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2.1 Proof of Dudley’s entropy integral bound

Theorem 1 (Dudley’s entropy integral). Let {Vh : h ∈ T } be a sub-Gaussian process w.r.t. d on T . For
any δ ∈ [0, D],

E sup
h∈T

Vh ≤ E

[
sup

h,h′∈T
Vh − Vh′

]
≤ 2E

[
sup

d(γ,γ′)≤δ,γ,γ′∈T
(Vγ − Vγ′)

]
+ 32

∫ D

δ/4

√
logN(T , d, ε)dε

Remark 1. Setting δ = 0 gives E suph∈T Vh ≤ 32
∫∞
0

√
logN(T , d, ε)dε. (N(T , d, δ) = 1 for any δ ≥ D)

Proof. We begin with the inequality established before:

sup
h,h′∈T

(Vh − Vh′) ≤ 2 sup
d(γ,γ′)≤δ,γ,γ′∈T ,d(γ,γ′)≤δ

(Vγ − Vγ′) + 2 max
1≤j≤N

|Vhj − Vh1 |. (2.1)

Instead of bounding the last term via the max lemma, we use a chaining argument.

Recall that U := {hj}Nj=1 is a δ-cover of T . For each m = 1, 2, . . . , L, define Um := minimal (D2−m)-cover
of Um−1, where we allow for any element of T to be used in forming the cover.

Since U is finite, for L = ⌈log2(D/δ)⌉ such that 2−L ≤ δ
D . We can set UL = U . By definition, |Um| ≤

N(T , d,D2−m). For each m, we define πm : U → Um such that πm(h) = argminh̃∈Um
d(h, h̃). Using this, we

can construct a chaining process for any h ∈ U , where we define γL = h, γm−1 = πm−1(γm) recursively for
m = L,L− 1, . . . , 2.

By construction, we have the chaining relation:

Vh − Vγ1 =

L∑
m=2

(Vγm − Vγm−1),

and therefore, |Vh−Vγ1 | ≤
∑L

m=2 supγ∈Um
|Vγ −Vπm−1(γ)|. See for an illustration of this setup in Figure 2.1.

Similarly, for any other h′ ∈ T , we have the same bound with γ′
m. Therefore, we arrive at:

|Vh − Vh′ | = |Vγ1 − Vγ′
1
+ Vh − Vγ1 + Vγ′

1
− Vh′ |

≤ |Vγ1
− Vγ′

1
|+ |Vh − Vγ1

|+ |Vγ′
1
− Vh′ |

≤ max
γ1,γ′

1∈U1

|Vγ1
− Vγ′

1
|+ 2

L∑
m=2

sup
γ∈Um

|Vγ − Vπm−1(γ)|,

where we apply the chaining technique for the second and third term in the second inequality. From previous
lemma, we know

E
[

max
γ1,γ′

1∈U1

|Vγ1
− Vγ′

1
|
]
≤ 2D

√
logN

(
T , d,

D

2

)
.
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Figure 2.1: Illustration of the chaining relationship (extracted from Figure 5.3 in Wainwright (2019)

And since maxγ∈Um
d(γ, πm−1(γ)) ≤ D2−(m−1) and |Um| ≤ N(T , d,D2−m), we have:

E
[
max

h,h′∈U
|Vh − Vh′ |

]
≤ 2D2−(m−1)

√
logN(T , d,D2−m).

Combining the pieces, we conclude that: E
[
suph,h′∈U |Vh − Vh′ |

]
≤ 4

∑L
m=1 D2−(m−1)

√
logN {T , d,D2−m}.

Since the metric entropy logN(T , d, δ) is decreasing in δ, we have:

D2−m
√

logN(T , d,D2−m ≤ 2

∫ D2−m

D2−(m+1)

√
logN(T , d, ε)dε.

Therefore, 2E
[
suph,h′∈U |Vh − Vh′ |

]
≤ 32

∫D

δ/4

√
logN(T , d, ε)dε. Combining with Equation (2.1), we get the

result.

2.2 Stochastic Gradient Descent (SGD)

Definition 1. A function R : Rd → R is convex if ∀θ, θ′ ∈ Rd,

R(tθ + (1− t)θ′) ≤ tR(θ) + (1− t)R(θ′),∀t ∈ [0, 1].

Lemma 1. Let the function R : Rd → R be differentiable on the interior of its domain. Then R is convex
iff R(θ′) ≥ R(θ) +∇R(θ)⊤(θ′ − θ),∀θ, θ′ ∈ Rd.

This result shows that in convex functions, first order approximation is a global minimization.

Proof. “If” part: ∀θ, θ′ ∈ Rd, define θt = tθ + (1− t)θ′. Combining:

R(θ) ≥ R(θt) +∇R(θt)
⊤(θ − θt),

R(θ′) ≥ R(θt) +∇R(θt)
⊤(θ′ − θt),
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we have: tR(θ) + (1− t)R(θ′) ≥ R(θt) +∇R(θt)
⊤(tθ + (1− t)θ′ − θt) = R(θt),∀t ∈ [0, 1].

“Only if” part: From the definition of convexity, we have:

R(θ + t(θ′)) ≤ R(θ) + t(R(θ′)−R(θ))

which is equivalent to saying:

R(θ′)−R(θ) ≥ 1

t
(R(θ + t(θ′ − θ))−R(θ)),∀t ∈ (0, 1]

Then letting t → 0 in the right hand side above yields ∇R(θ)⊤(θ′ − θ).

This result shows that in convex functions, first order approximation is a global minimization.

First, we consider minθ∈Θ R(θ) for R : Rd → R differentiable and convex.

Lemma 2 (Optimality Condition). θ∗ = argminθ∈Θ R(θ) iff ∇R(θ∗)⊤(θ − θ∗) ≥ 0,∀θ ∈ Θ.

Proof. “If” part: From Lemma 1, R(θ)−R(θ∗) ≥ ∇R(θ∗)⊤(θ − θ∗) ≥ 0,∀θ ∈ Θ.

“Only if” part: ∇R(θ∗)⊤(θ − θ∗) = limt→0
1
t (R(θ∗ + t(θ − θ∗))−R(θ∗)) ≥ 0,∀θ ∈ Θ.

Corollary 1. Let Θ be a closed convex set in Rd. Define the projection operator ΠΘ(θ) = argminθ′∈Θ ∥θ −
θ′∥2. Then ∥ΠΘ(θ)− θ′∥2 ≤ ∥θ − θ′∥2 ,∀θ′ ∈ Θ,∀θ ∈ Rd.

Proof. We apply Lemma 2 to R(θ′) := ∥θ − θ′∥2. Then ∀θ ∈ Θ, we have:

0 ≤ (ΠΘ(θ)− θ)⊤(θ′ −ΠΘ(θ))

= (ΠΘ(θ)− θ′ + θ′ − θ)⊤(θ′ −ΠΘ(θ))

= −∥θ′ −ΠΘ(θ)∥
2
2 + (θ′ − θ)⊤(θ′ −ΠΘ(θ))

≤ −∥θ′ −ΠΘ(θ)∥
2
2 + ∥θ′ − θ∥2 ∥θ

′ −ΠΘ(θ))∥2 ,

where the last inequality follows by Cauchy-Schwarz inequality.

Definition 2 (Stochastic Gradient). A stochastic gradient G(θ) is a random variable s.t. E[G(θ)] = ∇R(θ).

We study the first-order optimization method based on the stochastic gradient, where the canonical problem
is:

min
θ∈Θ

{Eℓ(θ;Z) =: R(θ)} .

The idea of SGD is to go in the direction of the stochastic gradient, then project to Θ.

The algorithm is: let Gk(θ) be a stochastic gradient of R(θ). At each iteration k, we set:

θk+1 = ΠΘ(θk − αkGk(θk)), for some stepsize αk > 0.

Note that we are completely assuming that projections are efficient to compute.

We would like to study the convergence of SGD. Assume θ∗ ∈ argminθ∈Θ R(θ) > −∞ exists.
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Theorem 2. Let Θ be compact. Assume ∃D > 0 s.t. supθ∈Θ ∥θ − θ∗∥2 ≤ D. ∃M > 0, s.t. E ∥G(θ)∥22 ≤
M2,∀θ ∈ Θ.

Let αk be the sequence of (decreasing and positive) step sizes, and θ̄K = 1
K

∑K
k=1 θk. Then:

E[R(θ̄K)−R(θ∗)] ≤ D2

2KαK
+

M2

2K

K∑
k=1

αk.

Proof. We expand on the error ∥θk+1 − θ∗∥22.

1

2
∥θk+1 − θ∗∥22 =

1

2
∥ΠΘ(θk − αkG(θk))− θ∗∥22

≤ 1

2
∥θk − αkG(θk)− θ∗∥22

=
1

2
∥θk − θ∗∥22 − αk⟨G(θk), θk − θ∗⟩+ α2

k

2
∥G(θk)∥22

=
1

2
∥θk − θ∗∥22 − αk⟨∇R(θk), θk − θ∗⟩+ α2

k

2
∥G(θk)∥22 − αk⟨G(θk)−∇R(θk), θk − θ∗⟩

≤ 1

2
∥θk − θ∗∥22 − αk(R(θk)−R(θ∗)) +

α2
k

2
∥G(θk)∥22 − αk⟨G(θk)−∇R(θk), θk − θ∗⟩,

where the first inequality follows by the non-expansiveness of ΠΘ in Corollary 1, and the second inequality
follows by convexity of R(·).

Then we divide each side by αk and rearrange:

R(θk)−R(θ∗) ≤ 1

2αk
(∥θk − θ∗∥22 − ∥θk+1 − θ∗∥22) +

αk

2
∥G(θk)∥22 − ⟨G(θk)−∇R(θk), θk − θ∗⟩. (2.2)

Now, note that:

K∑
k=1

1

2αk
(∥θk − θ∗∥22 − ∥θk+1 − θ∗∥22) =

1

2α1
∥θ1 − θ∗∥22 −

1

2αK
∥θK − θ∗∥22 +

K∑
k=2

(
1

2αk
− 1

2αk−1
) ∥θk − θ∗∥2

≤ D2

2α1
+

D2

2

K∑
k=2

(
1

αk
− 1

αk−1
) =

D2

2αK
.

So summing both sides of Equation (2.2) and taking expectation, we have:

E[
K∑

k=1

R(θk)−R(θ∗)] ≤ D2

2αK
+

M

2

K∑
k=1

αk −
K∑

k=1

E⟨G(θk −∇R(θk)), θk − θ∗⟩

And notice:

E[⟨G(θk −∇R(θk)), θk − θ∗⟩] = E[E[⟨G(θk −∇R(θk)), θk − θ∗⟩|θk]]
= E[⟨E[G(θk)|θk]−∇R(θk), θk − θ∗⟩] = 0.

Then we get E[
∑K

k=1 R(θk)−R(θ∗)] ≤ D2

2αK
+ M2

2 αk. And notice R(θ̄K) ≤ 1
K

∑K
k=1 R(θk), we would get the

result.

Corollary 2. If we choose the step size αk = D
M

√
k
, then ER(θ̄K)−R(θ∗) ≤ 3DM

2
√
K
.
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Proof. Noticing
∑K

k=1
1√
k
≤

∫K

0
1√
t
dt = 2

√
K, therefore applying the result in Theorem 2, we have:

ER(θ̄K)−R(θ∗) ≤ 3DM

2
√
K

≤ DM

2
√
K

+
DM√
K

.

Remark 2. We can think of K as the number of access to the gradient oracle. If G(θ) = ∇θℓ(θ; ℓ(θ;Zi)),
then K is the number of samples.

Remark 3. Often, we iterate through data C times. This gives gains on the empirical loss. But the
population loss-wise, theory doesn’t give gains as C grows. In fact, we cannot do better and we will show this
through information theoretical minimax bound next class.

We refer the detailed notes of minimax analysis of stochastic optimization to Chapter 5 in Duchi (2018).
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