMymFUtdn/CjsQZJ8JghrRuB35qohwpQzEjo1KYaZIiPEA90rYoECc6yic/GcETq3RgVyr7hIET9e9EjrjWQ55YJ0emrxd7Y/G/Xjsz3asopyLNDBF4uqibMWgkHMcCO1QRbNjQAsKK2lsh7iOFsLHhzW3RxkanrUGfcWuVk4iCxUCWoXHuBZbvLsrV61lYRXAEjsEpCMAlqIJbUAN1gMETeAGv4M15dt6dD+dzai04s5lDMFfO9y9K8aVr</latexit>

For bounded Lipschitz losses, with probability at least 1� e�t,
<latexit sha1_base64="872gBY9zeDurysdy1R3WrsxyZAI=">AAACEHicbVDLSgMxFM3UV62vqks3wSK4sGVGBF1W3LisYB8wHUsmzbShyWRI7ghlKPgNglv9DXfi1j/wL/wE08fCth4IHM454d57wkRwA6777eRWVtfWN/Kbha3tnd294v5Bw6hUU1anSijdColhgsesDhwEayWaERkK1gwHN2O/+ci04Sq+h2HCAkl6MY84JWAl38NlzB6yMozOOsWSW3EnwMvEm5ESmqHWKf60u4qmksVABTHG99wEgoxo4FSwUaGdGpYQOiA95lsaE8lMkE1WHuETq3RxpLR9MeCJ+vdHRqQxQxnapCTQN4veWPzP81OIroKMx0kKLKbTQVEqMCg8vh93uWYUxNASQjW3u2LaJ5pQsC3NTTFgOzI2YMrSRpUZ2Yq8xUKWSeO84ll+d1GqXj9Ny8qjI3SMTpGHLlEV3aIaqiOKFHpBr+jNeXbenQ/ncxrNObOCD9EcnK9fjqudqw==</latexit><latexit sha1_base64="872gBY9zeDurysdy1R3WrsxyZAI=">AAACEHicbVDLSgMxFM3UV62vqks3wSK4sGVGBF1W3LisYB8wHUsmzbShyWRI7ghlKPgNglv9DXfi1j/wL/wE08fCth4IHM454d57wkRwA6777eRWVtfWN/Kbha3tnd294v5Bw6hUU1anSijdColhgsesDhwEayWaERkK1gwHN2O/+ci04Sq+h2HCAkl6MY84JWAl38NlzB6yMozOOsWSW3EnwMvEm5ESmqHWKf60u4qmksVABTHG99wEgoxo4FSwUaGdGpYQOiA95lsaE8lMkE1WHuETq3RxpLR9MeCJ+vdHRqQxQxnapCTQN4veWPzP81OIroKMx0kKLKbTQVEqMCg8vh93uWYUxNASQjW3u2LaJ5pQsC3NTTFgOzI2YMrSRpUZ2Yq8xUKWSeO84ll+d1GqXj9Ny8qjI3SMTpGHLlEV3aIaqiOKFHpBr+jNeXbenQ/ncxrNObOCD9EcnK9fjqudqw==</latexit><latexit sha1_base64="872gBY9zeDurysdy1R3WrsxyZAI=">AAACEHicbVDLSgMxFM3UV62vqks3wSK4sGVGBF1W3LisYB8wHUsmzbShyWRI7ghlKPgNglv9DXfi1j/wL/wE08fCth4IHM454d57wkRwA6777eRWVtfWN/Kbha3tnd294v5Bw6hUU1anSijdColhgsesDhwEayWaERkK1gwHN2O/+ci04Sq+h2HCAkl6MY84JWAl38NlzB6yMozOOsWSW3EnwMvEm5ESmqHWKf60u4qmksVABTHG99wEgoxo4FSwUaGdGpYQOiA95lsaE8lMkE1WHuETq3RxpLR9MeCJ+vdHRqQxQxnapCTQN4veWPzP81OIroKMx0kKLKbTQVEqMCg8vh93uWYUxNASQjW3u2LaJ5pQsC3NTTFgOzI2YMrSRpUZ2Yq8xUKWSeO84ll+d1GqXj9Ny8qjI3SMTpGHLlEV3aIaqiOKFHpBr+jNeXbenQ/ncxrNObOCD9EcnK9fjqudqw==</latexit><latexit sha1_base64="872gBY9zeDurysdy1R3WrsxyZAI=">AAACEHicbVDLSgMxFM3UV62vqks3wSK4sGVGBF1W3LisYB8wHUsmzbShyWRI7ghlKPgNglv9DXfi1j/wL/wE08fCth4IHM454d57wkRwA6777eRWVtfWN/Kbha3tnd294v5Bw6hUU1anSijdColhgsesDhwEayWaERkK1gwHN2O/+ci04Sq+h2HCAkl6MY84JWAl38NlzB6yMozOOsWSW3EnwMvEm5ESmqHWKf60u4qmksVABTHG99wEgoxo4FSwUaGdGpYQOiA95lsaE8lMkE1WHuETq3RxpLR9MeCJ+vdHRqQxQxnapCTQN4veWPzP81OIroKMx0kKLKbTQVEqMCg8vh93uWYUxNASQjW3u2LaJ5pQsC3NTTFgOzI2YMrSRpUZ2Yq8xUKWSeO84ll+d1GqXj9Ny8qjI3SMTpGHLlEV3aIaqiOKFHpBr+jNeXbenQ/ncxrNObOCD9EcnK9fjqudqw==</latexit>

Rk,⇢(b✓robn ;Pobs)�min
✓2⇥

Rk,⇢(✓;Pobs) .
p

t+ d log n ·n� 1
k⇤_2

<latexit sha1_base64="HVOINE7zxRNn04xrTZo2vlt1Wx8="></latexit><latexit sha1_base64="HVOINE7zxRNn04xrTZo2vlt1Wx8="></latexit><latexit sha1_base64="HVOINE7zxRNn04xrTZo2vlt1Wx8="></latexit><latexit sha1_base64="HVOINE7zxRNn04xrTZo2vlt1Wx8="></latexit>

Theorem (Duchi & N. ’18)

k⇤ = k/(k � 1)
<latexit sha1_base64="D+hwrYXZN2QTULqgZYB+Zeyyqbk=">AAACFnicbZDLSgMxGIUz9VbrpaMu3QSLUIXWGRF0I1TcuKxgL9AOQybNtGEyyZBkhDIUfAzBrb6GO3Hr1rfwEUwvC9v6Q+Bwzgn/zxckjCrtON9WbmV1bX0jv1nY2t7ZLdp7+00lUolJAwsmZDtAijDKSUNTzUg7kQTFASOtILod561HIhUV/EEPE+LFqM9pSDHSxvLtYuSfwmsYwTNYjiruiW+XnKozGbgs3JkogdnUffun2xM4jQnXmCGlOq6TaC9DUlPMyKjQTRVJEI5Qn3SM5Cgmyssmh4/gsXF6MBTSPK7hxP37I0OxUsM4MM0Y6YFazMbmf1kn1eGVl1GepJpwPF0UpgxqAccUYI9KgjUbGoGwpOZWiAdIIqwNq7ktShtSyhRUJTZVoUYGkbsIZFk0z6uuW3XvL0q1m6cprDw4BEegDFxwCWrgDtRBA2CQghfwCt6sZ+vd+rA+p9WcNQN8AObG+voFEjueRA==</latexit><latexit sha1_base64="D+hwrYXZN2QTULqgZYB+Zeyyqbk=">AAACFnicbZDLSgMxGIUz9VbrpaMu3QSLUIXWGRF0I1TcuKxgL9AOQybNtGEyyZBkhDIUfAzBrb6GO3Hr1rfwEUwvC9v6Q+Bwzgn/zxckjCrtON9WbmV1bX0jv1nY2t7ZLdp7+00lUolJAwsmZDtAijDKSUNTzUg7kQTFASOtILod561HIhUV/EEPE+LFqM9pSDHSxvLtYuSfwmsYwTNYjiruiW+XnKozGbgs3JkogdnUffun2xM4jQnXmCGlOq6TaC9DUlPMyKjQTRVJEI5Qn3SM5Cgmyssmh4/gsXF6MBTSPK7hxP37I0OxUsM4MM0Y6YFazMbmf1kn1eGVl1GepJpwPF0UpgxqAccUYI9KgjUbGoGwpOZWiAdIIqwNq7ktShtSyhRUJTZVoUYGkbsIZFk0z6uuW3XvL0q1m6cprDw4BEegDFxwCWrgDtRBA2CQghfwCt6sZ+vd+rA+p9WcNQN8AObG+voFEjueRA==</latexit><latexit sha1_base64="D+hwrYXZN2QTULqgZYB+Zeyyqbk=">AAACFnicbZDLSgMxGIUz9VbrpaMu3QSLUIXWGRF0I1TcuKxgL9AOQybNtGEyyZBkhDIUfAzBrb6GO3Hr1rfwEUwvC9v6Q+Bwzgn/zxckjCrtON9WbmV1bX0jv1nY2t7ZLdp7+00lUolJAwsmZDtAijDKSUNTzUg7kQTFASOtILod561HIhUV/EEPE+LFqM9pSDHSxvLtYuSfwmsYwTNYjiruiW+XnKozGbgs3JkogdnUffun2xM4jQnXmCGlOq6TaC9DUlPMyKjQTRVJEI5Qn3SM5Cgmyssmh4/gsXF6MBTSPK7hxP37I0OxUsM4MM0Y6YFazMbmf1kn1eGVl1GepJpwPF0UpgxqAccUYI9KgjUbGoGwpOZWiAdIIqwNq7ktShtSyhRUJTZVoUYGkbsIZFk0z6uuW3XvL0q1m6cprDw4BEegDFxwCWrgDtRBA2CQghfwCt6sZ+vd+rA+p9WcNQN8AObG+voFEjueRA==</latexit><latexit sha1_base64="D+hwrYXZN2QTULqgZYB+Zeyyqbk=">AAACFnicbZDLSgMxGIUz9VbrpaMu3QSLUIXWGRF0I1TcuKxgL9AOQybNtGEyyZBkhDIUfAzBrb6GO3Hr1rfwEUwvC9v6Q+Bwzgn/zxckjCrtON9WbmV1bX0jv1nY2t7ZLdp7+00lUolJAwsmZDtAijDKSUNTzUg7kQTFASOtILod561HIhUV/EEPE+LFqM9pSDHSxvLtYuSfwmsYwTNYjiruiW+XnKozGbgs3JkogdnUffun2xM4jQnXmCGlOq6TaC9DUlPMyKjQTRVJEI5Qn3SM5Cgmyssmh4/gsXF6MBTSPK7hxP37I0OxUsM4MM0Y6YFazMbmf1kn1eGVl1GepJpwPF0UpgxqAccUYI9KgjUbGoGwpOZWiAdIIqwNq7ktShtSyhRUJTZVoUYGkbsIZFk0z6uuW3XvL0q1m6cprDw4BEegDFxwCWrgDtRBA2CQghfwCt6sZ+vd+rA+p9WcNQN8AObG+voFEjueRA==</latexit>

where                       .

b✓robn 2 argmin
✓2⇥

8
<

:Rk,⇢(✓; bPn) = sup
Q:Dfk(Q|| bPn)⇢

nX

i=1

qi`(✓;Zi)

9
=

;
<latexit sha1_base64="2jjF7SwsLzVscKCyCLE4K+OGL+Y="></latexit><latexit sha1_base64="2jjF7SwsLzVscKCyCLE4K+OGL+Y="></latexit><latexit sha1_base64="2jjF7SwsLzVscKCyCLE4K+OGL+Y="></latexit><latexit sha1_base64="2jjF7SwsLzVscKCyCLE4K+OGL+Y="></latexit>

bPn
<latexit sha1_base64="wKc4yGpxn/CiVJ0UU629GxtZses=">AAACCXicbVDLSgMxFM3UV62vqks3wSK4scyIoMuKG5cVbCu0Q8mkd9rQPIYkI5Sh4F5wq7/hTtz6Ff6Fn2Cm7cK2Hggczjnh3nuihDNjff/bK6ysrq1vFDdLW9s7u3vl/YOmUamm0KCKK/0QEQOcSWhYZjk8JBqIiDi0ouFN7rceQRum5L0dJRAK0pcsZpTYXOqASLrlil/1J8DLJJiRCpqh3i3/dHqKpgKkpZwY0w78xIYZ0ZZRDuNSJzWQEDokfWg7KokAE2aTXcf4xCk9HCvtnrR4ov79kRFhzEhELimIHZhFLxf/89qpja/CjMkktSDpdFCccmwVzg/HPaaBWj5yhFDN3K6YDogm1Lp65qYY68oxLmDOhIsqM3YVBYuFLJPmeTUIqsHdRaV2/TQtq4iO0DE6RQG6RDV0i+qogSgaoBf0it68Z+/d+/A+p9GCNyv4EM3B+/oFAEub3g==</latexit><latexit sha1_base64="wKc4yGpxn/CiVJ0UU629GxtZses=">AAACCXicbVDLSgMxFM3UV62vqks3wSK4scyIoMuKG5cVbCu0Q8mkd9rQPIYkI5Sh4F5wq7/hTtz6Ff6Fn2Cm7cK2Hggczjnh3nuihDNjff/bK6ysrq1vFDdLW9s7u3vl/YOmUamm0KCKK/0QEQOcSWhYZjk8JBqIiDi0ouFN7rceQRum5L0dJRAK0pcsZpTYXOqASLrlil/1J8DLJJiRCpqh3i3/dHqKpgKkpZwY0w78xIYZ0ZZRDuNSJzWQEDokfWg7KokAE2aTXcf4xCk9HCvtnrR4ov79kRFhzEhELimIHZhFLxf/89qpja/CjMkktSDpdFCccmwVzg/HPaaBWj5yhFDN3K6YDogm1Lp65qYY68oxLmDOhIsqM3YVBYuFLJPmeTUIqsHdRaV2/TQtq4iO0DE6RQG6RDV0i+qogSgaoBf0it68Z+/d+/A+p9GCNyv4EM3B+/oFAEub3g==</latexit><latexit sha1_base64="wKc4yGpxn/CiVJ0UU629GxtZses=">AAACCXicbVDLSgMxFM3UV62vqks3wSK4scyIoMuKG5cVbCu0Q8mkd9rQPIYkI5Sh4F5wq7/hTtz6Ff6Fn2Cm7cK2Hggczjnh3nuihDNjff/bK6ysrq1vFDdLW9s7u3vl/YOmUamm0KCKK/0QEQOcSWhYZjk8JBqIiDi0ouFN7rceQRum5L0dJRAK0pcsZpTYXOqASLrlil/1J8DLJJiRCpqh3i3/dHqKpgKkpZwY0w78xIYZ0ZZRDuNSJzWQEDokfWg7KokAE2aTXcf4xCk9HCvtnrR4ov79kRFhzEhELimIHZhFLxf/89qpja/CjMkktSDpdFCccmwVzg/HPaaBWj5yhFDN3K6YDogm1Lp65qYY68oxLmDOhIsqM3YVBYuFLJPmeTUIqsHdRaV2/TQtq4iO0DE6RQG6RDV0i+qogSgaoBf0it68Z+/d+/A+p9GCNyv4EM3B+/oFAEub3g==</latexit><latexit sha1_base64="wKc4yGpxn/CiVJ0UU629GxtZses=">AAACCXicbVDLSgMxFM3UV62vqks3wSK4scyIoMuKG5cVbCu0Q8mkd9rQPIYkI5Sh4F5wq7/hTtz6Ff6Fn2Cm7cK2Hggczjnh3nuihDNjff/bK6ysrq1vFDdLW9s7u3vl/YOmUamm0KCKK/0QEQOcSWhYZjk8JBqIiDi0ouFN7rceQRum5L0dJRAK0pcsZpTYXOqASLrlil/1J8DLJJiRCpqh3i3/dHqKpgKkpZwY0w78xIYZ0ZZRDuNSJzWQEDokfWg7KokAE2aTXcf4xCk9HCvtnrR4ov79kRFhzEhELimIHZhFLxf/89qpja/CjMkktSDpdFCccmwVzg/HPaaBWj5yhFDN3K6YDogm1Lp65qYY68oxLmDOhIsqM3YVBYuFLJPmeTUIqsHdRaV2/TQtq4iO0DE6RQG6RDV0i+qogSgaoBf0it68Z+/d+/A+p9GCNyv4EM3B+/oFAEub3g==</latexit>

: parametric rate,          k 2 [2,1)
<latexit sha1_base64="yQLQLovVH14wgDFtbeu+/xV7aPI=">AAACGHicbZDLSsNAFIYn9VbrLdWlm8EiKGhJiqDLihuXFewF2lAm00k7dDIJMydKCQWfQ3Crr+FO3LrzLXwEJ20XtvXAMD//+Q/n8Pmx4Boc59vKrayurW/kNwtb2zu7e3Zxv6GjRFFWp5GIVMsnmgkuWR04CNaKFSOhL1jTH95k/eYDU5pH8h5GMfNC0pc84JSAsbp2cYg7XOJ25Sz7Axiddu2SU3YmhZeFOxMlNKta1/7p9CKahEwCFUTrtuvE4KVEAaeCjQudRLOY0CHps7aRkoRMe+nk9DE+Nk4PB5EyTwKeuH8nUhJqPQp9kwwJDPRiLzP/67UTCK68lMs4ASbpdFGQCAwRzjjgHleMghgZQaji5lZMB0QRCobW3BYNhpU2AX0emmikxwaRuwhkWTQqZdctu3cXper10xRWHh2iI3SCXHSJqugW1VAdUfSIXtArerOerXfrw/qcRnPWDPABmivr6xeyJqBZ</latexit><latexit sha1_base64="yQLQLovVH14wgDFtbeu+/xV7aPI=">AAACGHicbZDLSsNAFIYn9VbrLdWlm8EiKGhJiqDLihuXFewF2lAm00k7dDIJMydKCQWfQ3Crr+FO3LrzLXwEJ20XtvXAMD//+Q/n8Pmx4Boc59vKrayurW/kNwtb2zu7e3Zxv6GjRFFWp5GIVMsnmgkuWR04CNaKFSOhL1jTH95k/eYDU5pH8h5GMfNC0pc84JSAsbp2cYg7XOJ25Sz7Axiddu2SU3YmhZeFOxMlNKta1/7p9CKahEwCFUTrtuvE4KVEAaeCjQudRLOY0CHps7aRkoRMe+nk9DE+Nk4PB5EyTwKeuH8nUhJqPQp9kwwJDPRiLzP/67UTCK68lMs4ASbpdFGQCAwRzjjgHleMghgZQaji5lZMB0QRCobW3BYNhpU2AX0emmikxwaRuwhkWTQqZdctu3cXper10xRWHh2iI3SCXHSJqugW1VAdUfSIXtArerOerXfrw/qcRnPWDPABmivr6xeyJqBZ</latexit><latexit sha1_base64="yQLQLovVH14wgDFtbeu+/xV7aPI=">AAACGHicbZDLSsNAFIYn9VbrLdWlm8EiKGhJiqDLihuXFewF2lAm00k7dDIJMydKCQWfQ3Crr+FO3LrzLXwEJ20XtvXAMD//+Q/n8Pmx4Boc59vKrayurW/kNwtb2zu7e3Zxv6GjRFFWp5GIVMsnmgkuWR04CNaKFSOhL1jTH95k/eYDU5pH8h5GMfNC0pc84JSAsbp2cYg7XOJ25Sz7Axiddu2SU3YmhZeFOxMlNKta1/7p9CKahEwCFUTrtuvE4KVEAaeCjQudRLOY0CHps7aRkoRMe+nk9DE+Nk4PB5EyTwKeuH8nUhJqPQp9kwwJDPRiLzP/67UTCK68lMs4ASbpdFGQCAwRzjjgHleMghgZQaji5lZMB0QRCobW3BYNhpU2AX0emmikxwaRuwhkWTQqZdctu3cXper10xRWHh2iI3SCXHSJqugW1VAdUfSIXtArerOerXfrw/qcRnPWDPABmivr6xeyJqBZ</latexit><latexit sha1_base64="yQLQLovVH14wgDFtbeu+/xV7aPI=">AAACGHicbZDLSsNAFIYn9VbrLdWlm8EiKGhJiqDLihuXFewF2lAm00k7dDIJMydKCQWfQ3Crr+FO3LrzLXwEJ20XtvXAMD//+Q/n8Pmx4Boc59vKrayurW/kNwtb2zu7e3Zxv6GjRFFWp5GIVMsnmgkuWR04CNaKFSOhL1jTH95k/eYDU5pH8h5GMfNC0pc84JSAsbp2cYg7XOJ25Sz7Axiddu2SU3YmhZeFOxMlNKta1/7p9CKahEwCFUTrtuvE4KVEAaeCjQudRLOY0CHps7aRkoRMe+nk9DE+Nk4PB5EyTwKeuH8nUhJqPQp9kwwJDPRiLzP/67UTCK68lMs4ASbpdFGQCAwRzjjgHleMghgZQaji5lZMB0QRCobW3BYNhpU2AX0emmikxwaRuwhkWTQqZdctu3cXper10xRWHh2iI3SCXHSJqugW1VAdUfSIXtArerOerXfrw/qcRnPWDPABmivr6xeyJqBZ</latexit>

: slower ratek 2 (1, 2)
<latexit sha1_base64="O5Xpo+NM33XIQiyqH63Er99LhOM=">AAACEXicbZDLSgMxGIUzXmu9VV26CRahgpZJEXRZceOygr1AZyiZNNOG5jIkGaEMBd9BcKuv4U7c+gS+hY9gelnY1h8Ch3NO+H++KOHMWN//9lZW19Y3NnNb+e2d3b39wsFhw6hUE1oniivdirChnElat8xy2ko0xSLitBkNbsd585Fqw5R8sMOEhgL3JIsZwdZZwQAGTMISOoeVs06h6Jf9ycBlgWaiCGZT6xR+gq4iqaDSEo6NaSM/sWGGtWWE01E+SA1NMBngHm07KbGgJswmN4/gqXO6MFbaPWnhxP37I8PCmKGIXFNg2zeL2dj8L2unNr4OMyaT1FJJpovilEOr4BgA7DJNieVDJzDRzN0KSR9rTKzDNLfFWAfJuIK5EK6qzMghQotAlkWjUkaojO4vi9WbpymsHDgGJ6AEELgCVXAHaqAOCEjAC3gFb96z9+59eJ/T6oo3A3wE5sb7+gVDxp1u</latexit><latexit sha1_base64="O5Xpo+NM33XIQiyqH63Er99LhOM=">AAACEXicbZDLSgMxGIUzXmu9VV26CRahgpZJEXRZceOygr1AZyiZNNOG5jIkGaEMBd9BcKuv4U7c+gS+hY9gelnY1h8Ch3NO+H++KOHMWN//9lZW19Y3NnNb+e2d3b39wsFhw6hUE1oniivdirChnElat8xy2ko0xSLitBkNbsd585Fqw5R8sMOEhgL3JIsZwdZZwQAGTMISOoeVs06h6Jf9ycBlgWaiCGZT6xR+gq4iqaDSEo6NaSM/sWGGtWWE01E+SA1NMBngHm07KbGgJswmN4/gqXO6MFbaPWnhxP37I8PCmKGIXFNg2zeL2dj8L2unNr4OMyaT1FJJpovilEOr4BgA7DJNieVDJzDRzN0KSR9rTKzDNLfFWAfJuIK5EK6qzMghQotAlkWjUkaojO4vi9WbpymsHDgGJ6AEELgCVXAHaqAOCEjAC3gFb96z9+59eJ/T6oo3A3wE5sb7+gVDxp1u</latexit><latexit sha1_base64="O5Xpo+NM33XIQiyqH63Er99LhOM=">AAACEXicbZDLSgMxGIUzXmu9VV26CRahgpZJEXRZceOygr1AZyiZNNOG5jIkGaEMBd9BcKuv4U7c+gS+hY9gelnY1h8Ch3NO+H++KOHMWN//9lZW19Y3NnNb+e2d3b39wsFhw6hUE1oniivdirChnElat8xy2ko0xSLitBkNbsd585Fqw5R8sMOEhgL3JIsZwdZZwQAGTMISOoeVs06h6Jf9ycBlgWaiCGZT6xR+gq4iqaDSEo6NaSM/sWGGtWWE01E+SA1NMBngHm07KbGgJswmN4/gqXO6MFbaPWnhxP37I8PCmKGIXFNg2zeL2dj8L2unNr4OMyaT1FJJpovilEOr4BgA7DJNieVDJzDRzN0KSR9rTKzDNLfFWAfJuIK5EK6qzMghQotAlkWjUkaojO4vi9WbpymsHDgGJ6AEELgCVXAHaqAOCEjAC3gFb96z9+59eJ/T6oo3A3wE5sb7+gVDxp1u</latexit><latexit sha1_base64="O5Xpo+NM33XIQiyqH63Er99LhOM=">AAACEXicbZDLSgMxGIUzXmu9VV26CRahgpZJEXRZceOygr1AZyiZNNOG5jIkGaEMBd9BcKuv4U7c+gS+hY9gelnY1h8Ch3NO+H++KOHMWN//9lZW19Y3NnNb+e2d3b39wsFhw6hUE1oniivdirChnElat8xy2ko0xSLitBkNbsd585Fqw5R8sMOEhgL3JIsZwdZZwQAGTMISOoeVs06h6Jf9ycBlgWaiCGZT6xR+gq4iqaDSEo6NaSM/sWGGtWWE01E+SA1NMBngHm07KbGgJswmN4/gqXO6MFbaPWnhxP37I8PCmKGIXFNg2zeL2dj8L2unNr4OMyaT1FJJpovilEOr4BgA7DJNieVDJzDRzN0KSR9rTKzDNLfFWAfJuIK5EK6qzMghQotAlkWjUkaojO4vi9WbpymsHDgGJ6AEELgCVXAHaqAOCEjAC3gFb96z9+59eJ/T6oo3A3wE5sb7+gVDxp1u</latexit>



Fundamental lower bound

Linear function                   on          ,     s.t.     bounded[�1, 1]
<latexit sha1_base64="j4s6ovLjQKSNcFH/UKb0DNKrNfI=">AAACDHicbVDLSgMxFM3UV62vqks3wSK4sGVGBF1JwY3LCvYB06Fk0kwbmmSG5I5Qhv6C4FZ/w5249R/8Cz/BtJ2FbT0QOJxzLvfmhIngBlz32ymsrW9sbhW3Szu7e/sH5cOjlolTTVmTxiLWnZAYJrhiTeAgWCfRjMhQsHY4upv67SemDY/VI4wTFkgyUDzilICV2n7Vu8Be0CtX3Jo7A14lXk4qKEejV/7p9mOaSqaACmKM77kJBBnRwKlgk1I3NSwhdEQGzLdUEclMkM3OneAzq/RxFGv7FOCZ+nciI9KYsQxtUhIYmmVvKv7n+SlEN0HGVZICU3S+KEoFhhhP/477XDMKYmwJoZrbWzEdEk0o2IYWthiw/RgbMFVpo7GZ2Iq85UJWSeuy5ln+cFWp3+ZlFdEJOkXnyEPXqI7uUQM1EUUj9IJe0Zvz7Lw7H87nPFpw8pljtADn6xc4q5tt</latexit><latexit sha1_base64="j4s6ovLjQKSNcFH/UKb0DNKrNfI=">AAACDHicbVDLSgMxFM3UV62vqks3wSK4sGVGBF1JwY3LCvYB06Fk0kwbmmSG5I5Qhv6C4FZ/w5249R/8Cz/BtJ2FbT0QOJxzLvfmhIngBlz32ymsrW9sbhW3Szu7e/sH5cOjlolTTVmTxiLWnZAYJrhiTeAgWCfRjMhQsHY4upv67SemDY/VI4wTFkgyUDzilICV2n7Vu8Be0CtX3Jo7A14lXk4qKEejV/7p9mOaSqaACmKM77kJBBnRwKlgk1I3NSwhdEQGzLdUEclMkM3OneAzq/RxFGv7FOCZ+nciI9KYsQxtUhIYmmVvKv7n+SlEN0HGVZICU3S+KEoFhhhP/477XDMKYmwJoZrbWzEdEk0o2IYWthiw/RgbMFVpo7GZ2Iq85UJWSeuy5ln+cFWp3+ZlFdEJOkXnyEPXqI7uUQM1EUUj9IJe0Zvz7Lw7H87nPFpw8pljtADn6xc4q5tt</latexit><latexit sha1_base64="j4s6ovLjQKSNcFH/UKb0DNKrNfI=">AAACDHicbVDLSgMxFM3UV62vqks3wSK4sGVGBF1JwY3LCvYB06Fk0kwbmmSG5I5Qhv6C4FZ/w5249R/8Cz/BtJ2FbT0QOJxzLvfmhIngBlz32ymsrW9sbhW3Szu7e/sH5cOjlolTTVmTxiLWnZAYJrhiTeAgWCfRjMhQsHY4upv67SemDY/VI4wTFkgyUDzilICV2n7Vu8Be0CtX3Jo7A14lXk4qKEejV/7p9mOaSqaACmKM77kJBBnRwKlgk1I3NSwhdEQGzLdUEclMkM3OneAzq/RxFGv7FOCZ+nciI9KYsQxtUhIYmmVvKv7n+SlEN0HGVZICU3S+KEoFhhhP/477XDMKYmwJoZrbWzEdEk0o2IYWthiw/RgbMFVpo7GZ2Iq85UJWSeuy5ln+cFWp3+ZlFdEJOkXnyEPXqI7uUQM1EUUj9IJe0Zvz7Lw7H87nPFpw8pljtADn6xc4q5tt</latexit><latexit sha1_base64="j4s6ovLjQKSNcFH/UKb0DNKrNfI=">AAACDHicbVDLSgMxFM3UV62vqks3wSK4sGVGBF1JwY3LCvYB06Fk0kwbmmSG5I5Qhv6C4FZ/w5249R/8Cz/BtJ2FbT0QOJxzLvfmhIngBlz32ymsrW9sbhW3Szu7e/sH5cOjlolTTVmTxiLWnZAYJrhiTeAgWCfRjMhQsHY4upv67SemDY/VI4wTFkgyUDzilICV2n7Vu8Be0CtX3Jo7A14lXk4qKEejV/7p9mOaSqaACmKM77kJBBnRwKlgk1I3NSwhdEQGzLdUEclMkM3OneAzq/RxFGv7FOCZ+nciI9KYsQxtUhIYmmVvKv7n+SlEN0HGVZICU3S+KEoFhhhP/477XDMKYmwJoZrbWzEdEk0o2IYWthiw/RgbMFVpo7GZ2Iq85UJWSeuy5ln+cFWp3+ZlFdEJOkXnyEPXqI7uUQM1EUUj9IJe0Zvz7Lw7H87nPFpw8pljtADn6xc4q5tt</latexit>

`(✓;Z) = ✓Z
<latexit sha1_base64="Z5ElOyoRo0XQtCqpytNlVkG2jn8=">AAACInicbVDLSgMxFM3UV62vqstugkWoC8uMCAqiFNy4rGAf9EHJpGkbmpkMuXeEUrrwXwS3+hvuxJXgR/gJpo+FbT0QODnnXG5y/EhJQNf9chIrq2vrG8nN1Nb2zu5eev+gDDo2XJS4VtpUfQZCyVCUUKIS1cgIFvhKVPz+7divPAoDUocPOIhEM2DdUHYkZ2ilVjrTUBog18CeQHZFayf0mk4vtNZKZ928OwFdJt6MZMkMxVb6p9HWPA5EiFwxgLrnRtgcMoOSKzFKNWIQEeN91hV1S0MWCGgOJ58Y0WOrtGlHG3tCpBP178SQBQCDwLfJgGEPFr2x+J9Xj7Fz2RzKMIpRhHy6qBMripqOG6FtaQRHNbCEcSPtWynvMcM42t7mtgDa1sAG4DSwUQ0jW5G3WMgyKZ/lPcvvz7OFm1lZSZIhRyRHPHJBCuSOFEmJcPJEXsgreXOenXfnw/mcRhPObOaQzMH5/gUvz6PR</latexit><latexit sha1_base64="Z5ElOyoRo0XQtCqpytNlVkG2jn8=">AAACInicbVDLSgMxFM3UV62vqstugkWoC8uMCAqiFNy4rGAf9EHJpGkbmpkMuXeEUrrwXwS3+hvuxJXgR/gJpo+FbT0QODnnXG5y/EhJQNf9chIrq2vrG8nN1Nb2zu5eev+gDDo2XJS4VtpUfQZCyVCUUKIS1cgIFvhKVPz+7divPAoDUocPOIhEM2DdUHYkZ2ilVjrTUBog18CeQHZFayf0mk4vtNZKZ928OwFdJt6MZMkMxVb6p9HWPA5EiFwxgLrnRtgcMoOSKzFKNWIQEeN91hV1S0MWCGgOJ58Y0WOrtGlHG3tCpBP178SQBQCDwLfJgGEPFr2x+J9Xj7Fz2RzKMIpRhHy6qBMripqOG6FtaQRHNbCEcSPtWynvMcM42t7mtgDa1sAG4DSwUQ0jW5G3WMgyKZ/lPcvvz7OFm1lZSZIhRyRHPHJBCuSOFEmJcPJEXsgreXOenXfnw/mcRhPObOaQzMH5/gUvz6PR</latexit><latexit sha1_base64="Z5ElOyoRo0XQtCqpytNlVkG2jn8=">AAACInicbVDLSgMxFM3UV62vqstugkWoC8uMCAqiFNy4rGAf9EHJpGkbmpkMuXeEUrrwXwS3+hvuxJXgR/gJpo+FbT0QODnnXG5y/EhJQNf9chIrq2vrG8nN1Nb2zu5eev+gDDo2XJS4VtpUfQZCyVCUUKIS1cgIFvhKVPz+7divPAoDUocPOIhEM2DdUHYkZ2ilVjrTUBog18CeQHZFayf0mk4vtNZKZ928OwFdJt6MZMkMxVb6p9HWPA5EiFwxgLrnRtgcMoOSKzFKNWIQEeN91hV1S0MWCGgOJ58Y0WOrtGlHG3tCpBP178SQBQCDwLfJgGEPFr2x+J9Xj7Fz2RzKMIpRhHy6qBMripqOG6FtaQRHNbCEcSPtWynvMcM42t7mtgDa1sAG4DSwUQ0jW5G3WMgyKZ/lPcvvz7OFm1lZSZIhRyRHPHJBCuSOFEmJcPJEXsgreXOenXfnw/mcRhPObOaQzMH5/gUvz6PR</latexit><latexit sha1_base64="Z5ElOyoRo0XQtCqpytNlVkG2jn8=">AAACInicbVDLSgMxFM3UV62vqstugkWoC8uMCAqiFNy4rGAf9EHJpGkbmpkMuXeEUrrwXwS3+hvuxJXgR/gJpo+FbT0QODnnXG5y/EhJQNf9chIrq2vrG8nN1Nb2zu5eev+gDDo2XJS4VtpUfQZCyVCUUKIS1cgIFvhKVPz+7divPAoDUocPOIhEM2DdUHYkZ2ilVjrTUBog18CeQHZFayf0mk4vtNZKZ928OwFdJt6MZMkMxVb6p9HWPA5EiFwxgLrnRtgcMoOSKzFKNWIQEeN91hV1S0MWCGgOJ58Y0WOrtGlHG3tCpBP178SQBQCDwLfJgGEPFr2x+J9Xj7Fz2RzKMIpRhHy6qBMripqOG6FtaQRHNbCEcSPtWynvMcM42t7mtgDa1sAG4DSwUQ0jW5G3WMgyKZ/lPcvvz7OFm1lZSZIhRyRHPHJBCuSOFEmJcPJEXsgreXOenXfnw/mcRhPObOaQzMH5/gUvz6PR</latexit>

Z
<latexit sha1_base64="WmnpueRL7EMijq2fKIef/cjX9oY=">AAACBnicbVDLSgMxFM3UV62vqks3wSK4scyIoCspuHHZgn1gO5RMeqcNzWNIMkIp3Qtu9TfciVt/w7/wE0zbWdjWA4HDOedyb06UcGas7397ubX1jc2t/HZhZ3dv/6B4eNQwKtUU6lRxpVsRMcCZhLpllkMr0UBExKEZDe+mfvMJtGFKPthRAqEgfcliRol1Uu2xWyz5ZX8GvEqCjJRQhmq3+NPpKZoKkJZyYkw78BMbjom2jHKYFDqpgYTQIelD21FJBJhwPDt0gs+c0sOx0u5Ji2fq34kxEcaMROSSgtiBWfam4n9eO7XxTThmMkktSDpfFKccW4Wnv8Y9poFaPnKEUM3crZgOiCbUum4WthjrmjEuYC6EiyozcRUFy4WsksZlOXC8dlWq3GZl5dEJOkXnKEDXqILuURXVEUWAXtArevOevXfvw/ucR3NeNnOMFuB9/QJWhpn4</latexit><latexit sha1_base64="WmnpueRL7EMijq2fKIef/cjX9oY=">AAACBnicbVDLSgMxFM3UV62vqks3wSK4scyIoCspuHHZgn1gO5RMeqcNzWNIMkIp3Qtu9TfciVt/w7/wE0zbWdjWA4HDOedyb06UcGas7397ubX1jc2t/HZhZ3dv/6B4eNQwKtUU6lRxpVsRMcCZhLpllkMr0UBExKEZDe+mfvMJtGFKPthRAqEgfcliRol1Uu2xWyz5ZX8GvEqCjJRQhmq3+NPpKZoKkJZyYkw78BMbjom2jHKYFDqpgYTQIelD21FJBJhwPDt0gs+c0sOx0u5Ji2fq34kxEcaMROSSgtiBWfam4n9eO7XxTThmMkktSDpfFKccW4Wnv8Y9poFaPnKEUM3crZgOiCbUum4WthjrmjEuYC6EiyozcRUFy4WsksZlOXC8dlWq3GZl5dEJOkXnKEDXqILuURXVEUWAXtArevOevXfvw/ucR3NeNnOMFuB9/QJWhpn4</latexit><latexit sha1_base64="WmnpueRL7EMijq2fKIef/cjX9oY=">AAACBnicbVDLSgMxFM3UV62vqks3wSK4scyIoCspuHHZgn1gO5RMeqcNzWNIMkIp3Qtu9TfciVt/w7/wE0zbWdjWA4HDOedyb06UcGas7397ubX1jc2t/HZhZ3dv/6B4eNQwKtUU6lRxpVsRMcCZhLpllkMr0UBExKEZDe+mfvMJtGFKPthRAqEgfcliRol1Uu2xWyz5ZX8GvEqCjJRQhmq3+NPpKZoKkJZyYkw78BMbjom2jHKYFDqpgYTQIelD21FJBJhwPDt0gs+c0sOx0u5Ji2fq34kxEcaMROSSgtiBWfam4n9eO7XxTThmMkktSDpfFKccW4Wnv8Y9poFaPnKEUM3crZgOiCbUum4WthjrmjEuYC6EiyozcRUFy4WsksZlOXC8dlWq3GZl5dEJOkXnKEDXqILuURXVEUWAXtArevOevXfvw/ucR3NeNnOMFuB9/QJWhpn4</latexit><latexit sha1_base64="WmnpueRL7EMijq2fKIef/cjX9oY=">AAACBnicbVDLSgMxFM3UV62vqks3wSK4scyIoCspuHHZgn1gO5RMeqcNzWNIMkIp3Qtu9TfciVt/w7/wE0zbWdjWA4HDOedyb06UcGas7397ubX1jc2t/HZhZ3dv/6B4eNQwKtUU6lRxpVsRMcCZhLpllkMr0UBExKEZDe+mfvMJtGFKPthRAqEgfcliRol1Uu2xWyz5ZX8GvEqCjJRQhmq3+NPpKZoKkJZyYkw78BMbjom2jHKYFDqpgYTQIelD21FJBJhwPDt0gs+c0sOx0u5Ji2fq34kxEcaMROSSgtiBWfam4n9eO7XxTThmMkktSDpfFKccW4Wnv8Y9poFaPnKEUM3crZgOiCbUum4WthjrmjEuYC6EiyozcRUFy4WsksZlOXC8dlWq3GZl5dEJOkXnKEDXqILuURXVEUWAXtArevOevXfvw/ucR3NeNnOMFuB9/QJWhpn4</latexit>

P
<latexit sha1_base64="heq34cifSuwCpok099+8ssWWBac=">AAACC3icbVDLSgMxFM34rPVVdekmWAQ3lhkRdCUFNy4r2Ae0Q8mkaRubx5DcEcrQTxDc6m+4E7d+hH/hJ5hpZ2FbDwQO55zLvTlRLLgF3//2VlbX1jc2C1vF7Z3dvf3SwWHD6sRQVqdaaNOKiGWCK1YHDoK1YsOIjARrRqPbzG8+MWO5Vg8wjlkoyUDxPqcEnNToSJrWJt1S2a/4U+BlEuSkjHLUuqWfTk/TRDIFVBBr24EfQ5gSA5wKNil2EstiQkdkwNqOKiKZDdPptRN86pQe7mvjngI8Vf9OpERaO5aRS0oCQ7voZeJ/XjuB/nWYchUnwBSdLeonAoPG2ddxjxtGQYwdIdRwdyumQ2IIBVfQ3BYLrh7rAvZcuqi2WUXBYiHLpHFRCRy/vyxXb/KyCugYnaAzFKArVEV3qIbqiKJH9IJe0Zv37L17H97nLLri5TNHaA7e1y+EQ5xE</latexit><latexit sha1_base64="heq34cifSuwCpok099+8ssWWBac=">AAACC3icbVDLSgMxFM34rPVVdekmWAQ3lhkRdCUFNy4r2Ae0Q8mkaRubx5DcEcrQTxDc6m+4E7d+hH/hJ5hpZ2FbDwQO55zLvTlRLLgF3//2VlbX1jc2C1vF7Z3dvf3SwWHD6sRQVqdaaNOKiGWCK1YHDoK1YsOIjARrRqPbzG8+MWO5Vg8wjlkoyUDxPqcEnNToSJrWJt1S2a/4U+BlEuSkjHLUuqWfTk/TRDIFVBBr24EfQ5gSA5wKNil2EstiQkdkwNqOKiKZDdPptRN86pQe7mvjngI8Vf9OpERaO5aRS0oCQ7voZeJ/XjuB/nWYchUnwBSdLeonAoPG2ddxjxtGQYwdIdRwdyumQ2IIBVfQ3BYLrh7rAvZcuqi2WUXBYiHLpHFRCRy/vyxXb/KyCugYnaAzFKArVEV3qIbqiKJH9IJe0Zv37L17H97nLLri5TNHaA7e1y+EQ5xE</latexit><latexit sha1_base64="heq34cifSuwCpok099+8ssWWBac=">AAACC3icbVDLSgMxFM34rPVVdekmWAQ3lhkRdCUFNy4r2Ae0Q8mkaRubx5DcEcrQTxDc6m+4E7d+hH/hJ5hpZ2FbDwQO55zLvTlRLLgF3//2VlbX1jc2C1vF7Z3dvf3SwWHD6sRQVqdaaNOKiGWCK1YHDoK1YsOIjARrRqPbzG8+MWO5Vg8wjlkoyUDxPqcEnNToSJrWJt1S2a/4U+BlEuSkjHLUuqWfTk/TRDIFVBBr24EfQ5gSA5wKNil2EstiQkdkwNqOKiKZDdPptRN86pQe7mvjngI8Vf9OpERaO5aRS0oCQ7voZeJ/XjuB/nWYchUnwBSdLeonAoPG2ddxjxtGQYwdIdRwdyumQ2IIBVfQ3BYLrh7rAvZcuqi2WUXBYiHLpHFRCRy/vyxXb/KyCugYnaAzFKArVEV3qIbqiKJH9IJe0Zv37L17H97nLLri5TNHaA7e1y+EQ5xE</latexit><latexit sha1_base64="heq34cifSuwCpok099+8ssWWBac=">AAACC3icbVDLSgMxFM34rPVVdekmWAQ3lhkRdCUFNy4r2Ae0Q8mkaRubx5DcEcrQTxDc6m+4E7d+hH/hJ5hpZ2FbDwQO55zLvTlRLLgF3//2VlbX1jc2C1vF7Z3dvf3SwWHD6sRQVqdaaNOKiGWCK1YHDoK1YsOIjARrRqPbzG8+MWO5Vg8wjlkoyUDxPqcEnNToSJrWJt1S2a/4U+BlEuSkjHLUuqWfTk/TRDIFVBBr24EfQ5gSA5wKNil2EstiQkdkwNqOKiKZDdPptRN86pQe7mvjngI8Vf9OpERaO5aRS0oCQ7voZeJ/XjuB/nWYchUnwBSdLeonAoPG2ddxjxtGQYwdIdRwdyumQ2IIBVfQ3BYLrh7rAvZcuqi2WUXBYiHLpHFRCRy/vyxXb/KyCugYnaAzFKArVEV3qIbqiKJH9IJe0Zv37L17H97nLLri5TNHaA7e1y+EQ5xE</latexit>

• Matching upper and lower bounds in       


• Statistical price of subpopulation performance


• Slow nonparametric rates unavoidable for 

n
<latexit sha1_base64="FDQohcXqy+Yxgrztkj/H2e4va2g=">AAACBnicbVDLSgMxFM3UV62vqks3wSK4scyIoMuKG5ct2Ae0Q8mkmTY0jyG5I5Sh4FJwq7/hTtz6G/6Fn2D6WNjWA4HDOSfce0+UCG7B97+93Nr6xuZWfruws7u3f1A8PGpYnRrK6lQLbVoRsUxwxerAQbBWYhiRkWDNaHg38ZuPzFiu1QOMEhZK0lc85pSAk2qqWyz5ZX8KvEqCOSmhOard4k+np2kqmQIqiLXtwE8gzIgBTgUbFzqpZQmhQ9JnbUcVkcyG2XTRMT5zSg/H2rinAE/Vvz8yIq0dycglJYGBXfYm4n9eO4X4Jsy4SlJgis4GxanAoPHkatzjhlEQI0cINdztiumAGELBdbMwxYJrxrqAvZAuqu3YVRQsF7JKGpflwPHaValy+zQrK49O0Ck6RwG6RhV0j6qojihi6AW9ojfv2Xv3PrzPWTTnzQs+Rgvwvn4BnhWajw==</latexit><latexit sha1_base64="FDQohcXqy+Yxgrztkj/H2e4va2g=">AAACBnicbVDLSgMxFM3UV62vqks3wSK4scyIoMuKG5ct2Ae0Q8mkmTY0jyG5I5Sh4FJwq7/hTtz6G/6Fn2D6WNjWA4HDOSfce0+UCG7B97+93Nr6xuZWfruws7u3f1A8PGpYnRrK6lQLbVoRsUxwxerAQbBWYhiRkWDNaHg38ZuPzFiu1QOMEhZK0lc85pSAk2qqWyz5ZX8KvEqCOSmhOard4k+np2kqmQIqiLXtwE8gzIgBTgUbFzqpZQmhQ9JnbUcVkcyG2XTRMT5zSg/H2rinAE/Vvz8yIq0dycglJYGBXfYm4n9eO4X4Jsy4SlJgis4GxanAoPHkatzjhlEQI0cINdztiumAGELBdbMwxYJrxrqAvZAuqu3YVRQsF7JKGpflwPHaValy+zQrK49O0Ck6RwG6RhV0j6qojihi6AW9ojfv2Xv3PrzPWTTnzQs+Rgvwvn4BnhWajw==</latexit><latexit sha1_base64="FDQohcXqy+Yxgrztkj/H2e4va2g=">AAACBnicbVDLSgMxFM3UV62vqks3wSK4scyIoMuKG5ct2Ae0Q8mkmTY0jyG5I5Sh4FJwq7/hTtz6G/6Fn2D6WNjWA4HDOSfce0+UCG7B97+93Nr6xuZWfruws7u3f1A8PGpYnRrK6lQLbVoRsUxwxerAQbBWYhiRkWDNaHg38ZuPzFiu1QOMEhZK0lc85pSAk2qqWyz5ZX8KvEqCOSmhOard4k+np2kqmQIqiLXtwE8gzIgBTgUbFzqpZQmhQ9JnbUcVkcyG2XTRMT5zSg/H2rinAE/Vvz8yIq0dycglJYGBXfYm4n9eO4X4Jsy4SlJgis4GxanAoPHkatzjhlEQI0cINdztiumAGELBdbMwxYJrxrqAvZAuqu3YVRQsF7JKGpflwPHaValy+zQrK49O0Ck6RwG6RhV0j6qojihi6AW9ojfv2Xv3PrzPWTTnzQs+Rgvwvn4BnhWajw==</latexit><latexit sha1_base64="FDQohcXqy+Yxgrztkj/H2e4va2g=">AAACBnicbVDLSgMxFM3UV62vqks3wSK4scyIoMuKG5ct2Ae0Q8mkmTY0jyG5I5Sh4FJwq7/hTtz6G/6Fn2D6WNjWA4HDOSfce0+UCG7B97+93Nr6xuZWfruws7u3f1A8PGpYnRrK6lQLbVoRsUxwxerAQbBWYhiRkWDNaHg38ZuPzFiu1QOMEhZK0lc85pSAk2qqWyz5ZX8KvEqCOSmhOard4k+np2kqmQIqiLXtwE8gzIgBTgUbFzqpZQmhQ9JnbUcVkcyG2XTRMT5zSg/H2rinAE/Vvz8yIq0dycglJYGBXfYm4n9eO4X4Jsy4SlJgis4GxanAoPHkatzjhlEQI0cINdztiumAGELBdbMwxYJrxrqAvZAuqu3YVRQsF7JKGpflwPHaValy+zQrK49O0Ck6RwG6RhV0j6qojihi6AW9ojfv2Xv3PrzPWTTnzQs+Rgvwvn4BnhWajw==</latexit>

Plug-in procedure is optimal in sample complexity!

k⇤ = k/(k � 1)
<latexit sha1_base64="D+hwrYXZN2QTULqgZYB+Zeyyqbk=">AAACFnicbZDLSgMxGIUz9VbrpaMu3QSLUIXWGRF0I1TcuKxgL9AOQybNtGEyyZBkhDIUfAzBrb6GO3Hr1rfwEUwvC9v6Q+Bwzgn/zxckjCrtON9WbmV1bX0jv1nY2t7ZLdp7+00lUolJAwsmZDtAijDKSUNTzUg7kQTFASOtILod561HIhUV/EEPE+LFqM9pSDHSxvLtYuSfwmsYwTNYjiruiW+XnKozGbgs3JkogdnUffun2xM4jQnXmCGlOq6TaC9DUlPMyKjQTRVJEI5Qn3SM5Cgmyssmh4/gsXF6MBTSPK7hxP37I0OxUsM4MM0Y6YFazMbmf1kn1eGVl1GepJpwPF0UpgxqAccUYI9KgjUbGoGwpOZWiAdIIqwNq7ktShtSyhRUJTZVoUYGkbsIZFk0z6uuW3XvL0q1m6cprDw4BEegDFxwCWrgDtRBA2CQghfwCt6sZ+vd+rA+p9WcNQN8AObG+voFEjueRA==</latexit><latexit sha1_base64="D+hwrYXZN2QTULqgZYB+Zeyyqbk=">AAACFnicbZDLSgMxGIUz9VbrpaMu3QSLUIXWGRF0I1TcuKxgL9AOQybNtGEyyZBkhDIUfAzBrb6GO3Hr1rfwEUwvC9v6Q+Bwzgn/zxckjCrtON9WbmV1bX0jv1nY2t7ZLdp7+00lUolJAwsmZDtAijDKSUNTzUg7kQTFASOtILod561HIhUV/EEPE+LFqM9pSDHSxvLtYuSfwmsYwTNYjiruiW+XnKozGbgs3JkogdnUffun2xM4jQnXmCGlOq6TaC9DUlPMyKjQTRVJEI5Qn3SM5Cgmyssmh4/gsXF6MBTSPK7hxP37I0OxUsM4MM0Y6YFazMbmf1kn1eGVl1GepJpwPF0UpgxqAccUYI9KgjUbGoGwpOZWiAdIIqwNq7ktShtSyhRUJTZVoUYGkbsIZFk0z6uuW3XvL0q1m6cprDw4BEegDFxwCWrgDtRBA2CQghfwCt6sZ+vd+rA+p9WcNQN8AObG+voFEjueRA==</latexit><latexit sha1_base64="D+hwrYXZN2QTULqgZYB+Zeyyqbk=">AAACFnicbZDLSgMxGIUz9VbrpaMu3QSLUIXWGRF0I1TcuKxgL9AOQybNtGEyyZBkhDIUfAzBrb6GO3Hr1rfwEUwvC9v6Q+Bwzgn/zxckjCrtON9WbmV1bX0jv1nY2t7ZLdp7+00lUolJAwsmZDtAijDKSUNTzUg7kQTFASOtILod561HIhUV/EEPE+LFqM9pSDHSxvLtYuSfwmsYwTNYjiruiW+XnKozGbgs3JkogdnUffun2xM4jQnXmCGlOq6TaC9DUlPMyKjQTRVJEI5Qn3SM5Cgmyssmh4/gsXF6MBTSPK7hxP37I0OxUsM4MM0Y6YFazMbmf1kn1eGVl1GepJpwPF0UpgxqAccUYI9KgjUbGoGwpOZWiAdIIqwNq7ktShtSyhRUJTZVoUYGkbsIZFk0z6uuW3XvL0q1m6cprDw4BEegDFxwCWrgDtRBA2CQghfwCt6sZ+vd+rA+p9WcNQN8AObG+voFEjueRA==</latexit><latexit sha1_base64="D+hwrYXZN2QTULqgZYB+Zeyyqbk=">AAACFnicbZDLSgMxGIUz9VbrpaMu3QSLUIXWGRF0I1TcuKxgL9AOQybNtGEyyZBkhDIUfAzBrb6GO3Hr1rfwEUwvC9v6Q+Bwzgn/zxckjCrtON9WbmV1bX0jv1nY2t7ZLdp7+00lUolJAwsmZDtAijDKSUNTzUg7kQTFASOtILod561HIhUV/EEPE+LFqM9pSDHSxvLtYuSfwmsYwTNYjiruiW+XnKozGbgs3JkogdnUffun2xM4jQnXmCGlOq6TaC9DUlPMyKjQTRVJEI5Qn3SM5Cgmyssmh4/gsXF6MBTSPK7hxP37I0OxUsM4MM0Y6YFazMbmf1kn1eGVl1GepJpwPF0UpgxqAccUYI9KgjUbGoGwpOZWiAdIIqwNq7ktShtSyhRUJTZVoUYGkbsIZFk0z6uuW3XvL0q1m6cprDw4BEegDFxwCWrgDtRBA2CQghfwCt6sZ+vd+rA+p9WcNQN8AObG+voFEjueRA==</latexit>

where                       .

k 2 (1, 2)
<latexit sha1_base64="O5Xpo+NM33XIQiyqH63Er99LhOM=">AAACEXicbZDLSgMxGIUzXmu9VV26CRahgpZJEXRZceOygr1AZyiZNNOG5jIkGaEMBd9BcKuv4U7c+gS+hY9gelnY1h8Ch3NO+H++KOHMWN//9lZW19Y3NnNb+e2d3b39wsFhw6hUE1oniivdirChnElat8xy2ko0xSLitBkNbsd585Fqw5R8sMOEhgL3JIsZwdZZwQAGTMISOoeVs06h6Jf9ycBlgWaiCGZT6xR+gq4iqaDSEo6NaSM/sWGGtWWE01E+SA1NMBngHm07KbGgJswmN4/gqXO6MFbaPWnhxP37I8PCmKGIXFNg2zeL2dj8L2unNr4OMyaT1FJJpovilEOr4BgA7DJNieVDJzDRzN0KSR9rTKzDNLfFWAfJuIK5EK6qzMghQotAlkWjUkaojO4vi9WbpymsHDgGJ6AEELgCVXAHaqAOCEjAC3gFb96z9+59eJ/T6oo3A3wE5sb7+gVDxp1u</latexit><latexit sha1_base64="O5Xpo+NM33XIQiyqH63Er99LhOM=">AAACEXicbZDLSgMxGIUzXmu9VV26CRahgpZJEXRZceOygr1AZyiZNNOG5jIkGaEMBd9BcKuv4U7c+gS+hY9gelnY1h8Ch3NO+H++KOHMWN//9lZW19Y3NnNb+e2d3b39wsFhw6hUE1oniivdirChnElat8xy2ko0xSLitBkNbsd585Fqw5R8sMOEhgL3JIsZwdZZwQAGTMISOoeVs06h6Jf9ycBlgWaiCGZT6xR+gq4iqaDSEo6NaSM/sWGGtWWE01E+SA1NMBngHm07KbGgJswmN4/gqXO6MFbaPWnhxP37I8PCmKGIXFNg2zeL2dj8L2unNr4OMyaT1FJJpovilEOr4BgA7DJNieVDJzDRzN0KSR9rTKzDNLfFWAfJuIK5EK6qzMghQotAlkWjUkaojO4vi9WbpymsHDgGJ6AEELgCVXAHaqAOCEjAC3gFb96z9+59eJ/T6oo3A3wE5sb7+gVDxp1u</latexit><latexit sha1_base64="O5Xpo+NM33XIQiyqH63Er99LhOM=">AAACEXicbZDLSgMxGIUzXmu9VV26CRahgpZJEXRZceOygr1AZyiZNNOG5jIkGaEMBd9BcKuv4U7c+gS+hY9gelnY1h8Ch3NO+H++KOHMWN//9lZW19Y3NnNb+e2d3b39wsFhw6hUE1oniivdirChnElat8xy2ko0xSLitBkNbsd585Fqw5R8sMOEhgL3JIsZwdZZwQAGTMISOoeVs06h6Jf9ycBlgWaiCGZT6xR+gq4iqaDSEo6NaSM/sWGGtWWE01E+SA1NMBngHm07KbGgJswmN4/gqXO6MFbaPWnhxP37I8PCmKGIXFNg2zeL2dj8L2unNr4OMyaT1FJJpovilEOr4BgA7DJNieVDJzDRzN0KSR9rTKzDNLfFWAfJuIK5EK6qzMghQotAlkWjUkaojO4vi9WbpymsHDgGJ6AEELgCVXAHaqAOCEjAC3gFb96z9+59eJ/T6oo3A3wE5sb7+gVDxp1u</latexit><latexit sha1_base64="O5Xpo+NM33XIQiyqH63Er99LhOM=">AAACEXicbZDLSgMxGIUzXmu9VV26CRahgpZJEXRZceOygr1AZyiZNNOG5jIkGaEMBd9BcKuv4U7c+gS+hY9gelnY1h8Ch3NO+H++KOHMWN//9lZW19Y3NnNb+e2d3b39wsFhw6hUE1oniivdirChnElat8xy2ko0xSLitBkNbsd585Fqw5R8sMOEhgL3JIsZwdZZwQAGTMISOoeVs06h6Jf9ycBlgWaiCGZT6xR+gq4iqaDSEo6NaSM/sWGGtWWE01E+SA1NMBngHm07KbGgJswmN4/gqXO6MFbaPWnhxP37I8PCmKGIXFNg2zeL2dj8L2unNr4OMyaT1FJJpovilEOr4BgA7DJNieVDJzDRzN0KSR9rTKzDNLfFWAfJuIK5EK6qzMghQotAlkWjUkaojO4vi9WbpymsHDgGJ6AEELgCVXAHaqAOCEjAC3gFb96z9+59eJ/T6oo3A3wE5sb7+gVDxp1u</latexit>

min
b✓

max
Pobs2Dobs

⇢
EPobs [Rk,⇢(b✓(Zn

1 );Pobs)]�min
✓2⇥

Rk,⇢(✓;Pobs)

�
& n� 1

k⇤_2

<latexit sha1_base64="qKsh2Cr9iP6lA0rCjCcSJWQDSrE="></latexit><latexit sha1_base64="qKsh2Cr9iP6lA0rCjCcSJWQDSrE="></latexit><latexit sha1_base64="qKsh2Cr9iP6lA0rCjCcSJWQDSrE="></latexit><latexit sha1_base64="qKsh2Cr9iP6lA0rCjCcSJWQDSrE="></latexit>

Theorem (Duchi & N. ’18)



• Warfarin is the most widely used blood-thinner worldwide


• Y: therapeutic dosage


• X: demographics, genetic info


• Model: linear

- Worked best out of polynomial regression, 


        kernel methods, neural networks, splines, 

        boosting, bagging  [IWPC ’09]


• Loss: squared loss

Warfarin dosage

`(✓;X,Y ) = (Y � ✓>X)2
<latexit sha1_base64="6uOIBu6bwrhxNlpf/269e/JvZbc=">AAACE3icbZDJSgNBEIZ74hbjFvXopTEIiajMBEFBlIAXjxHMRiYJPZ2KadKz0F0jhJB38OKrePGgiFcv3nwbO8tBE39o+Piriur6vUgKjbb9bSUWFpeWV5KrqbX1jc2t9PZOWYex4lDioQxV1WMapAighAIlVCMFzPckVLze9aheeQClRRjcYT+Chs/uA9ERnKGxWulDF6TMutgFZBe0ekRrOXpJszV6TCdm08UwotVcM99KZ+wTeyw6D84UMmSqYiv95bZDHvsQIJdM67pjR9gYMIWCSxim3FhDxHiP3UPdYMB80I3B+KYhPTBOm3ZCZV6AdOz+nhgwX+u+75lOn2FXz9ZG5n+1eoyd88ZABFGMEPDJok4sKYZ0FBBtCwUcZd8A40qYv1LeZYpxNDGmTAjO7MnzUM6fOIZvTzOFq2kcSbJH9kmWOOSMFMgNKZIS4eSRPJNX8mY9WS/Wu/UxaU1Y05ld8kfW5w8ONZsa</latexit><latexit sha1_base64="6uOIBu6bwrhxNlpf/269e/JvZbc=">AAACE3icbZDJSgNBEIZ74hbjFvXopTEIiajMBEFBlIAXjxHMRiYJPZ2KadKz0F0jhJB38OKrePGgiFcv3nwbO8tBE39o+Piriur6vUgKjbb9bSUWFpeWV5KrqbX1jc2t9PZOWYex4lDioQxV1WMapAighAIlVCMFzPckVLze9aheeQClRRjcYT+Chs/uA9ERnKGxWulDF6TMutgFZBe0ekRrOXpJszV6TCdm08UwotVcM99KZ+wTeyw6D84UMmSqYiv95bZDHvsQIJdM67pjR9gYMIWCSxim3FhDxHiP3UPdYMB80I3B+KYhPTBOm3ZCZV6AdOz+nhgwX+u+75lOn2FXz9ZG5n+1eoyd88ZABFGMEPDJok4sKYZ0FBBtCwUcZd8A40qYv1LeZYpxNDGmTAjO7MnzUM6fOIZvTzOFq2kcSbJH9kmWOOSMFMgNKZIS4eSRPJNX8mY9WS/Wu/UxaU1Y05ld8kfW5w8ONZsa</latexit><latexit sha1_base64="6uOIBu6bwrhxNlpf/269e/JvZbc=">AAACE3icbZDJSgNBEIZ74hbjFvXopTEIiajMBEFBlIAXjxHMRiYJPZ2KadKz0F0jhJB38OKrePGgiFcv3nwbO8tBE39o+Piriur6vUgKjbb9bSUWFpeWV5KrqbX1jc2t9PZOWYex4lDioQxV1WMapAighAIlVCMFzPckVLze9aheeQClRRjcYT+Chs/uA9ERnKGxWulDF6TMutgFZBe0ekRrOXpJszV6TCdm08UwotVcM99KZ+wTeyw6D84UMmSqYiv95bZDHvsQIJdM67pjR9gYMIWCSxim3FhDxHiP3UPdYMB80I3B+KYhPTBOm3ZCZV6AdOz+nhgwX+u+75lOn2FXz9ZG5n+1eoyd88ZABFGMEPDJok4sKYZ0FBBtCwUcZd8A40qYv1LeZYpxNDGmTAjO7MnzUM6fOIZvTzOFq2kcSbJH9kmWOOSMFMgNKZIS4eSRPJNX8mY9WS/Wu/UxaU1Y05ld8kfW5w8ONZsa</latexit><latexit sha1_base64="6uOIBu6bwrhxNlpf/269e/JvZbc=">AAACE3icbZDJSgNBEIZ74hbjFvXopTEIiajMBEFBlIAXjxHMRiYJPZ2KadKz0F0jhJB38OKrePGgiFcv3nwbO8tBE39o+Piriur6vUgKjbb9bSUWFpeWV5KrqbX1jc2t9PZOWYex4lDioQxV1WMapAighAIlVCMFzPckVLze9aheeQClRRjcYT+Chs/uA9ERnKGxWulDF6TMutgFZBe0ekRrOXpJszV6TCdm08UwotVcM99KZ+wTeyw6D84UMmSqYiv95bZDHvsQIJdM67pjR9gYMIWCSxim3FhDxHiP3UPdYMB80I3B+KYhPTBOm3ZCZV6AdOz+nhgwX+u+75lOn2FXz9ZG5n+1eoyd88ZABFGMEPDJok4sKYZ0FBBtCwUcZd8A40qYv1LeZYpxNDGmTAjO7MnzUM6fOIZvTzOFq2kcSbJH9kmWOOSMFMgNKZIS4eSRPJNX8mY9WS/Wu/UxaU1Y05ld8kfW5w8ONZsa</latexit>

ERM suffered high prediction error on  
patients with high dosage



High warfarin dosage (>49mg)

Average error for ERM = .997 

k = 1
<latexit sha1_base64="nbnTxZBl3mMVAPBrgsY+Ps5j7uo=">AAACD3icbVDLSgMxFM3UV62vqks3wSK4scyIqBuh4MZlBfvAdiiZNNOGZpIhuSMMQz9CcKu/4U7c+gn+hZ9g2s7Cth4IHM45l3tzglhwA6777RRWVtfWN4qbpa3tnd298v5B06hEU9agSijdDohhgkvWAA6CtWPNSBQI1gpGtxO/9cS04Uo+QBozPyIDyUNOCVjpcYRvcJfLENJeueJW3SnwMvFyUkE56r3yT7evaBIxCVQQYzqeG4OfEQ2cCjYudRPDYkJHZMA6lkoSMeNn04vH+MQqfRwqbZ8EPFX/TmQkMiaNApuMCAzNojcR//M6CYTXfsZlnACTdLYoTAQGhSffx32uGQWRWkKo5vZWTIdEEwq2pLktBmxFxgbMWWSjyoxtRd5iIcukeV71vKp3f1GpXeZlFdEROkanyENXqIbuUB01EEUSvaBX9OY8O+/Oh/M5ixacfOYQzcH5+gW19J1f</latexit><latexit sha1_base64="nbnTxZBl3mMVAPBrgsY+Ps5j7uo=">AAACD3icbVDLSgMxFM3UV62vqks3wSK4scyIqBuh4MZlBfvAdiiZNNOGZpIhuSMMQz9CcKu/4U7c+gn+hZ9g2s7Cth4IHM45l3tzglhwA6777RRWVtfWN4qbpa3tnd298v5B06hEU9agSijdDohhgkvWAA6CtWPNSBQI1gpGtxO/9cS04Uo+QBozPyIDyUNOCVjpcYRvcJfLENJeueJW3SnwMvFyUkE56r3yT7evaBIxCVQQYzqeG4OfEQ2cCjYudRPDYkJHZMA6lkoSMeNn04vH+MQqfRwqbZ8EPFX/TmQkMiaNApuMCAzNojcR//M6CYTXfsZlnACTdLYoTAQGhSffx32uGQWRWkKo5vZWTIdEEwq2pLktBmxFxgbMWWSjyoxtRd5iIcukeV71vKp3f1GpXeZlFdEROkanyENXqIbuUB01EEUSvaBX9OY8O+/Oh/M5ixacfOYQzcH5+gW19J1f</latexit><latexit sha1_base64="nbnTxZBl3mMVAPBrgsY+Ps5j7uo=">AAACD3icbVDLSgMxFM3UV62vqks3wSK4scyIqBuh4MZlBfvAdiiZNNOGZpIhuSMMQz9CcKu/4U7c+gn+hZ9g2s7Cth4IHM45l3tzglhwA6777RRWVtfWN4qbpa3tnd298v5B06hEU9agSijdDohhgkvWAA6CtWPNSBQI1gpGtxO/9cS04Uo+QBozPyIDyUNOCVjpcYRvcJfLENJeueJW3SnwMvFyUkE56r3yT7evaBIxCVQQYzqeG4OfEQ2cCjYudRPDYkJHZMA6lkoSMeNn04vH+MQqfRwqbZ8EPFX/TmQkMiaNApuMCAzNojcR//M6CYTXfsZlnACTdLYoTAQGhSffx32uGQWRWkKo5vZWTIdEEwq2pLktBmxFxgbMWWSjyoxtRd5iIcukeV71vKp3f1GpXeZlFdEROkanyENXqIbuUB01EEUSvaBX9OY8O+/Oh/M5ixacfOYQzcH5+gW19J1f</latexit><latexit sha1_base64="nbnTxZBl3mMVAPBrgsY+Ps5j7uo=">AAACD3icbVDLSgMxFM3UV62vqks3wSK4scyIqBuh4MZlBfvAdiiZNNOGZpIhuSMMQz9CcKu/4U7c+gn+hZ9g2s7Cth4IHM45l3tzglhwA6777RRWVtfWN4qbpa3tnd298v5B06hEU9agSijdDohhgkvWAA6CtWPNSBQI1gpGtxO/9cS04Uo+QBozPyIDyUNOCVjpcYRvcJfLENJeueJW3SnwMvFyUkE56r3yT7evaBIxCVQQYzqeG4OfEQ2cCjYudRPDYkJHZMA6lkoSMeNn04vH+MQqfRwqbZ8EPFX/TmQkMiaNApuMCAzNojcR//M6CYTXfsZlnACTdLYoTAQGhSffx32uGQWRWkKo5vZWTIdEEwq2pLktBmxFxgbMWWSjyoxtRd5iIcukeV71vKp3f1GpXeZlFdEROkanyENXqIbuUB01EEUSvaBX9OY8O+/Oh/M5ixacfOYQzcH5+gW19J1f</latexit>

k = 2
<latexit sha1_base64="m+/QSYMWUHBj3NBTqG/ryG3qSsw=">AAACCnicbVDLSgMxFM3UV62vqks3wSK4scwUUTdCwY3LCk5baIeSSTNtaJIZkjtCGfoHglv9DXfi1p/wL/wE03YWtvVA4HDOudybEyaCG3Ddb6ewtr6xuVXcLu3s7u0flA+PmiZONWU+jUWs2yExTHDFfOAgWDvRjMhQsFY4upv6rSemDY/VI4wTFkgyUDzilICV/BG+xbVeueJW3RnwKvFyUkE5Gr3yT7cf01QyBVQQYzqem0CQEQ2cCjYpdVPDEkJHZMA6lioimQmy2bETfGaVPo5ibZ8CPFP/TmREGjOWoU1KAkOz7E3F/7xOCtFNkHGVpMAUnS+KUoEhxtOf4z7XjIIYW0Ko5vZWTIdEEwq2n4UtBmw7xgbMhbTR2ExsRd5yIaukWat6XtV7uKzUr/KyiugEnaJz5KFrVEf3qIF8RBFHL+gVvTnPzrvz4XzOowUnnzlGC3C+fgEkyJrZ</latexit><latexit sha1_base64="m+/QSYMWUHBj3NBTqG/ryG3qSsw=">AAACCnicbVDLSgMxFM3UV62vqks3wSK4scwUUTdCwY3LCk5baIeSSTNtaJIZkjtCGfoHglv9DXfi1p/wL/wE03YWtvVA4HDOudybEyaCG3Ddb6ewtr6xuVXcLu3s7u0flA+PmiZONWU+jUWs2yExTHDFfOAgWDvRjMhQsFY4upv6rSemDY/VI4wTFkgyUDzilICV/BG+xbVeueJW3RnwKvFyUkE5Gr3yT7cf01QyBVQQYzqem0CQEQ2cCjYpdVPDEkJHZMA6lioimQmy2bETfGaVPo5ibZ8CPFP/TmREGjOWoU1KAkOz7E3F/7xOCtFNkHGVpMAUnS+KUoEhxtOf4z7XjIIYW0Ko5vZWTIdEEwq2n4UtBmw7xgbMhbTR2ExsRd5yIaukWat6XtV7uKzUr/KyiugEnaJz5KFrVEf3qIF8RBFHL+gVvTnPzrvz4XzOowUnnzlGC3C+fgEkyJrZ</latexit><latexit sha1_base64="m+/QSYMWUHBj3NBTqG/ryG3qSsw=">AAACCnicbVDLSgMxFM3UV62vqks3wSK4scwUUTdCwY3LCk5baIeSSTNtaJIZkjtCGfoHglv9DXfi1p/wL/wE03YWtvVA4HDOudybEyaCG3Ddb6ewtr6xuVXcLu3s7u0flA+PmiZONWU+jUWs2yExTHDFfOAgWDvRjMhQsFY4upv6rSemDY/VI4wTFkgyUDzilICV/BG+xbVeueJW3RnwKvFyUkE5Gr3yT7cf01QyBVQQYzqem0CQEQ2cCjYpdVPDEkJHZMA6lioimQmy2bETfGaVPo5ibZ8CPFP/TmREGjOWoU1KAkOz7E3F/7xOCtFNkHGVpMAUnS+KUoEhxtOf4z7XjIIYW0Ko5vZWTIdEEwq2n4UtBmw7xgbMhbTR2ExsRd5yIaukWat6XtV7uKzUr/KyiugEnaJz5KFrVEf3qIF8RBFHL+gVvTnPzrvz4XzOowUnnzlGC3C+fgEkyJrZ</latexit><latexit sha1_base64="m+/QSYMWUHBj3NBTqG/ryG3qSsw=">AAACCnicbVDLSgMxFM3UV62vqks3wSK4scwUUTdCwY3LCk5baIeSSTNtaJIZkjtCGfoHglv9DXfi1p/wL/wE03YWtvVA4HDOudybEyaCG3Ddb6ewtr6xuVXcLu3s7u0flA+PmiZONWU+jUWs2yExTHDFfOAgWDvRjMhQsFY4upv6rSemDY/VI4wTFkgyUDzilICV/BG+xbVeueJW3RnwKvFyUkE5Gr3yT7cf01QyBVQQYzqem0CQEQ2cCjYpdVPDEkJHZMA6lioimQmy2bETfGaVPo5ibZ8CPFP/TmREGjOWoU1KAkOz7E3F/7xOCtFNkHGVpMAUnS+KUoEhxtOf4z7XjIIYW0Ko5vZWTIdEEwq2n4UtBmw7xgbMhbTR2ExsRd5yIaukWat6XtV7uKzUr/KyiugEnaJz5KFrVEf3qIF8RBFHL+gVvTnPzrvz4XzOowUnnzlGC3C+fgEkyJrZ</latexit>

k = 1.5
<latexit sha1_base64="dv+CF1WJg+xzfE9Ddces12Cq1QM=">AAACDHicbVDLSgMxFM3UV62vqks3wSK4cZiIr41QcOOygn1AO5RMmmnD5DEkGaGU/oLgVn/Dnbj1H/wLP8G0nYVtPRA4nHMu9+ZEKWfGBsG3V1hZXVvfKG6WtrZ3dvfK+wcNozJNaJ0ornQrwoZyJmndMstpK9UUi4jTZpTcTfzmE9WGKflohykNBe5LFjOCrZOaCbyFyL/sliuBH0wBlwnKSQXkqHXLP52eIpmg0hKOjWmjILXhCGvLCKfjUiczNMUkwX3adlRiQU04mp47hidO6cFYafekhVP178QIC2OGInJJge3ALHoT8T+vndn4JhwxmWaWSjJbFGccWgUnf4c9pimxfOgIJpq5WyEZYI2JdQ3NbTHW9WNcwJwJF1Vm7CpCi4Usk8a5j5CPHi4q1au8rCI4AsfgFCBwDargHtRAHRCQgBfwCt68Z+/d+/A+Z9GCl88cgjl4X78RUZtP</latexit><latexit sha1_base64="dv+CF1WJg+xzfE9Ddces12Cq1QM=">AAACDHicbVDLSgMxFM3UV62vqks3wSK4cZiIr41QcOOygn1AO5RMmmnD5DEkGaGU/oLgVn/Dnbj1H/wLP8G0nYVtPRA4nHMu9+ZEKWfGBsG3V1hZXVvfKG6WtrZ3dvfK+wcNozJNaJ0ornQrwoZyJmndMstpK9UUi4jTZpTcTfzmE9WGKflohykNBe5LFjOCrZOaCbyFyL/sliuBH0wBlwnKSQXkqHXLP52eIpmg0hKOjWmjILXhCGvLCKfjUiczNMUkwX3adlRiQU04mp47hidO6cFYafekhVP178QIC2OGInJJge3ALHoT8T+vndn4JhwxmWaWSjJbFGccWgUnf4c9pimxfOgIJpq5WyEZYI2JdQ3NbTHW9WNcwJwJF1Vm7CpCi4Usk8a5j5CPHi4q1au8rCI4AsfgFCBwDargHtRAHRCQgBfwCt68Z+/d+/A+Z9GCl88cgjl4X78RUZtP</latexit><latexit sha1_base64="dv+CF1WJg+xzfE9Ddces12Cq1QM=">AAACDHicbVDLSgMxFM3UV62vqks3wSK4cZiIr41QcOOygn1AO5RMmmnD5DEkGaGU/oLgVn/Dnbj1H/wLP8G0nYVtPRA4nHMu9+ZEKWfGBsG3V1hZXVvfKG6WtrZ3dvfK+wcNozJNaJ0ornQrwoZyJmndMstpK9UUi4jTZpTcTfzmE9WGKflohykNBe5LFjOCrZOaCbyFyL/sliuBH0wBlwnKSQXkqHXLP52eIpmg0hKOjWmjILXhCGvLCKfjUiczNMUkwX3adlRiQU04mp47hidO6cFYafekhVP178QIC2OGInJJge3ALHoT8T+vndn4JhwxmWaWSjJbFGccWgUnf4c9pimxfOgIJpq5WyEZYI2JdQ3NbTHW9WNcwJwJF1Vm7CpCi4Usk8a5j5CPHi4q1au8rCI4AsfgFCBwDargHtRAHRCQgBfwCt68Z+/d+/A+Z9GCl88cgjl4X78RUZtP</latexit><latexit sha1_base64="dv+CF1WJg+xzfE9Ddces12Cq1QM=">AAACDHicbVDLSgMxFM3UV62vqks3wSK4cZiIr41QcOOygn1AO5RMmmnD5DEkGaGU/oLgVn/Dnbj1H/wLP8G0nYVtPRA4nHMu9+ZEKWfGBsG3V1hZXVvfKG6WtrZ3dvfK+wcNozJNaJ0ornQrwoZyJmndMstpK9UUi4jTZpTcTfzmE9WGKflohykNBe5LFjOCrZOaCbyFyL/sliuBH0wBlwnKSQXkqHXLP52eIpmg0hKOjWmjILXhCGvLCKfjUiczNMUkwX3adlRiQU04mp47hidO6cFYafekhVP178QIC2OGInJJge3ALHoT8T+vndn4JhwxmWaWSjJbFGccWgUnf4c9pimxfOgIJpq5WyEZYI2JdQ3NbTHW9WNcwJwJF1Vm7CpCi4Usk8a5j5CPHi4q1au8rCI4AsfgFCBwDargHtRAHRCQgBfwCt68Z+/d+/A+Z9GCl88cgjl4X78RUZtP</latexit>

Lower bound on minority proportion ↵k(⇢) := (1 + k(k � 1)⇢)�1/k
<latexit sha1_base64="qMI1VS5e11fJQQYO4iI+WKeG8wc="></latexit><latexit sha1_base64="qMI1VS5e11fJQQYO4iI+WKeG8wc="></latexit><latexit sha1_base64="qMI1VS5e11fJQQYO4iI+WKeG8wc="></latexit><latexit sha1_base64="qMI1VS5e11fJQQYO4iI+WKeG8wc="></latexit>

fk(t) ⇡ tk � 1
<latexit sha1_base64="o03MycylTYnyI961KxxbmKEbmlA=">AAACHXicbVDLSsNAFJ34rPVVFdy4GSxCXbQkIuqy4MZlBfuANobJdNIOmWTCzI1YYr9FcKu/4U7cin/hJzh9LGzrgQuHc87lXo6fCK7Btr+tpeWV1bX13EZ+c2t7Z7ewt9/QMlWU1akUUrV8opngMasDB8FaiWIk8gVr+uH1yG8+MKW5jO9gkDA3Ir2YB5wSMJJXOAy8sASnuEOSRMlHDPchLmPHKxTtij0GXiTOlBTRFDWv8NPpSppGLAYqiNZtx07AzYgCTgUb5jupZgmhIemxtqExiZh2s/H/Q3xilC4OpDITAx6rfzcyEmk9iHyTjAj09bw3Ev/z2ikEV27G4yQFFtPJoSAVGCQelYG7XDEKYmAIoYqbXzHtE0UomMpmrmgwhWkT0OXIRKUemoqc+UIWSeOs4jgV5/a8WL2YlpVDR+gYlZCDLlEV3aAaqiOKntALekVv1rP1bn1Yn5PokjXdOUAzsL5+AQ/qoaA=</latexit><latexit sha1_base64="o03MycylTYnyI961KxxbmKEbmlA=">AAACHXicbVDLSsNAFJ34rPVVFdy4GSxCXbQkIuqy4MZlBfuANobJdNIOmWTCzI1YYr9FcKu/4U7cin/hJzh9LGzrgQuHc87lXo6fCK7Btr+tpeWV1bX13EZ+c2t7Z7ewt9/QMlWU1akUUrV8opngMasDB8FaiWIk8gVr+uH1yG8+MKW5jO9gkDA3Ir2YB5wSMJJXOAy8sASnuEOSRMlHDPchLmPHKxTtij0GXiTOlBTRFDWv8NPpSppGLAYqiNZtx07AzYgCTgUb5jupZgmhIemxtqExiZh2s/H/Q3xilC4OpDITAx6rfzcyEmk9iHyTjAj09bw3Ev/z2ikEV27G4yQFFtPJoSAVGCQelYG7XDEKYmAIoYqbXzHtE0UomMpmrmgwhWkT0OXIRKUemoqc+UIWSeOs4jgV5/a8WL2YlpVDR+gYlZCDLlEV3aAaqiOKntALekVv1rP1bn1Yn5PokjXdOUAzsL5+AQ/qoaA=</latexit><latexit sha1_base64="o03MycylTYnyI961KxxbmKEbmlA=">AAACHXicbVDLSsNAFJ34rPVVFdy4GSxCXbQkIuqy4MZlBfuANobJdNIOmWTCzI1YYr9FcKu/4U7cin/hJzh9LGzrgQuHc87lXo6fCK7Btr+tpeWV1bX13EZ+c2t7Z7ewt9/QMlWU1akUUrV8opngMasDB8FaiWIk8gVr+uH1yG8+MKW5jO9gkDA3Ir2YB5wSMJJXOAy8sASnuEOSRMlHDPchLmPHKxTtij0GXiTOlBTRFDWv8NPpSppGLAYqiNZtx07AzYgCTgUb5jupZgmhIemxtqExiZh2s/H/Q3xilC4OpDITAx6rfzcyEmk9iHyTjAj09bw3Ev/z2ikEV27G4yQFFtPJoSAVGCQelYG7XDEKYmAIoYqbXzHtE0UomMpmrmgwhWkT0OXIRKUemoqc+UIWSeOs4jgV5/a8WL2YlpVDR+gYlZCDLlEV3aAaqiOKntALekVv1rP1bn1Yn5PokjXdOUAzsL5+AQ/qoaA=</latexit><latexit sha1_base64="o03MycylTYnyI961KxxbmKEbmlA=">AAACHXicbVDLSsNAFJ34rPVVFdy4GSxCXbQkIuqy4MZlBfuANobJdNIOmWTCzI1YYr9FcKu/4U7cin/hJzh9LGzrgQuHc87lXo6fCK7Btr+tpeWV1bX13EZ+c2t7Z7ewt9/QMlWU1akUUrV8opngMasDB8FaiWIk8gVr+uH1yG8+MKW5jO9gkDA3Ir2YB5wSMJJXOAy8sASnuEOSRMlHDPchLmPHKxTtij0GXiTOlBTRFDWv8NPpSppGLAYqiNZtx07AzYgCTgUb5jupZgmhIemxtqExiZh2s/H/Q3xilC4OpDITAx6rfzcyEmk9iHyTjAj09bw3Ev/z2ikEV27G4yQFFtPJoSAVGCQelYG7XDEKYmAIoYqbXzHtE0UomMpmrmgwhWkT0OXIRKUemoqc+UIWSeOs4jgV5/a8WL2YlpVDR+gYlZCDLlEV3aAaqiOKntALekVv1rP1bn1Yn5PokjXdOUAzsL5+AQ/qoaA=</latexit>



Improved performance on hard subpopulation, 
slight deterioration in average-caseTakeaway:Lower bound on minority proportion ↵k(⇢) := (1 + k(k � 1)⇢)�1/k

<latexit sha1_base64="qMI1VS5e11fJQQYO4iI+WKeG8wc="></latexit><latexit sha1_base64="qMI1VS5e11fJQQYO4iI+WKeG8wc="></latexit><latexit sha1_base64="qMI1VS5e11fJQQYO4iI+WKeG8wc="></latexit><latexit sha1_base64="qMI1VS5e11fJQQYO4iI+WKeG8wc="></latexit>

High warfarin dosage (>49mg)



Fine-grained recognition
• Task: classify image of dog to breed (120 classes)

• Kernel features

Stanford Dogs Dataset [Khosla et al. ’11]

No underrepresentation: 
same number of images per class



ERM error rate

Hard Easy

BIG gap in performance even  
when no underrepresentation
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Variation in error over 120 class

Lower bound on minority proportion ↵2(⇢) := (1 + 2⇢)�1/2
<latexit sha1_base64="+yAYXEFF0miHdoXKva+tLyasIZQ="></latexit><latexit sha1_base64="+yAYXEFF0miHdoXKva+tLyasIZQ="></latexit><latexit sha1_base64="+yAYXEFF0miHdoXKva+tLyasIZQ="></latexit><latexit sha1_base64="+yAYXEFF0miHdoXKva+tLyasIZQ="></latexit>

f2(t) ⇡ t2 � 1
<latexit sha1_base64="fZkxHmz/DaEV/QWItnNgFQvCoLY=">AAACHXicbVDLSsNAFJ3UV62vqODGzWAR6qIlKaIuC25cVrAPaGOYTCft0EkmzNyIpfZbBLf6G+7ErfgXfoLTx8K2HrhwOOdc7uUEieAaHOfbyqysrq1vZDdzW9s7u3v2/kFdy1RRVqNSSNUMiGaCx6wGHARrJoqRKBCsEfSvx37jgSnNZXwHg4R5EenGPOSUgJF8+yj0ywU4w22SJEo+Yrgv4yJ2fTvvlJwJ8DJxZySPZqj69k+7I2kasRioIFq3XCcBb0gUcCrYKNdONUsI7ZMuaxkak4hpbzj5f4RPjdLBoVRmYsAT9e/GkERaD6LAJCMCPb3ojcX/vFYK4ZU35HGSAovp9FCYCgwSj8vAHa4YBTEwhFDFza+Y9ogiFExlc1c0mMK0CehiZKJSj0xF7mIhy6ReLrluyb09z1cuZmVl0TE6QQXkoktUQTeoimqIoif0gl7Rm/VsvVsf1uc0mrFmO4doDtbXL1CYoS4=</latexit><latexit sha1_base64="fZkxHmz/DaEV/QWItnNgFQvCoLY=">AAACHXicbVDLSsNAFJ3UV62vqODGzWAR6qIlKaIuC25cVrAPaGOYTCft0EkmzNyIpfZbBLf6G+7ErfgXfoLTx8K2HrhwOOdc7uUEieAaHOfbyqysrq1vZDdzW9s7u3v2/kFdy1RRVqNSSNUMiGaCx6wGHARrJoqRKBCsEfSvx37jgSnNZXwHg4R5EenGPOSUgJF8+yj0ywU4w22SJEo+Yrgv4yJ2fTvvlJwJ8DJxZySPZqj69k+7I2kasRioIFq3XCcBb0gUcCrYKNdONUsI7ZMuaxkak4hpbzj5f4RPjdLBoVRmYsAT9e/GkERaD6LAJCMCPb3ojcX/vFYK4ZU35HGSAovp9FCYCgwSj8vAHa4YBTEwhFDFza+Y9ogiFExlc1c0mMK0CehiZKJSj0xF7mIhy6ReLrluyb09z1cuZmVl0TE6QQXkoktUQTeoimqIoif0gl7Rm/VsvVsf1uc0mrFmO4doDtbXL1CYoS4=</latexit><latexit sha1_base64="fZkxHmz/DaEV/QWItnNgFQvCoLY=">AAACHXicbVDLSsNAFJ3UV62vqODGzWAR6qIlKaIuC25cVrAPaGOYTCft0EkmzNyIpfZbBLf6G+7ErfgXfoLTx8K2HrhwOOdc7uUEieAaHOfbyqysrq1vZDdzW9s7u3v2/kFdy1RRVqNSSNUMiGaCx6wGHARrJoqRKBCsEfSvx37jgSnNZXwHg4R5EenGPOSUgJF8+yj0ywU4w22SJEo+Yrgv4yJ2fTvvlJwJ8DJxZySPZqj69k+7I2kasRioIFq3XCcBb0gUcCrYKNdONUsI7ZMuaxkak4hpbzj5f4RPjdLBoVRmYsAT9e/GkERaD6LAJCMCPb3ojcX/vFYK4ZU35HGSAovp9FCYCgwSj8vAHa4YBTEwhFDFza+Y9ogiFExlc1c0mMK0CehiZKJSj0xF7mIhy6ReLrluyb09z1cuZmVl0TE6QQXkoktUQTeoimqIoif0gl7Rm/VsvVsf1uc0mrFmO4doDtbXL1CYoS4=</latexit><latexit sha1_base64="fZkxHmz/DaEV/QWItnNgFQvCoLY=">AAACHXicbVDLSsNAFJ3UV62vqODGzWAR6qIlKaIuC25cVrAPaGOYTCft0EkmzNyIpfZbBLf6G+7ErfgXfoLTx8K2HrhwOOdc7uUEieAaHOfbyqysrq1vZDdzW9s7u3v2/kFdy1RRVqNSSNUMiGaCx6wGHARrJoqRKBCsEfSvx37jgSnNZXwHg4R5EenGPOSUgJF8+yj0ywU4w22SJEo+Yrgv4yJ2fTvvlJwJ8DJxZySPZqj69k+7I2kasRioIFq3XCcBb0gUcCrYKNdONUsI7ZMuaxkak4hpbzj5f4RPjdLBoVRmYsAT9e/GkERaD6LAJCMCPb3ojcX/vFYK4ZU35HGSAovp9FCYCgwSj8vAHa4YBTEwhFDFza+Y9ogiFExlc1c0mMK0CehiZKJSj0xF7mIhy6ReLrluyb09z1cuZmVl0TE6QQXkoktUQTeoimqIoif0gl7Rm/VsvVsf1uc0mrFmO4doDtbXL1CYoS4=</latexit>



Guarantee uniform performance across dog breedsTakeaway:

↵ = .99
<latexit sha1_base64="q7cV5qYhwlx90h2DfJMmqhNuVug=">AAACEXicbVBLSgNBFOyJvxh/UZduGoPgxjAjgmYhBNy4jGA+kBlCT6cnadI/unuEMOQUglu9hjtx6wm8hUewk8zCJBY8KKrq8R4VK0aN9f1vr7C2vrG5Vdwu7ezu7R+UD49aRqYakyaWTOpOjAxhVJCmpZaRjtIE8ZiRdjy6m/rtJ6INleLRjhWJOBoImlCMrJPCEDE1RPAWVmu1XrniV/0Z4CoJclIBORq98k/YlzjlRFjMkDHdwFc2ypC2FDMyKYWpIQrhERqQrqMCcWKibPbzBJ45pQ8Tqd0IC2fq340McWPGPHZJjuzQLHtT8T+vm9rkJsqoUKklAs8PJSmDVsJpAbBPNcGWjR1BWFP3K8RDpBG2rqaFK8a6kowLmAvuotJMXEXBciGrpHVZDRx/uKrUa3lZRXACTsE5CMA1qIN70ABNgIECL+AVvHnP3rv34X3OowUv3zkGC/C+fgEmDZ2G</latexit><latexit sha1_base64="q7cV5qYhwlx90h2DfJMmqhNuVug=">AAACEXicbVBLSgNBFOyJvxh/UZduGoPgxjAjgmYhBNy4jGA+kBlCT6cnadI/unuEMOQUglu9hjtx6wm8hUewk8zCJBY8KKrq8R4VK0aN9f1vr7C2vrG5Vdwu7ezu7R+UD49aRqYakyaWTOpOjAxhVJCmpZaRjtIE8ZiRdjy6m/rtJ6INleLRjhWJOBoImlCMrJPCEDE1RPAWVmu1XrniV/0Z4CoJclIBORq98k/YlzjlRFjMkDHdwFc2ypC2FDMyKYWpIQrhERqQrqMCcWKibPbzBJ45pQ8Tqd0IC2fq340McWPGPHZJjuzQLHtT8T+vm9rkJsqoUKklAs8PJSmDVsJpAbBPNcGWjR1BWFP3K8RDpBG2rqaFK8a6kowLmAvuotJMXEXBciGrpHVZDRx/uKrUa3lZRXACTsE5CMA1qIN70ABNgIECL+AVvHnP3rv34X3OowUv3zkGC/C+fgEmDZ2G</latexit><latexit sha1_base64="q7cV5qYhwlx90h2DfJMmqhNuVug=">AAACEXicbVBLSgNBFOyJvxh/UZduGoPgxjAjgmYhBNy4jGA+kBlCT6cnadI/unuEMOQUglu9hjtx6wm8hUewk8zCJBY8KKrq8R4VK0aN9f1vr7C2vrG5Vdwu7ezu7R+UD49aRqYakyaWTOpOjAxhVJCmpZaRjtIE8ZiRdjy6m/rtJ6INleLRjhWJOBoImlCMrJPCEDE1RPAWVmu1XrniV/0Z4CoJclIBORq98k/YlzjlRFjMkDHdwFc2ypC2FDMyKYWpIQrhERqQrqMCcWKibPbzBJ45pQ8Tqd0IC2fq340McWPGPHZJjuzQLHtT8T+vm9rkJsqoUKklAs8PJSmDVsJpAbBPNcGWjR1BWFP3K8RDpBG2rqaFK8a6kowLmAvuotJMXEXBciGrpHVZDRx/uKrUa3lZRXACTsE5CMA1qIN70ABNgIECL+AVvHnP3rv34X3OowUv3zkGC/C+fgEmDZ2G</latexit><latexit sha1_base64="q7cV5qYhwlx90h2DfJMmqhNuVug=">AAACEXicbVBLSgNBFOyJvxh/UZduGoPgxjAjgmYhBNy4jGA+kBlCT6cnadI/unuEMOQUglu9hjtx6wm8hUewk8zCJBY8KKrq8R4VK0aN9f1vr7C2vrG5Vdwu7ezu7R+UD49aRqYakyaWTOpOjAxhVJCmpZaRjtIE8ZiRdjy6m/rtJ6INleLRjhWJOBoImlCMrJPCEDE1RPAWVmu1XrniV/0Z4CoJclIBORq98k/YlzjlRFjMkDHdwFc2ypC2FDMyKYWpIQrhERqQrqMCcWKibPbzBJ45pQ8Tqd0IC2fq340McWPGPHZJjuzQLHtT8T+vm9rkJsqoUKklAs8PJSmDVsJpAbBPNcGWjR1BWFP3K8RDpBG2rqaFK8a6kowLmAvuotJMXEXBciGrpHVZDRx/uKrUa3lZRXACTsE5CMA1qIN70ABNgIECL+AVvHnP3rv34X3OowUv3zkGC/C+fgEmDZ2G</latexit>

↵ = .90
<latexit sha1_base64="Juf151MKjS7kJ22Aqju1OvhbWok=">AAACEnicbVBLSgNBFHzjN8Zf1KWbxiC4McyIoFkIATcuI5gPJEPo6XSSJv0Zu3uEMOQWglu9hjtx6wW8hUewk8zCJBY8KKrq8R4VxZwZ6/vf3srq2vrGZm4rv72zu7dfODisG5VoQmtEcaWbETaUM0lrlllOm7GmWEScNqLh7cRvPFFtmJIPdhTTUOC+ZD1GsHVS2MY8HmB0g0plP98pFP2SPwVaJkFGipCh2in8tLuKJIJKSzg2phX4sQ1TrC0jnI7z7cTQGJMh7tOWoxILasJ0+vQYnTqli3pKu5EWTdW/GykWxoxE5JIC24FZ9Cbif14rsb3rMGUyTiyVZHaol3BkFZo0gLpMU2L5yBFMNHO/IjLAGhPrepq7YqxrybiAORcuqszYVRQsFrJM6helwPH7y2KlnJWVg2M4gTMI4AoqcAdVqAGBR3iBV3jznr1378P7nEVXvGznCObgff0CUD2dkQ==</latexit><latexit sha1_base64="Juf151MKjS7kJ22Aqju1OvhbWok=">AAACEnicbVBLSgNBFHzjN8Zf1KWbxiC4McyIoFkIATcuI5gPJEPo6XSSJv0Zu3uEMOQWglu9hjtx6wW8hUewk8zCJBY8KKrq8R4VxZwZ6/vf3srq2vrGZm4rv72zu7dfODisG5VoQmtEcaWbETaUM0lrlllOm7GmWEScNqLh7cRvPFFtmJIPdhTTUOC+ZD1GsHVS2MY8HmB0g0plP98pFP2SPwVaJkFGipCh2in8tLuKJIJKSzg2phX4sQ1TrC0jnI7z7cTQGJMh7tOWoxILasJ0+vQYnTqli3pKu5EWTdW/GykWxoxE5JIC24FZ9Cbif14rsb3rMGUyTiyVZHaol3BkFZo0gLpMU2L5yBFMNHO/IjLAGhPrepq7YqxrybiAORcuqszYVRQsFrJM6helwPH7y2KlnJWVg2M4gTMI4AoqcAdVqAGBR3iBV3jznr1378P7nEVXvGznCObgff0CUD2dkQ==</latexit><latexit sha1_base64="Juf151MKjS7kJ22Aqju1OvhbWok=">AAACEnicbVBLSgNBFHzjN8Zf1KWbxiC4McyIoFkIATcuI5gPJEPo6XSSJv0Zu3uEMOQWglu9hjtx6wW8hUewk8zCJBY8KKrq8R4VxZwZ6/vf3srq2vrGZm4rv72zu7dfODisG5VoQmtEcaWbETaUM0lrlllOm7GmWEScNqLh7cRvPFFtmJIPdhTTUOC+ZD1GsHVS2MY8HmB0g0plP98pFP2SPwVaJkFGipCh2in8tLuKJIJKSzg2phX4sQ1TrC0jnI7z7cTQGJMh7tOWoxILasJ0+vQYnTqli3pKu5EWTdW/GykWxoxE5JIC24FZ9Cbif14rsb3rMGUyTiyVZHaol3BkFZo0gLpMU2L5yBFMNHO/IjLAGhPrepq7YqxrybiAORcuqszYVRQsFrJM6helwPH7y2KlnJWVg2M4gTMI4AoqcAdVqAGBR3iBV3jznr1378P7nEVXvGznCObgff0CUD2dkQ==</latexit><latexit sha1_base64="Juf151MKjS7kJ22Aqju1OvhbWok=">AAACEnicbVBLSgNBFHzjN8Zf1KWbxiC4McyIoFkIATcuI5gPJEPo6XSSJv0Zu3uEMOQWglu9hjtx6wW8hUewk8zCJBY8KKrq8R4VxZwZ6/vf3srq2vrGZm4rv72zu7dfODisG5VoQmtEcaWbETaUM0lrlllOm7GmWEScNqLh7cRvPFFtmJIPdhTTUOC+ZD1GsHVS2MY8HmB0g0plP98pFP2SPwVaJkFGipCh2in8tLuKJIJKSzg2phX4sQ1TrC0jnI7z7cTQGJMh7tOWoxILasJ0+vQYnTqli3pKu5EWTdW/GykWxoxE5JIC24FZ9Cbif14rsb3rMGUyTiyVZHaol3BkFZo0gLpMU2L5yBFMNHO/IjLAGhPrepq7YqxrybiAORcuqszYVRQsFrJM6helwPH7y2KlnJWVg2M4gTMI4AoqcAdVqAGBR3iBV3jznr1378P7nEVXvGznCObgff0CUD2dkQ==</latexit>

↵ = .60
<latexit sha1_base64="OyVw6ZLrc06cHCxa/LbkYfBkrXA=">AAACEnicbVDJSgNBFOxxjXGLevTSGAQvhhkRl4MQ8OIxglkgGUJPpydp0svY/UYIIX8heNXf8CZe/QH/wk+wk8zBJBY8KKrq8R4VJYJb8P1vb2l5ZXVtPbeR39za3tkt7O3XrE4NZVWqhTaNiFgmuGJV4CBYIzGMyEiwetS/Hfv1J2Ys1+oBBgkLJekqHnNKwElhi4ikR/ANLl34+Xah6Jf8CfAiCTJSRBkq7cJPq6NpKpkCKoi1zcBPIBwSA5wKNsq3UssSQvuky5qOKiKZDYeTp0f42CkdHGvjRgGeqH83hkRaO5CRS0oCPTvvjcX/vGYK8VU45CpJgSk6PRSnAoPG4wZwhxtGQQwcIdRw9yumPWIIBdfTzBULriXrAvZUuqi2I1dRMF/IIqmdlQLH78+L5eusrBw6REfoBAXoEpXRHaqgKqLoEb2gV/TmPXvv3of3OY0uednOAZqB9/ULS1Gdjg==</latexit><latexit sha1_base64="OyVw6ZLrc06cHCxa/LbkYfBkrXA=">AAACEnicbVDJSgNBFOxxjXGLevTSGAQvhhkRl4MQ8OIxglkgGUJPpydp0svY/UYIIX8heNXf8CZe/QH/wk+wk8zBJBY8KKrq8R4VJYJb8P1vb2l5ZXVtPbeR39za3tkt7O3XrE4NZVWqhTaNiFgmuGJV4CBYIzGMyEiwetS/Hfv1J2Ys1+oBBgkLJekqHnNKwElhi4ikR/ANLl34+Xah6Jf8CfAiCTJSRBkq7cJPq6NpKpkCKoi1zcBPIBwSA5wKNsq3UssSQvuky5qOKiKZDYeTp0f42CkdHGvjRgGeqH83hkRaO5CRS0oCPTvvjcX/vGYK8VU45CpJgSk6PRSnAoPG4wZwhxtGQQwcIdRw9yumPWIIBdfTzBULriXrAvZUuqi2I1dRMF/IIqmdlQLH78+L5eusrBw6REfoBAXoEpXRHaqgKqLoEb2gV/TmPXvv3of3OY0uednOAZqB9/ULS1Gdjg==</latexit><latexit sha1_base64="OyVw6ZLrc06cHCxa/LbkYfBkrXA=">AAACEnicbVDJSgNBFOxxjXGLevTSGAQvhhkRl4MQ8OIxglkgGUJPpydp0svY/UYIIX8heNXf8CZe/QH/wk+wk8zBJBY8KKrq8R4VJYJb8P1vb2l5ZXVtPbeR39za3tkt7O3XrE4NZVWqhTaNiFgmuGJV4CBYIzGMyEiwetS/Hfv1J2Ys1+oBBgkLJekqHnNKwElhi4ikR/ANLl34+Xah6Jf8CfAiCTJSRBkq7cJPq6NpKpkCKoi1zcBPIBwSA5wKNsq3UssSQvuky5qOKiKZDYeTp0f42CkdHGvjRgGeqH83hkRaO5CRS0oCPTvvjcX/vGYK8VU45CpJgSk6PRSnAoPG4wZwhxtGQQwcIdRw9yumPWIIBdfTzBULriXrAvZUuqi2I1dRMF/IIqmdlQLH78+L5eusrBw6REfoBAXoEpXRHaqgKqLoEb2gV/TmPXvv3of3OY0uednOAZqB9/ULS1Gdjg==</latexit><latexit sha1_base64="OyVw6ZLrc06cHCxa/LbkYfBkrXA=">AAACEnicbVDJSgNBFOxxjXGLevTSGAQvhhkRl4MQ8OIxglkgGUJPpydp0svY/UYIIX8heNXf8CZe/QH/wk+wk8zBJBY8KKrq8R4VJYJb8P1vb2l5ZXVtPbeR39za3tkt7O3XrE4NZVWqhTaNiFgmuGJV4CBYIzGMyEiwetS/Hfv1J2Ys1+oBBgkLJekqHnNKwElhi4ikR/ANLl34+Xah6Jf8CfAiCTJSRBkq7cJPq6NpKpkCKoi1zcBPIBwSA5wKNsq3UssSQvuky5qOKiKZDYeTp0f42CkdHGvjRgGeqH83hkRaO5CRS0oCPTvvjcX/vGYK8VU45CpJgSk6PRSnAoPG4wZwhxtGQQwcIdRw9yumPWIIBdfTzBULriXrAvZUuqi2I1dRMF/IIqmdlQLH78+L5eusrBw6REfoBAXoEpXRHaqgKqLoEb2gV/TmPXvv3of3OY0uednOAZqB9/ULS1Gdjg==</latexit>

↵ = .20
<latexit sha1_base64="BR5tuePpbD+9Vmxzf0u5VSChtMk=">AAACEnicbVBLSgNBFOzxG+Mv6tJNYxDcGGaCoC6EgBuXEcwHkiG86fQkTfozdvcIIeQWglu9hjtx6wW8hUewk8zCJBY8KKrq8R4VJZwZ6/vf3srq2vrGZm4rv72zu7dfODisG5VqQmtEcaWbERjKmaQ1yyynzURTEBGnjWhwO/EbT1QbpuSDHSY0FNCTLGYErJPCNvCkD/gGl8p+vlMo+iV/CrxMgowUUYZqp/DT7iqSCiot4WBMK/ATG45AW0Y4HefbqaEJkAH0aMtRCYKacDR9eoxPndLFsdJupMVT9e/GCIQxQxG5pADbN4veRPzPa6U2vgpHTCappZLMDsUpx1bhSQO4yzQllg8dAaKZ+xWTPmgg1vU0d8VY15JxAXMuXFSZsasoWCxkmdTLpcDx+4ti5TorK4eO0Qk6QwG6RBV0h6qohgh6RC/oFb15z9679+F9zqIrXrZzhObgff0CRMGdig==</latexit><latexit sha1_base64="BR5tuePpbD+9Vmxzf0u5VSChtMk=">AAACEnicbVBLSgNBFOzxG+Mv6tJNYxDcGGaCoC6EgBuXEcwHkiG86fQkTfozdvcIIeQWglu9hjtx6wW8hUewk8zCJBY8KKrq8R4VJZwZ6/vf3srq2vrGZm4rv72zu7dfODisG5VqQmtEcaWbERjKmaQ1yyynzURTEBGnjWhwO/EbT1QbpuSDHSY0FNCTLGYErJPCNvCkD/gGl8p+vlMo+iV/CrxMgowUUYZqp/DT7iqSCiot4WBMK/ATG45AW0Y4HefbqaEJkAH0aMtRCYKacDR9eoxPndLFsdJupMVT9e/GCIQxQxG5pADbN4veRPzPa6U2vgpHTCappZLMDsUpx1bhSQO4yzQllg8dAaKZ+xWTPmgg1vU0d8VY15JxAXMuXFSZsasoWCxkmdTLpcDx+4ti5TorK4eO0Qk6QwG6RBV0h6qohgh6RC/oFb15z9679+F9zqIrXrZzhObgff0CRMGdig==</latexit><latexit sha1_base64="BR5tuePpbD+9Vmxzf0u5VSChtMk=">AAACEnicbVBLSgNBFOzxG+Mv6tJNYxDcGGaCoC6EgBuXEcwHkiG86fQkTfozdvcIIeQWglu9hjtx6wW8hUewk8zCJBY8KKrq8R4VJZwZ6/vf3srq2vrGZm4rv72zu7dfODisG5VqQmtEcaWbERjKmaQ1yyynzURTEBGnjWhwO/EbT1QbpuSDHSY0FNCTLGYErJPCNvCkD/gGl8p+vlMo+iV/CrxMgowUUYZqp/DT7iqSCiot4WBMK/ATG45AW0Y4HefbqaEJkAH0aMtRCYKacDR9eoxPndLFsdJupMVT9e/GCIQxQxG5pADbN4veRPzPa6U2vgpHTCappZLMDsUpx1bhSQO4yzQllg8dAaKZ+xWTPmgg1vU0d8VY15JxAXMuXFSZsasoWCxkmdTLpcDx+4ti5TorK4eO0Qk6QwG6RBV0h6qohgh6RC/oFb15z9679+F9zqIrXrZzhObgff0CRMGdig==</latexit><latexit sha1_base64="BR5tuePpbD+9Vmxzf0u5VSChtMk=">AAACEnicbVBLSgNBFOzxG+Mv6tJNYxDcGGaCoC6EgBuXEcwHkiG86fQkTfozdvcIIeQWglu9hjtx6wW8hUewk8zCJBY8KKrq8R4VJZwZ6/vf3srq2vrGZm4rv72zu7dfODisG5VqQmtEcaWbERjKmaQ1yyynzURTEBGnjWhwO/EbT1QbpuSDHSY0FNCTLGYErJPCNvCkD/gGl8p+vlMo+iV/CrxMgowUUYZqp/DT7iqSCiot4WBMK/ATG45AW0Y4HefbqaEJkAH0aMtRCYKacDR9eoxPndLFsdJupMVT9e/GCIQxQxG5pADbN4veRPzPa6U2vgpHTCappZLMDsUpx1bhSQO4yzQllg8dAaKZ+xWTPmgg1vU0d8VY15JxAXMuXFSZsasoWCxkmdTLpcDx+4ti5TorK4eO0Qk6QwG6RBV0h6qohgh6RC/oFb15z9679+F9zqIrXrZzhObgff0CRMGdig==</latexit>

↵ = .07
<latexit sha1_base64="DYKYzhshkKmsvR26FOriwTDi6S8=">AAACEnicbVBLSgNBFOzxG+Mv6tJNYxDcGGZEiC6EgBuXEcwHkiG86XSSJv0Zu3uEMOQWglu9hjtx6wW8hUewk8zCJBY8KKrq8R4VxZwZ6/vf3srq2vrGZm4rv72zu7dfODisG5VoQmtEcaWbERjKmaQ1yyynzVhTEBGnjWh4O/EbT1QbpuSDHcU0FNCXrMcIWCeFbeDxAPANLvnlfKdQ9Ev+FHiZBBkpogzVTuGn3VUkEVRawsGYVuDHNkxBW0Y4HefbiaExkCH0actRCYKaMJ0+PcanTunintJupMVT9e9GCsKYkYhcUoAdmEVvIv7ntRLbuwpTJuPEUklmh3oJx1bhSQO4yzQllo8cAaKZ+xWTAWgg1vU0d8VY15JxAXMuXFSZsasoWCxkmdQvSoHj95fFynVWVg4doxN0hgJURhV0h6qohgh6RC/oFb15z9679+F9zqIrXrZzhObgff0CTO6djw==</latexit><latexit sha1_base64="DYKYzhshkKmsvR26FOriwTDi6S8=">AAACEnicbVBLSgNBFOzxG+Mv6tJNYxDcGGZEiC6EgBuXEcwHkiG86XSSJv0Zu3uEMOQWglu9hjtx6wW8hUewk8zCJBY8KKrq8R4VxZwZ6/vf3srq2vrGZm4rv72zu7dfODisG5VoQmtEcaWbERjKmaQ1yyynzVhTEBGnjWh4O/EbT1QbpuSDHcU0FNCXrMcIWCeFbeDxAPANLvnlfKdQ9Ev+FHiZBBkpogzVTuGn3VUkEVRawsGYVuDHNkxBW0Y4HefbiaExkCH0actRCYKaMJ0+PcanTunintJupMVT9e9GCsKYkYhcUoAdmEVvIv7ntRLbuwpTJuPEUklmh3oJx1bhSQO4yzQllo8cAaKZ+xWTAWgg1vU0d8VY15JxAXMuXFSZsasoWCxkmdQvSoHj95fFynVWVg4doxN0hgJURhV0h6qohgh6RC/oFb15z9679+F9zqIrXrZzhObgff0CTO6djw==</latexit><latexit sha1_base64="DYKYzhshkKmsvR26FOriwTDi6S8=">AAACEnicbVBLSgNBFOzxG+Mv6tJNYxDcGGZEiC6EgBuXEcwHkiG86XSSJv0Zu3uEMOQWglu9hjtx6wW8hUewk8zCJBY8KKrq8R4VxZwZ6/vf3srq2vrGZm4rv72zu7dfODisG5VoQmtEcaWbERjKmaQ1yyynzVhTEBGnjWh4O/EbT1QbpuSDHcU0FNCXrMcIWCeFbeDxAPANLvnlfKdQ9Ev+FHiZBBkpogzVTuGn3VUkEVRawsGYVuDHNkxBW0Y4HefbiaExkCH0actRCYKaMJ0+PcanTunintJupMVT9e9GCsKYkYhcUoAdmEVvIv7ntRLbuwpTJuPEUklmh3oJx1bhSQO4yzQllo8cAaKZ+xWTAWgg1vU0d8VY15JxAXMuXFSZsasoWCxkmdQvSoHj95fFynVWVg4doxN0hgJURhV0h6qohgh6RC/oFb15z9679+F9zqIrXrZzhObgff0CTO6djw==</latexit><latexit sha1_base64="DYKYzhshkKmsvR26FOriwTDi6S8=">AAACEnicbVBLSgNBFOzxG+Mv6tJNYxDcGGZEiC6EgBuXEcwHkiG86XSSJv0Zu3uEMOQWglu9hjtx6wW8hUewk8zCJBY8KKrq8R4VxZwZ6/vf3srq2vrGZm4rv72zu7dfODisG5VoQmtEcaWbERjKmaQ1yyynzVhTEBGnjWh4O/EbT1QbpuSDHcU0FNCXrMcIWCeFbeDxAPANLvnlfKdQ9Ev+FHiZBBkpogzVTuGn3VUkEVRawsGYVuDHNkxBW0Y4HefbiaExkCH0actRCYKaMJ0+PcanTunintJupMVT9e9GCsKYkYhcUoAdmEVvIv7ntRLbuwpTJuPEUklmh3oJx1bhSQO4yzQllo8cAaKZ+xWTAWgg1vU0d8VY15JxAXMuXFSZsasoWCxkmdQvSoHj95fFynVWVg4doxN0hgJURhV0h6qohgh6RC/oFb15z9679+F9zqIrXrZzhObgff0CTO6djw==</latexit>

ERM
<latexit sha1_base64="2/IITHhdqgwaSXglzq1DX7A/NAA=">AAACD3icbVBLSgNBFOzxG+Mv6tLNYBDcGGZE0JUERHAjRDEfTIbQ0+lJmvRn6H4jhiGHENzqNdyJW4/gLTyCPUkWJrGgoaiqx3tdYcyZAc/7dhYWl5ZXVnNr+fWNza3tws5uzahEE1oliivdCLGhnElaBQacNmJNsQg5rYf9y8yvP1JtmJL3MIhpIHBXsogRDFZ6aIlQPaVXdzfDdqHolbwR3HniT0gRTVBpF35aHUUSQSUQjo1p+l4MQYo1MMLpMN9KDI0x6eMubVoqsaAmSEcXD91Dq3TcSGn7JLgj9e9EioUxAxHapMDQM7NeJv7nNROIzoOUyTgBKsl4UZRwF5Sbfd/tME0J8IElmGhmb3VJD2tMwJY0tcWArcjYgDkWNqpMVpE/W8g8qZ2UfMtvT4vli0lZObSPDtAR8tEZKqNrVEFVRJBEL+gVvTnPzrvz4XyOowvOZGYPTcH5+gWN4Z3m</latexit><latexit sha1_base64="2/IITHhdqgwaSXglzq1DX7A/NAA=">AAACD3icbVBLSgNBFOzxG+Mv6tLNYBDcGGZE0JUERHAjRDEfTIbQ0+lJmvRn6H4jhiGHENzqNdyJW4/gLTyCPUkWJrGgoaiqx3tdYcyZAc/7dhYWl5ZXVnNr+fWNza3tws5uzahEE1oliivdCLGhnElaBQacNmJNsQg5rYf9y8yvP1JtmJL3MIhpIHBXsogRDFZ6aIlQPaVXdzfDdqHolbwR3HniT0gRTVBpF35aHUUSQSUQjo1p+l4MQYo1MMLpMN9KDI0x6eMubVoqsaAmSEcXD91Dq3TcSGn7JLgj9e9EioUxAxHapMDQM7NeJv7nNROIzoOUyTgBKsl4UZRwF5Sbfd/tME0J8IElmGhmb3VJD2tMwJY0tcWArcjYgDkWNqpMVpE/W8g8qZ2UfMtvT4vli0lZObSPDtAR8tEZKqNrVEFVRJBEL+gVvTnPzrvz4XyOowvOZGYPTcH5+gWN4Z3m</latexit><latexit sha1_base64="2/IITHhdqgwaSXglzq1DX7A/NAA=">AAACD3icbVBLSgNBFOzxG+Mv6tLNYBDcGGZE0JUERHAjRDEfTIbQ0+lJmvRn6H4jhiGHENzqNdyJW4/gLTyCPUkWJrGgoaiqx3tdYcyZAc/7dhYWl5ZXVnNr+fWNza3tws5uzahEE1oliivdCLGhnElaBQacNmJNsQg5rYf9y8yvP1JtmJL3MIhpIHBXsogRDFZ6aIlQPaVXdzfDdqHolbwR3HniT0gRTVBpF35aHUUSQSUQjo1p+l4MQYo1MMLpMN9KDI0x6eMubVoqsaAmSEcXD91Dq3TcSGn7JLgj9e9EioUxAxHapMDQM7NeJv7nNROIzoOUyTgBKsl4UZRwF5Sbfd/tME0J8IElmGhmb3VJD2tMwJY0tcWArcjYgDkWNqpMVpE/W8g8qZ2UfMtvT4vli0lZObSPDtAR8tEZKqNrVEFVRJBEL+gVvTnPzrvz4XyOowvOZGYPTcH5+gWN4Z3m</latexit><latexit sha1_base64="2/IITHhdqgwaSXglzq1DX7A/NAA=">AAACD3icbVBLSgNBFOzxG+Mv6tLNYBDcGGZE0JUERHAjRDEfTIbQ0+lJmvRn6H4jhiGHENzqNdyJW4/gLTyCPUkWJrGgoaiqx3tdYcyZAc/7dhYWl5ZXVnNr+fWNza3tws5uzahEE1oliivdCLGhnElaBQacNmJNsQg5rYf9y8yvP1JtmJL3MIhpIHBXsogRDFZ6aIlQPaVXdzfDdqHolbwR3HniT0gRTVBpF35aHUUSQSUQjo1p+l4MQYo1MMLpMN9KDI0x6eMubVoqsaAmSEcXD91Dq3TcSGn7JLgj9e9EioUxAxHapMDQM7NeJv7nNROIzoOUyTgBKsl4UZRwF5Sbfd/tME0J8IElmGhmb3VJD2tMwJY0tcWArcjYgDkWNqpMVpE/W8g8qZ2UfMtvT4vli0lZObSPDtAR8tEZKqNrVEFVRJBEL+gVvTnPzrvz4XyOowvOZGYPTcH5+gWN4Z3m</latexit>

Worst x-classes

Lower bound on minority proportion ↵2(⇢) := (1 + 2⇢)�1/2
<latexit sha1_base64="+yAYXEFF0miHdoXKva+tLyasIZQ="></latexit><latexit sha1_base64="+yAYXEFF0miHdoXKva+tLyasIZQ="></latexit><latexit sha1_base64="+yAYXEFF0miHdoXKva+tLyasIZQ="></latexit><latexit sha1_base64="+yAYXEFF0miHdoXKva+tLyasIZQ="></latexit>



Group recieves 
high loss

Group becomes
small

Lower retention rate

Average loss
ignores minorites

Problem: Degradation over time

Repeated loss minimization



Problem: Degradation over time
Small disparities can amplify to exacerbate subpopulation performance
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• Predictive policing [Ensign et al. ’18]


• Credit markets [Fuster et al. ’18]


• Recommenders [Ekstrand et al. ’18]

“Theorem” (HSNL’18)
1) ERM is unstable
2) minimizing                   controls latent minority proportions    
over time

Rp,↵(✓;P
t
obs)

<latexit sha1_base64="T0q4WFOD7lIOS5qZ/wCsb+ZmHsE="></latexit><latexit sha1_base64="T0q4WFOD7lIOS5qZ/wCsb+ZmHsE="></latexit><latexit sha1_base64="T0q4WFOD7lIOS5qZ/wCsb+ZmHsE="></latexit><latexit sha1_base64="T0q4WFOD7lIOS5qZ/wCsb+ZmHsE="></latexit>

Under general user retention dynamics, 

Toy Example



Experiment: Auto-complete

Motivation: Autocomplete system for text

Problem: Atypical text doesn’t get surfaced 

If u wit me den u pose to RESPECT ME

If you are with me then you are supposed to respect me.

African American Vernacular (AAVE)

Standard American English (SAE)

Experiment: Auto-complete



Experiment: Auto-complete

AAVE group
receives high loss

AAVE group 
becomes smaller

Lower retention rate

Average loss
ignores AAVE

Retention feedback loop 

How does loss relate 
to retention rate?

AAVE group
receives high loss

AAVE group 
becomes smaller

Lower retention rate

Average loss
ignores AAVE

Retention feedback loop 



Blodgett 16

African American English (AAE)

Twitter

Standard American English (SAE)

Subcorpora
on Twitter

Blodgett 16

African American English (AAE)

Twitter

Standard American English (SAE)

Subcorpora
on Twitter

Autocomplete system
with di!erent AAVE fractions

0.1 0.9

...... ......

Blodgett 16

African American English (AAE)

Twitter

Standard American English (SAE)

Subcorpora
on Twitter

Autocomplete system
with di!erent AAVE fractions

0.1 0.9

...... ......

AAE Test set SAE Test set

User retention for each group

Retention for both groups
Amazon Mechanical Turk

Experiment: Auto-complete



Mitigating Disparity Amplification

Control minority proportion         uniform performance over time Takeaway:



Covariate shift

Notation
QX ⌫ ↵

<latexit sha1_base64="jFIbucShT3ql1DIrzd+OaoNBWzY=">AAACKXicbVBPS8MwHE39O+e/qkcvYUPw4minoMeBHjxu4P7AWkqapi4saWuSCqP07ncRvOrX8KZe/QJ+BNOtB7f5g8DjvffLS56fMCqVZX0aK6tr6xubla3q9s7u3r55cNiTcSow6eKYxWLgI0kYjUhXUcXIIBEEcZ+Rvj++LvT+IxGSxtGdmiTE5eg+oiHFSGnKM2uOJkikUNbxBjl0ZIoxeYCOIEHmIJaMUO6ZdathTQcuA7sEdVBO2zN/nCDGKdfXYoakHNpWotwMCUUxI3nVSSVJEB7r4KGGEeJEutn0Lzk80UwAw1joEyk4Zf9uZIhLOeG+dnKkRnJRK8j/tGGqwis3o1GSKhLhWVCYMqhiWBQDAyoIVmyiAcKC6rdCPEICYaXrm0uRSpcntUGecW2NZVGRvVjIMug1G/Z5o9m5qLduyrIq4BjUwCmwwSVogVvQBl2AwRN4Aa/gzXg23o0P42tmXTHKnSMwN8b3L5uLqG0=</latexit>

(
QX :

9probability Q0
X , and a � ↵

s.t. PX = aQX + (1� a)Q0
X

)

<latexit sha1_base64="EdlFoad/L2aaSLtqvhGsFMEdO+Y="></latexit>

subpopulation over X with proportion larger than ↵ 2 (0, 1]
<latexit sha1_base64="qDcu8JtBqUrLNMzX/g0+CcfktTY=">AAACHnicbVDLSsNAFJ3UV62vqAsXbgaL0IWWjAi6LOjCZQX7gCaUyWTSDp1MwsxEKCH/IrjV33AnbvUv/AQnbRa2emDgcM653DvHTzhT2nG+rMrK6tr6RnWztrW9s7tn7x90VZxKQjsk5rHs+1hRzgTtaKY57SeS4sjntOdPbgq/90ilYrF40NOEehEeCRYygrWRhvaRK2mQuZgnYwxdJmDDOYPIy4d23Wk6M8C/BJWkDkq0h/a3G8QkjajQhGOlBshJtJdhqRnhNK+5qaIJJhM8ogNDBY6o8rLZB3J4apQAhrE0T2g4U39PZDhSahr5JhlhPVbLXiH+5w1SHV57GRNJqqkg80VhyqGOYdEGDJikRPOpIZhIZm6FZIwlJtp0trBFadOYMgF1HplorIqK0HIhf0n3oolQE91f1lu3ZVlVcAxOQAMgcAVa4A60QQcQkINn8AJerSfrzXq3PubRilXOHIIFWJ8/MiuiSA==</latexit><latexit sha1_base64="qDcu8JtBqUrLNMzX/g0+CcfktTY=">AAACHnicbVDLSsNAFJ3UV62vqAsXbgaL0IWWjAi6LOjCZQX7gCaUyWTSDp1MwsxEKCH/IrjV33AnbvUv/AQnbRa2emDgcM653DvHTzhT2nG+rMrK6tr6RnWztrW9s7tn7x90VZxKQjsk5rHs+1hRzgTtaKY57SeS4sjntOdPbgq/90ilYrF40NOEehEeCRYygrWRhvaRK2mQuZgnYwxdJmDDOYPIy4d23Wk6M8C/BJWkDkq0h/a3G8QkjajQhGOlBshJtJdhqRnhNK+5qaIJJhM8ogNDBY6o8rLZB3J4apQAhrE0T2g4U39PZDhSahr5JhlhPVbLXiH+5w1SHV57GRNJqqkg80VhyqGOYdEGDJikRPOpIZhIZm6FZIwlJtp0trBFadOYMgF1HplorIqK0HIhf0n3oolQE91f1lu3ZVlVcAxOQAMgcAVa4A60QQcQkINn8AJerSfrzXq3PubRilXOHIIFWJ8/MiuiSA==</latexit><latexit sha1_base64="qDcu8JtBqUrLNMzX/g0+CcfktTY=">AAACHnicbVDLSsNAFJ3UV62vqAsXbgaL0IWWjAi6LOjCZQX7gCaUyWTSDp1MwsxEKCH/IrjV33AnbvUv/AQnbRa2emDgcM653DvHTzhT2nG+rMrK6tr6RnWztrW9s7tn7x90VZxKQjsk5rHs+1hRzgTtaKY57SeS4sjntOdPbgq/90ilYrF40NOEehEeCRYygrWRhvaRK2mQuZgnYwxdJmDDOYPIy4d23Wk6M8C/BJWkDkq0h/a3G8QkjajQhGOlBshJtJdhqRnhNK+5qaIJJhM8ogNDBY6o8rLZB3J4apQAhrE0T2g4U39PZDhSahr5JhlhPVbLXiH+5w1SHV57GRNJqqkg80VhyqGOYdEGDJikRPOpIZhIZm6FZIwlJtp0trBFadOYMgF1HplorIqK0HIhf0n3oolQE91f1lu3ZVlVcAxOQAMgcAVa4A60QQcQkINn8AJerSfrzXq3PubRilXOHIIFWJ8/MiuiSA==</latexit><latexit sha1_base64="qDcu8JtBqUrLNMzX/g0+CcfktTY=">AAACHnicbVDLSsNAFJ3UV62vqAsXbgaL0IWWjAi6LOjCZQX7gCaUyWTSDp1MwsxEKCH/IrjV33AnbvUv/AQnbRa2emDgcM653DvHTzhT2nG+rMrK6tr6RnWztrW9s7tn7x90VZxKQjsk5rHs+1hRzgTtaKY57SeS4sjntOdPbgq/90ilYrF40NOEehEeCRYygrWRhvaRK2mQuZgnYwxdJmDDOYPIy4d23Wk6M8C/BJWkDkq0h/a3G8QkjajQhGOlBshJtJdhqRnhNK+5qaIJJhM8ogNDBY6o8rLZB3J4apQAhrE0T2g4U39PZDhSahr5JhlhPVbLXiH+5w1SHV57GRNJqqkg80VhyqGOYdEGDJikRPOpIZhIZm6FZIwlJtp0trBFadOYMgF1HplorIqK0HIhf0n3oolQE91f1lu3ZVlVcAxOQAMgcAVa4A60QQcQkINn8AJerSfrzXq3PubRilXOHIIFWJ8/MiuiSA==</latexit>

sup
QX⌫↵

(
EQX⇥PY |X [`(✓;X,Y )] = EQX [`c(✓;X)]

)

<latexit sha1_base64="D/7cZG4tAy3S/oT6bDsgKSs+yZA="></latexit>

`c(✓;X) := EPY |X [`(✓;X,Y ) | X]
<latexit sha1_base64="JoujAiWcHxfbjmY5+EqEGzMW8fg="></latexit>

• Conditional distribution             fixed


• Only consider subpopulations of marginal

PY |X

<latexit sha1_base64="GVuoOIf6C65cyLlSp6YJrVMGTBM=">AAACDHicbVDLSgMxFM34rPVVdekmWAQ3lhkpqLuKG5cV7EPaoWTSTBuaSYbkjlDGgl8guNXfcCdu/Qf/wk8w03ZhWw8EDueccO89QSy4Adf9dpaWV1bX1nMb+c2t7Z3dwt5+3ahEU1ajSijdDIhhgktWAw6CNWPNSBQI1ggG15nfeGDacCXvYBgzPyI9yUNOCVipUe2k94/NUadQdEvuGHiReFNSRFNUO4WfdlfRJGISqCDGtDw3Bj8lGjgVbJRvJ4bFhA5Ij7UslSRixk/H647wsVW6OFTaPgl4rP79kZLImGEU2GREoG/mvUz8z2slEF74KZdxAkzSyaAwERgUzm7HXa4ZBTG0hFDN7a6Y9okmFGxDM1MM2H6MDZjTyEaVySry5gtZJPWzklcuXd6Wi5Wrp0lZOXSIjtAJ8tA5qqAbVEU1RNEAvaBX9OY8O+/Oh/M5iS4504IP0Aycr19y9p09</latexit>

PX

<latexit sha1_base64="w17p7XN7UISoR16Xj4fDQaR3tnc=">AAACCHicbVDLSgMxFL1TX7W+qi7dBIvgxjIjBXVXceOyon1AO5RMmraheQxJRihDwbXgVn/Dnbj1L/wLP8H0sbCtBwKHc064954o5sxY3//2Miura+sb2c3c1vbO7l5+/6BmVKIJrRLFlW5E2FDOJK1aZjltxJpiEXFajwY3Y7/+SLVhSj7YYUxDgXuSdRnB1kn3lXajnS/4RX8CtEyCGSnADJV2/qfVUSQRVFrCsTHNwI9tmGJtGeF0lGslhsaYDHCPNh2VWFATppNVR+jEKR3UVdo9adFE/fsjxcKYoYhcUmDbN4veWPzPaya2exmmTMaJpZJMB3UTjqxC47tRh2lKLB86golmbldE+lhjYl07c1OMdd0YFzBnwkWVGbmKgsVClkntvBiUild3pUL5+mlaVhaO4BhOIYALKMMtVKAKBHrwAq/w5j17796H9zmNZrxZwYcwB+/rF+bZm0g=</latexit>



worst-case loss over subpopulations in X larger than ↵ 2 (0, 1]
<latexit sha1_base64="qDcu8JtBqUrLNMzX/g0+CcfktTY=">AAACHnicbVDLSsNAFJ3UV62vqAsXbgaL0IWWjAi6LOjCZQX7gCaUyWTSDp1MwsxEKCH/IrjV33AnbvUv/AQnbRa2emDgcM653DvHTzhT2nG+rMrK6tr6RnWztrW9s7tn7x90VZxKQjsk5rHs+1hRzgTtaKY57SeS4sjntOdPbgq/90ilYrF40NOEehEeCRYygrWRhvaRK2mQuZgnYwxdJmDDOYPIy4d23Wk6M8C/BJWkDkq0h/a3G8QkjajQhGOlBshJtJdhqRnhNK+5qaIJJhM8ogNDBY6o8rLZB3J4apQAhrE0T2g4U39PZDhSahr5JhlhPVbLXiH+5w1SHV57GRNJqqkg80VhyqGOYdEGDJikRPOpIZhIZm6FZIwlJtp0trBFadOYMgF1HplorIqK0HIhf0n3oolQE91f1lu3ZVlVcAxOQAMgcAVa4A60QQcQkINn8AJerSfrzXq3PubRilXOHIIFWJ8/MiuiSA==</latexit><latexit sha1_base64="qDcu8JtBqUrLNMzX/g0+CcfktTY=">AAACHnicbVDLSsNAFJ3UV62vqAsXbgaL0IWWjAi6LOjCZQX7gCaUyWTSDp1MwsxEKCH/IrjV33AnbvUv/AQnbRa2emDgcM653DvHTzhT2nG+rMrK6tr6RnWztrW9s7tn7x90VZxKQjsk5rHs+1hRzgTtaKY57SeS4sjntOdPbgq/90ilYrF40NOEehEeCRYygrWRhvaRK2mQuZgnYwxdJmDDOYPIy4d23Wk6M8C/BJWkDkq0h/a3G8QkjajQhGOlBshJtJdhqRnhNK+5qaIJJhM8ogNDBY6o8rLZB3J4apQAhrE0T2g4U39PZDhSahr5JhlhPVbLXiH+5w1SHV57GRNJqqkg80VhyqGOYdEGDJikRPOpIZhIZm6FZIwlJtp0trBFadOYMgF1HplorIqK0HIhf0n3oolQE91f1lu3ZVlVcAxOQAMgcAVa4A60QQcQkINn8AJerSfrzXq3PubRilXOHIIFWJ8/MiuiSA==</latexit><latexit sha1_base64="qDcu8JtBqUrLNMzX/g0+CcfktTY=">AAACHnicbVDLSsNAFJ3UV62vqAsXbgaL0IWWjAi6LOjCZQX7gCaUyWTSDp1MwsxEKCH/IrjV33AnbvUv/AQnbRa2emDgcM653DvHTzhT2nG+rMrK6tr6RnWztrW9s7tn7x90VZxKQjsk5rHs+1hRzgTtaKY57SeS4sjntOdPbgq/90ilYrF40NOEehEeCRYygrWRhvaRK2mQuZgnYwxdJmDDOYPIy4d23Wk6M8C/BJWkDkq0h/a3G8QkjajQhGOlBshJtJdhqRnhNK+5qaIJJhM8ogNDBY6o8rLZB3J4apQAhrE0T2g4U39PZDhSahr5JhlhPVbLXiH+5w1SHV57GRNJqqkg80VhyqGOYdEGDJikRPOpIZhIZm6FZIwlJtp0trBFadOYMgF1HplorIqK0HIhf0n3oolQE91f1lu3ZVlVcAxOQAMgcAVa4A60QQcQkINn8AJerSfrzXq3PubRilXOHIIFWJ8/MiuiSA==</latexit><latexit sha1_base64="qDcu8JtBqUrLNMzX/g0+CcfktTY=">AAACHnicbVDLSsNAFJ3UV62vqAsXbgaL0IWWjAi6LOjCZQX7gCaUyWTSDp1MwsxEKCH/IrjV33AnbvUv/AQnbRa2emDgcM653DvHTzhT2nG+rMrK6tr6RnWztrW9s7tn7x90VZxKQjsk5rHs+1hRzgTtaKY57SeS4sjntOdPbgq/90ilYrF40NOEehEeCRYygrWRhvaRK2mQuZgnYwxdJmDDOYPIy4d23Wk6M8C/BJWkDkq0h/a3G8QkjajQhGOlBshJtJdhqRnhNK+5qaIJJhM8ogNDBY6o8rLZB3J4apQAhrE0T2g4U39PZDhSahr5JhlhPVbLXiH+5w1SHV57GRNJqqkg80VhyqGOYdEGDJikRPOpIZhIZm6FZIwlJtp0trBFadOYMgF1HplorIqK0HIhf0n3oolQE91f1lu3ZVlVcAxOQAMgcAVa4A60QQcQkINn8AJerSfrzXq3PubRilXOHIIFWJ8/MiuiSA==</latexit>

Standard approach: Solve average risk minimization problem

Problem: We don’t observe                                                  !
Y |X

<latexit sha1_base64="KXPqhQQ6S0sm5fNzS0Lc9LY10dk=">AAACCnicbVDLTgIxFO3gC/GFunTTSEzcSGbQRJckunCJiQMYmJBO6UBDO520d0wI8gcmbvU33Bm3/oR/4SdYYBYCnqTJyTnn5t6eMBHcgOt+O7mV1bX1jfxmYWt7Z3evuH9QNyrVlPlUCaWbITFM8Jj5wEGwZqIZkaFgjXBwPfEbj0wbruJ7GCYskKQX84hTAlbyH/ATbnaKJbfsToGXiZeREspQ6xR/2l1FU8lioIIY0/LcBIIR0cCpYONCOzUsIXRAeqxlaUwkM8FoeuwYn1iliyOl7YsBT9W/EyMijRnK0CYlgb5Z9Cbif14rhegqGPE4SYHFdLYoSgUGhSc/x12uGQUxtIRQze2tmPaJJhRsP3NbDNh2jA2YM2mjyoxtRd5iIcukXil75+XK3UWpepOVlUdH6BidIg9doiq6RTXkI4o4ekGv6M15dt6dD+dzFs052cwhmoPz9QuxtJs9</latexit>

Hard to estimate because of limited replicate labels
`c(✓;X) := EPY |X [`(✓;X,Y ) | X]

<latexit sha1_base64="JoujAiWcHxfbjmY5+EqEGzMW8fg="></latexit>

minimize
✓2⇥

EPobs [`(✓;X,Y )]
<latexit sha1_base64="CCLhENnN2PW06sr3eSYrR7b+ANw="></latexit>

minimize
✓2⇥

sup
QX⌫↵

EQX [`c(✓;X)]
<latexit sha1_base64="A3/nS9n4sTqceXzM3VgfhWwQah0="></latexit>

DRO over covariate shift

Covariate shift



Dual representation

sup
QX⌫↵

EQX [`c(✓;X)] = inf
⌘

⇢
1

↵
EPX (`c(✓;X)� ⌘)+ + ⌘

�

<latexit sha1_base64="g21a7Ea+UEclhr5bFQxT9A2JNLc="></latexit>

Let `c(✓;X) := EPY |X [`(✓;X,Y ) | X]
<latexit sha1_base64="JoujAiWcHxfbjmY5+EqEGzMW8fg="></latexit>

.

For any                 such thatk, k⇤ > 1

<latexit sha1_base64="Nk2i2Ush2pAkOhdKfPsByeA8aPk=">AAACD3icbVDLSgMxFM3UV62vqks3wSKIaJmRgrqRgi5cVrAPbIeSSTNtmDyGJCOUoR8huNXfcCdu/QT/wk8wbWdhWw8EDuecy705QcyoNq777eSWlldW1/LrhY3Nre2d4u5eQ8tEYVLHkknVCpAmjApSN9Qw0ooVQTxgpBlEN2O/+USUplI8mGFMfI76goYUI2Olx+gURt0TeA29brHklt0J4CLxMlICGWrd4k+nJ3HCiTCYIa3bnhsbP0XKUMzIqNBJNIkRjlCftC0ViBPtp5OLR/DIKj0YSmWfMHCi/p1IEdd6yAOb5MgM9Lw3Fv/z2okJL/2UijgxRODpojBh0Eg4/j7sUUWwYUNLEFbU3grxACmEjS1pZos2tiJtA/qM26jUI1uRN1/IImmcl71K+eq+UqreZmXlwQE4BMfAAxegCu5ADdQBBgK8gFfw5jw7786H8zmN5pxsZh/MwPn6BfnMnGQ=</latexit>

1/k + 1/k⇤ = 1

<latexit sha1_base64="YWOHbKdQWAhbCpcszPS9l3f9iag=">AAACFnicbVDLSgMxFM34rPXRUZdugkUQxTojBXUhFHThsoJ9QDsMmTTThuYxJBmhlP6H4FZ/w524detf+Amm7Sxs64GEwznnci8nShjVxvO+naXlldW19dxGfnNre6fg7u7VtUwVJjUsmVTNCGnCqCA1Qw0jzUQRxCNGGlH/duw3nojSVIpHM0hIwFFX0JhiZKwUugX/vA9Pof3DE3gD/dAteiVvArhI/IwUQYZq6P60OxKnnAiDGdK65XuJCYZIGYoZGeXbqSYJwn3UJS1LBeJEB8PJ4SN4ZJUOjKWyTxg4Uf9ODBHXesAjm+TI9PS8Nxb/81qpia+CIRVJaojA00VxyqCRcNwC7FBFsGEDSxBW1N4KcQ8phI3tamaLNrYpbQP6jNuo1CNbkT9fyCKpX5T8cun6oVys3GVl5cABOATHwAeXoALuQRXUAAYpeAGv4M15dt6dD+dzGl1yspl9MAPn6xekU52l</latexit>

EPX (`c(✓;X)� ⌘)+  (EPX (`c(✓;X)� ⌘)k⇤
+ )1/k⇤

= sup
h�0,E[h(X)k]1

E[h(X)(`(✓;X,Y )� ⌘)]

<latexit sha1_base64="v2AaoBeAJkpXtc1SSDrPayX9t3c="></latexit>



Variational form
Lemma (Duchi, Hashimoto & N ’19)
If                   , and                           are L-Lipschitz,x 7! `c(✓;x)

<latexit sha1_base64="IUpqLFZlNQWbvRHoJ9YWQjc6yGA=">AAACI3icbVDLSgMxFM34rPVVdamLYBHqwjKjgoKbgi5cKtgHdErJpGkbTCZD7h2xlG78F8Gt/oY7cePCf/ATTGsXtnogcDjnXG7uiRIlAX3/w5uZnZtfWMwsZZdXVtfWcxubFTCp5aLMjTK2FjEQSsaijBKVqCVWMB0pUY1uz4d+9U5YkCa+wV4iGpp1YtmWnKGTmrmdexpqlgAaGioD0OSFELsC2Rm932/m8n7RH4H+JcGY5MkYV83cV9gyPNUiRq4YQD3wE2z0mUXJlRhkwxREwvgt64i6ozHTAhr90RUDuueUFm0b616MdKT+nugzDdDTkUtqhl2Y9obif149xfZpoy/jJEUR859F7VRRd/OwEtqSVnBUPUcYt9L9lfIus4yjK25iC6CrDVwADrSLGhi4ioLpQv6SymExOCoeXh/nSxfjsjJkm+ySAgnICSmRS3JFyoSTB/JEnsmL9+i9em/e+090xhvPbJEJeJ/fP5SlBA==</latexit>

(x, y) 7! `(✓;x, y)
<latexit sha1_base64="Q9iJk9WU4XY5Yqatsm56TFpuaIU=">AAACKXicbVDLSgMxFM3UV32PunQTLEIFLTNVUHBT0IXLClaFTimZNLWhyWTIvSOW0r3/IrjV33Cnbv0BP8H0sfB1IHA451xu7olTJQGD4M3LTU3PzM7l5xcWl5ZXVv219UswmeWixo0y9jpmIJRMRA0lKnGdWsF0rMRV3D0Z+le3woI0yQX2UtHQ7CaRbckZOqnpbxXvdmlvh0aapYCGRsoAFCPsCGTHdOQ1/UJQCkagf0k4IQUyQbXpf0YtwzMtEuSKAdTDIMVGn1mUXInBQpSBSBnvshtRdzRhWkCjP7plQLed0qJtY91LkI7U7xN9pgF6OnZJzbADv72h+J9Xz7B91OjLJM1QJHy8qJ0p6o4eFkNb0gqOqucI41a6v1LeYZZxdPX92ALoygMXgD3togYGrqLwdyF/yWW5FO6XyucHhcrppKw82SRbpEhCckgq5IxUSY1wck8eyRN59h68F+/Vex9Hc95kZoP8gPfxBRWcplk=</latexit>

Estimable bound 

`c(✓;X) := EPY |X [`(✓;X,Y ) | X]
<latexit sha1_base64="JoujAiWcHxfbjmY5+EqEGzMW8fg="></latexit>

Replaced                                                with `(✓;X,Y )
<latexit sha1_base64="CbknlKVGlYc9asGKyoNuzFLJSiY=">AAACGnicbVDLSgNBEJyNrxhf0Ry9DAYhgobdKCh4CejBYwTzkCSE2ckkGTK7s0z3CiHkTwSv+hvexKsX/8JPcPI4mMSChqKqmm7Kj5QEdN1vJ7Gyura+kdxMbW3v7O6l9w8qoGPDRZlrpU3NZyCUDEUZJSpRi4xgga9E1e/fjP3qkzAgdfiAg0g0A9YNZUdyhlZqpTMNpQFyDewJZNe0dkofT1rprJt3J6DLxJuRLJmh1Er/NNqax4EIkSsGUPfcCJtDZlByJUapRgwiYrzPuqJuacgCAc3h5PkRPbZKm3a0sRMinah/N4YsABgEvk0GDHuw6I3F/7x6jJ2r5lCGUYwi5NNDnVhR1HTcBG1LIziqgSWMG2l/pbzHDONo+5q7AmjbAhuAs8BGNYxsRd5iIcukUsh75/nC/UW2eDsrK0kOyRHJEY9ckiK5IyVSJpwMyAt5JW/Os/PufDif02jCme1kyBycr19FWqDF</latexit>

for any                 such that

⇣
EPX (`c(✓;X)� ⌘)k⇤

+

⌘1/k⇤

= sup
h�0,E[h(X)k]1,O(L)-smooth

E[h(X)(`(✓;X,Y )� ⌘)]

<latexit sha1_base64="ir2Amqf+56useIykU3rAdfBOL/s="></latexit>

k, k⇤ > 1

<latexit sha1_base64="Nk2i2Ush2pAkOhdKfPsByeA8aPk=">AAACD3icbVDLSgMxFM3UV62vqks3wSKIaJmRgrqRgi5cVrAPbIeSSTNtmDyGJCOUoR8huNXfcCdu/QT/wk8wbWdhWw8EDuecy705QcyoNq777eSWlldW1/LrhY3Nre2d4u5eQ8tEYVLHkknVCpAmjApSN9Qw0ooVQTxgpBlEN2O/+USUplI8mGFMfI76goYUI2Olx+gURt0TeA29brHklt0J4CLxMlICGWrd4k+nJ3HCiTCYIa3bnhsbP0XKUMzIqNBJNIkRjlCftC0ViBPtp5OLR/DIKj0YSmWfMHCi/p1IEdd6yAOb5MgM9Lw3Fv/z2okJL/2UijgxRODpojBh0Eg4/j7sUUWwYUNLEFbU3grxACmEjS1pZos2tiJtA/qM26jUI1uRN1/IImmcl71K+eq+UqreZmXlwQE4BMfAAxegCu5ADdQBBgK8gFfw5jw7786H8zmN5pxsZh/MwPn6BfnMnGQ=</latexit>

1/k + 1/k⇤ = 1

<latexit sha1_base64="YWOHbKdQWAhbCpcszPS9l3f9iag=">AAACFnicbVDLSgMxFM34rPXRUZdugkUQxTojBXUhFHThsoJ9QDsMmTTThuYxJBmhlP6H4FZ/w524detf+Amm7Sxs64GEwznnci8nShjVxvO+naXlldW19dxGfnNre6fg7u7VtUwVJjUsmVTNCGnCqCA1Qw0jzUQRxCNGGlH/duw3nojSVIpHM0hIwFFX0JhiZKwUugX/vA9Pof3DE3gD/dAteiVvArhI/IwUQYZq6P60OxKnnAiDGdK65XuJCYZIGYoZGeXbqSYJwn3UJS1LBeJEB8PJ4SN4ZJUOjKWyTxg4Uf9ODBHXesAjm+TI9PS8Nxb/81qpia+CIRVJaojA00VxyqCRcNwC7FBFsGEDSxBW1N4KcQ8phI3tamaLNrYpbQP6jNuo1CNbkT9fyCKpX5T8cun6oVys3GVl5cABOATHwAeXoALuQRXUAAYpeAGv4M15dt6dD+dzGl1yspl9MAPn6xekU52l</latexit>

sup
QX⌫↵

EQX [`c(✓;X)]

 inf
⌘

(
1

↵
sup

h�0,E[h(X)k]1,O(L)-smooth

E[h(X)(`(✓;X,Y )� ⌘)] + ⌘

)

<latexit sha1_base64="2MrMaIxCWnUNbNaDvNBV5sARrek="></latexit>



Estimator
Standard approach: Solve empirical risk minimization problem

minimize
✓2⇥

1

n

nX

i=1

`(✓;Xi, Yi)
<latexit sha1_base64="Yw1cEKwK1VYV6tO+QiVvO53FpW0="></latexit>

Worst-case subpopulation approach: Optimize worst-case 
subpopulation performance

Can efficiently solve using dual version. See paper for details.

minimize
✓2⇥,⌘

(
1

↵
sup

h�0, 1
n

Pn
i=1 h(Xi)

k1,O(L)-smooth

1

n

nX

i=1

h(Xi)(`(✓;Xi, Yi)� ⌘)] + ⌘

)

<latexit sha1_base64="EjVnYVh+pGB4TUhd9E3dY5fOHRk="></latexit>



Semantic similarity
• Given two word vectors (GloVe), predict their semantic 

similarity


• Per word pair, there are 13 human annotations on similarity in 
range {0, …, 10}


• Train on 1989 indiv. annotations, test on 246 averaged values


• Fix train-time             , test on varying 

[Agirre et al. ’09]

`(✓;x1, x2, y) = |y � (x1 � x2)>✓1(x
1 � x2)� ✓2|

<latexit sha1_base64="ZbL8Xu63vFIhfsIWOiO7SR9HOAY="></latexit>

Word 1 Word 2

Similarity

↵ = .3
<latexit sha1_base64="00V0hOeCZWYh53VmiDnWurzDkB0=">AAACGHicbVDLSsNAFJ3UV62vVJduBovgxpC0gm6Egi5cVrAPaEKZTCbt0EkmzEyUEvojglv9DXfi1p1/4Sc4abOwrQcuHM45l3s5fsKoVLb9bZTW1jc2t8rblZ3dvf0Ds3rYkTwVmLQxZ1z0fCQJozFpK6oY6SWCoMhnpOuPb3K/+0iEpDx+UJOEeBEaxjSkGCktDcyqK0iQuYglIwSvodWYDsyabdkzwFXiFKQGCrQG5o8bcJxGJFaYISn7jp0oL0NCUczItOKmkiQIj9GQ9DWNUUSkl81en8JTrQQw5EJPrOBM/buRoUjKSeTrZITUSC57ufif109VeOVlNE5SRWI8PxSmDCoO8x5gQAXBik00QVhQ/SvEIyQQVrqthStS6a6kDsjzSEe5zCtylgtZJZ265TSs+v1FrXlblFUGx+AEnAEHXIImuAMt0AYYPIEX8ArejGfj3fgwPufRklHsHIEFGF+/Q3qgSA==</latexit>

↵test

<latexit sha1_base64="ntcp/mDH8oHGWnBPcFEX/mvx0EQ="></latexit>



(p=2)

(p=1)

W
or

st
-c

as
e 

lo
ss

Worst-case group size

R α 0
(θ

)

α0↵test

<latexit sha1_base64="ntcp/mDH8oHGWnBPcFEX/mvx0EQ="></latexit>

R↵test(✓) := sup
QX⌫↵test

EQX⇥PY |X [`(✓;X,Y )]

<latexit sha1_base64="vbDUxn4RJpKKEjyvkTHAVu3+FPI="></latexit>

R
↵

t
e
s
t
(✓
)

<latexit sha1_base64="TX7Ao+MymGHY8UJEWYOeI0AxdxI="></latexit>

k = 2

<latexit sha1_base64="b1GGSrthEKL8DDLzCkZX7eCCUiM=">AAACCnicbVDLSgMxFL1TX7W+qi7dBIvgxjJTCupCKOjCZQWnLbRDyaRpG5pkhiQjlKF/ILjV33Anbv0J/8JPMG1nYVsPBA7nnMu9OWHMmTau++3k1tY3Nrfy24Wd3b39g+LhUUNHiSLUJxGPVCvEmnImqW+Y4bQVK4pFyGkzHN1O/eYTVZpF8tGMYxoIPJCszwg2VvJH6AZVusWSW3ZnQKvEy0gJMtS7xZ9OLyKJoNIQjrVue25sghQrwwink0In0TTGZIQHtG2pxILqIJ0dO0FnVumhfqTskwbN1L8TKRZaj0VokwKboV72puJ/Xjsx/asgZTJODJVkvqifcGQiNP056jFFieFjSzBRzN6KyBArTIztZ2GLNrYdbQP6QthopCe2Im+5kFXSqJS9avn6oVqq3WVl5eEETuEcPLiEGtxDHXwgwOAFXuHNeXbenQ/ncx7NOdnMMSzA+foFLIqa8g==</latexit>

k = 1

<latexit sha1_base64="GukLVSezN788rPrfeAXWo/qphVM=">AAACD3icbVDLSgMxFM3UV62vqks3wSK4scxIQV0IBV24rGAf2A4lk2ba0CQzJHeEofQjBLf6G+7ErZ/gX/gJpu0sbOuBwOGcc7k3J4gFN+C6305uZXVtfSO/Wdja3tndK+4fNEyUaMrqNBKRbgXEMMEVqwMHwVqxZkQGgjWD4c3Ebz4xbXikHiCNmS9JX/GQUwJWehzia9zhKoS0Wyy5ZXcKvEy8jJRQhlq3+NPpRTSRTAEVxJi258bgj4gGTgUbFzqJYTGhQ9JnbUsVkcz4o+nFY3xilR4OI22fAjxV/06MiDQmlYFNSgIDs+hNxP+8dgLhpT/iKk6AKTpbFCYCQ4Qn38c9rhkFkVpCqOb2VkwHRBMKtqS5LQZsRcYGzJm00ciMbUXeYiHLpHFe9irlq/tKqXqblZVHR+gYnSIPXaAqukM1VEcUKfSCXtGb8+y8Ox/O5yyac7KZQzQH5+sXvbadeA==</latexit>

Semantic similarity


