
Generalization

We want to show that

O E again
Oe4

Ell0iZi)

achieves nea-optimal populationloss.

Again, or goal is to show an optimalityguaranteeyou IRM

E =agminOnhEloiZil

Now, we will use bold diff to show the gallowinguniform concentration result:

-

Δn== sup Enl(0iZi) - EplIOiz, Δ u = sup Epl(OiZ) -tEl(OiZi)
0π 0π

are small whip.

why is this useful?

Ellaiz) <hEloizi) +In by def of In

< #Efl0iZi) +In by def ofOn for any arbitrary Of
<ElCOiZ +En +On by def of On

Taking it over O, we get
Elon;2) on0El(0iZ) +En+On

so it so is small, then on is near-optimal,

willfocus onplate-sampleresultsfadtraghatonallya guarantesare
This is useful for high-dim, large-scale models.

We proceed intwo partsto bound an In.As we'll see, the case for In is symmetric,
so we focus on n below,



Bounded differences

Bounded dygerences will play a key role in showingin is small.
-

one coordinatedoesn'tchange fin too much

# Leta be a functionsatisfying ↓
|g(,,..:.Zi...,zr)-g(z,,,2,...,2n)1 <ci V(1i1n

For independentRVs zi's,
(PC g(z,r) - Eg(zi) =+) <

2p) - i) cenealzationrebound

Assumption l(0iz) To, M]

Part 7 We show In is concentratedaround itsmean whip
-

Define g(zviizn):ogtElCizi)-EBCOiZi) sothatg(zi):On. We'll apply bold diff.

As a notationalshorthand, we use PUC =E1Zit], and noteQU(0:Z)=Z0e(0iZ).

Ig(, i,zi:,z.) - g(7,iizi, -.izn)

= lofo9EZel0izil - ElloiEM-sMohEl(Oizil-Ell8iZ) -Elloizil+fl(oizi3 | Zh

From bold differences, (P(8n - 10-It)<2p)22) Equalently,
Δn<Δn +ME w.p.=1-2=tI

So now, if suffices to contraln



we beginwith concentrationresultsfor light-tailed RVs.

#eLet A RU Xis 8 subGaussian ifx(xEXT CORNYNxe↳ Light-tailed RV

From Markov's inequality, 0 x10

(P(X-EXIt) =1P(X(X-7x7=xt) =(p(2X(X
-EX((ext) e

*12X(X-8x))

Exp(z3x- xt)

Taking winover 410, we get(P(X-EXIt) <2pt--i).

Similarly, we have IP(X=EXz -t) 12p(-
--)

Example :random signs
(Rademarcher) is 1-sub-Gaussian.

#2x" =((i
+
+ex) =1( " +2= 1) =2n 11+Enix

x2
= 1+z =ez

Example XC Ta.b], EX=0. Then, Xis (b-al-sub-Gaussian,

pf) ExexX =Ex ex(x
-2xx() 12x(x-x) where X'redep copy ofX

&Jensen
Lets he random signs indep ofeverything so that5X' Es(X-X)

#eX(x-x):Exx.Es eXS(x-x1 Ex.x.e (x)" by ExE

=a
+"(b -a)"

Actually, we can show Xis asub-G.

Of. X((a,b] is cal"-sub-Gaussian .

By courenity of
Trexexxybex -ab

Take expectationson bothsides. For h =x(b-c), p=5. L(h) =- hp-hgstp-per),
#exx [qh(h). L(0):(0) =0. CLICK on so LShI- h by Taglo



We're ready to show bold dygrances now.
one coordinatedoesn'tchangefin too much

# Leta be a functionsatisfying ↓
|g(,,..:.Zi...,zr)-g(z,,,2,...,2n)1 <ci V(1i1n

For independentRVs zi's,
(PC g(z,r) - Eg(zi) =+) <

2p) - i) cenealzationrebound

#f SMSFis a martingalesea wit. RVs Z..: En

if Mcis Eirizil- measurable, ElMilo, and

#[M;(ZiJ =Mi - .
We call [0:=MirMi.Ji, a matingale difference sequence .rt. Z.
(*[0:/z("] =0

&man Let Pi to a martingaledifference sequence wit. Zi st. 5 5i

#[exVi(Z,i] xp(02) fi ... (*)

Then, Mu-M. =EiPiis (20:21-sub-Gaussian
If

12xE0i =E eXOr. yxE,"pi =1] 1TeX. eXEi8i (z,""]]
~

<qp(2iY). ZZeXEi"pi] ↳ Z, measurable

By induction, we getthe result. #

-
of bold differences

Define the Prob martingate Mi =ETgE1z] (MO:EgE)
so we'd like to bound IP(Mn-Mozt).

Note that10:1 :llgEiIZi)-EIgEi7IZy']
<Su.| Eziy,q(zii,z,zi1) -Ezi,g(z,"1z!zii)) <Ci .... (*)

so ZZ0IZT] =EleXi-EIiEi3 (2,1) <aplE-)

From previousKamana, and tailmequalityfor sub-G RVs, we have the resultA.



PatI
--

vic symmetrization. of. See Vw Ch. 2.2-3, 214for more.We bound IA.
This is tricky to bound. Thinkabouthow

you
would approach this

LetE...... Inbe undep copiesof Z.. ,En,

EN=IIsuPocenElloiZi)-EItZeloizi> 1Z"]] <ESNonEf(OiZil-esoiZi)

Let 3:be vid.random signs (Rademacho RVs), undep of everythingelse.

From Si(l(0iZi)-l(0iZil)) = l(0iZi)-1(oiZi),

ISNenEflOiZil-eoiZi) -I go Esi (l10iZil-1(0iZ")
= I sUOeOhESil(0iZi) +ESNg Ef3ill(OiZi)

= 2 ] sWoehEZil(0iZ:)

Of the empirical) Rademarcher complexy of a class it of functions hiz-1R is

RnF1: =ETsunestEsih(zi)(Z,"]
↳Interpretation:How well can itgotrandom noise 6i's? (where Ghzil is the margin
Note thatRuF =Qu(71). so the case for In is symmetric.

collectingbounds inPart II, we arrive at

On EzARuH+ME, OnIzERuH+ ME up17ze-

so we conclude

#flOniZ)E intoElloiz +4ERuH +2M up]1ze X.

Basic propertiesof Rademacher completly: This willbe useful for H1.↓
1) Contraction Principle:Let of be a co-Lipschitzfunction withp(0) =0.

Ru 40H < 2<0Rn71 Think IP, sup
obtained atrestures

2) Ru(courex-hull (71) =Qu(H) for quite71
3) Consider any quite7. You'll show this in HW1.

Then, RuF =A +EhEil /



Now, we analyze the Rademather complexity of regularized ones models.

Example f(0ix,3) =(1-50X) + =p(Y0X), 0=901Rd:1104p=r3

Ru9(X.47 Hl(0ix.7):0907 =Rn9(x.47 *P(48x1 -001:80 (3
< RuS1iTin Y.0X:000 by contractionprinciple

Define E =
=Y.X. Then, i =RuRZHOry: 8703

We now derive scale-sensitive bounds on this quantity.
Theorem H:=9Zn8TZ:1181Ir] If FIER_CE, then tRnH1r
-

pf)
#RuH =1 ENOMEO"(0zi) < ElEGiZilla by canchysalat

↓GET by Jensen's mequality

Writeout1EGzil and matethatcross forms have mean zero.

= ENGER = EOFENZT 1 E.C. #

what if you are interestedin high-dimensional features, butthink the model is sparse?

tem 7=5]+ 8TZ:lOlIIs] If NEllo 490 a.s., then IRnH=0s.StyRA.
L You'll show this in HW.

*vs.d When sand then Li-regularizationis nice.

These theorems
say "solongasregulate properly, your model completly distories

Of course, all of these resultscompare performance againstbest-in-modelclass.
They don'tsay anythingfor whetherthatmodel class is good.



chaining Audley'sentropyintegral
We now

give
moresophisticated bounds on the Rademarche complexity.

The bounds we develop play a key role inempiricalprocess theory
e.g.

uniform (2T

in (h(i) -EZ) => G(h) where Iis a Gaussian process undered by hist

covering We beginwithnationsof packing& coveringnumbers
Iany unemptyset

consider a metric space CT, dmetric on

Let For any 520,
Shift, is a scover ofT if that Flizn Sit.dCh,hi) ->9.

&fThe 3-coveringmumberof is the size of the smallestsecover of T

N(T,d,2) i =inf9N30:ES-cover Shillof T3.

We call log N(J.d,a) the maturecatropy.
one

go &800...
Packing

Let For any STo,
Shill] is a s-packing of J ifChichiji <8 Vij.

The 8-packing number of J is the size of the largestspacking
M(T,d,S):=sup5MIo:JS-packing Shizof 53

①

Lemon M(5,d,28) -> N(J,d.S)@M(T,d,S)
->

pt)
↑ LetShiji, be the maximal S-packing. Then,Thet, dCh,hi)IS Fi=1., M.

Skip
So this is a scover of J

① suppose there exists 2E-packing Shiihm] and Sacover Shinikews,with MIN+1.
Then, SKijEM, and KhIN st. dChishI's, dAhjhp18. So dChi,hjT=25 * .

&
Lara Consider 11, 11 on Rd. LetB, B' be correspondingunitballs. Then,

(t)d MACON(B,H1).STCBTis

PC P:LetShybjbe a S-cover (in1) of 1,so IE.Rmj +SB13.
Thisimpliesval(B) INVa(SB'7 =NSd val(IB')
②LetShile, be a maximal E-packing of B (in 111). By def of packing, 9h+ElBij
are disjointand contained in BEB ·

Ve (UF, (05+8B.3) =M UaEB1) =M. (E)VO(B) <UMB+EIB) =(ENMCEB+B



Example Consider H= 31(000:0803. Let1allzor) i
=h(zi)".

Assume H10;Z-110:E11 = LE) /18-0'11 for some rom 11 an (Rd.

Then, any E-sover of#induces a 1ILIIn.3- over on it inMasoud

(
LetSojo, be a s-cover. Then, consider ll0jiol] is a IILGR)E-cover of H.

rot 0, let be set, 110-0511s. Take 1(110i.1-1(0ji0)1GRs=NLGR110-0; 1) < 11211Wlu)3

So we conclude N(H. 1IG(R), E1LECOG) <NCH, (11, 9).

sub processes instead of the compirical) Rademacher complexity, we consider more general processes.
Of Acollection of zero mean RVs SVn:h+T3 is a sub-Gaussian process wintod if

#eX(Un-Vni) <eplEdChin'l) WhihIET, 0x8R.

·
↳ tail of UniWn' is dChin-suG.

Example (Rademache process) consider Ruin:EESih(i) where Ei: iid.random signs,het.

tionalon Z, hrt Rush is a subGaussian process ort. All on F1.
Pf)

Rain-Ruin =#si(H-h)(i). ResaltingthatEx's are Isub-Gaussica,

#2zp(x(Rnn-Rn,n)) (Zi] =T1, EEzpligiCh-hi(zi)) (Zi) <Dirxp) (h-n1)Tzi))
=2p(.+Eiz,(h(zi)- h(zi)(2)
=2p(=11h-hlEcr) 10.

So to bound Rust =o Il sAH EsihGiiIZi] - FIsuPneHRuinIZi],
we can bound supreme of sub-Gaussian processes.

Lemona LetXhe O-sub.GRVs, js in. Then, ImainX=marind 2StrN,N>2.4
diam (J)

mposition Let[Vn:h+T] be a sub-Gaussian process write a matured on F. LetP:=stpieyd(hin')
Then, for any so, I sme Un < 2E diuses (Va- Vn) +48NH,d,S)h,ncT

Pf) Let N
=N(, d.5), and Shige, be a S-cover of 4. Fix an arbitrary HC T.

There exists jst.dlh.hj18. Then,

Un - V, =Vn -V +Vuj - Vu, pT
(U-V) +max(Unj -Vn.)

d(r,r')=S
12jN

Given another arbitrary CJ, the same bound holds for Un.-Vi.

Adding the two, and taking supremen over nines

sps+Vu -V 2smCT (V-V) +2maIn-v
d(r,r')=S

From Lamma, IruerIVnj-Vh.l <20N. #



Excople CAparametersclass on 10.13) Define fl0iE)=1-2-0z, OtCol, Z6Z0,].
-

7 =9f(8;):0020,17]<<h:[0,1+1R].

firstterm Isup ·E6:ChA1-L'Cip)
<M.8 by Canchy-Schwap.

-RIS
Ruin-Ruin =Isup

1)h-hi 1(22(p):S
second term It's easy to check OHll0iz) is 1-Lipsoutz OZCTO.T. From above example,

N(7, H.NE(R), 5) N(101], 11,57 E*+1. P= S20i E(1-202:7=1

RuH =5] 20,1 HE6i(1-e-0zi) /Z,) = # SnRuch

# (25 +4895+1)) for any s

inf=-2 St(0,i)(m8 +25s+1))

setting5=m, we getsuit
&

# .

We now use a more rigued argument thatallows atighter bound on the supremen
Theorem Studley's entropyintegral) LetSVn:ne5] be a sub-Gamessianprocess virted on T.
-

For any 5 -[0,03,

#s-Un < ETSoyVn-Va] < zES's UV-Vi] +32/NT,d,a)da.
Rak:setting5=0, Isupney Un = 32Nidaids, NC, d,S1 = 0 :SIP.

Pf) A keep
this written

We startwith mefrom before:mpe-Vn-Va
L z Supt(Uv-V) +2ma In

-Vn/
d(r,r')=S

Instead ofboundingthe last term via Leaven, we use a chainingagament,
Reall thatU==Shj3jwas a s-cover of J.

For each m, define Umi =minimal (P.22)-cover ofMrCare allow elementsof T)
For L:Fogz//57,2-23S/p, so setUL=U .

By def, 1ml <NCT, d,0.2-m).
Bestapprox of hell in Um.

For each m, defineTri Utum, Dach):arginad(h,h)
Using this, we construct a chainfrom any

hell. Wm.
=Tm-(m)

H1 x

He
%(=x2(3) Vn -V =Em =V -Vn. and

XVz=Tz()13 0 #In-Vv1<EnEe suPreva IVr-VimnGl

isp. NHETR Similarly, you any other her, we have same bound with In's.
o

u=h



We arrives at (n-Vz) =(V- V +Vn-V +V-Var |
=(Vr -Vi) +Viv# bounal via chaining

< arcu, IVn-Wil + zEmE maUnIVr-Vin,M |

From Lemma, Imarriou, In-Wil < 20NI,d) and
since maydAW,Tn (v) <p.2-(m-1), and Mmb (N(T,d,0.2-2), We have

I mainIV -VT..(2)) <282- m. 1Ad.0.2)
Conclude that
I suphineyIn - Vr/ 14Zn=0.2-in-1id,02-m).

Since SH logN(,d,5) is dis, 0.2-M NAid,PET <z/0zNHT.d.s
=>IEsUnineyNn-UrI <32/NH.d,a)da

combiningwithA, we getthe result. #

Example Recall thatgr ll0iz):1-2-07, O.EtTal], QuH+-

Let's use Ondlais satropyintegral.
DnH =3tds 32SFeds ,

n
=5=1=2e
de = -44e-2"du

=1 40"du
= .(- ue"((2-vdu) =6.Noto gator

Example Lipschutz functions (COTE)-ll0iZK< W0-011, H= 9l(00):804]

Recall: NCH, 11R), 2.2) <NCH, N1, 2). If IrB, NCU, N11,3)= (H=) d

2u71 frA,HlueRs, alds 32LFNO,HHI,s7 ds
<34SE) ds < cr.

combiningthis withpreviousconcentration result, or el0izi( To,MJ, we have

Elleniz) intoAlloiz) +curl +cEup.> ret.

commenton measurabilityissues.Outermeasures.



ULIN whatif we just
wantto show so I rEl10iZil-ElloiEl Go?

Theoro Letitbe an envelope function for H:Whc71, 11-H. Let(H(z)<a,
->

and deginetruncatedversion of7:Hm:=SKM): heH].
P

If idog NCHm, 1.((z(8), 5) +0 you all gred 250, MCO,

then suPneHIFIhGil-EhGll go

Pf) From symmetrization, ISRetEhEil-EUSE) <ERuH
=z] syE0i(h(Zil- hm(i)) + 2tRu7lm
= 2 HEISHERM3 +ZERUHM

Take a e-sover Amis of Im inHCR). Rufto- Ruflm,s + E

Now, note thatsince supustllco M, Lemona gives
IQuimaC MAtriNInisT. 1 RuFns0

so suPheftIth(Zil-thCZ) <4Eh() ISH(l>M] + RnImsE
Take news, then let ado, M90. MCT gives

the result.


