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coherence consider a risk measure that maps random losses to a risk ochre

R : Lh. (P) → IR .
The simplest such measure is RCW) = Epw .

coherence defines a class of "sensible " disntihty functions
.
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Example Rcw) -- innfsckcw-he.li ty) is coherent .

In fact
, ANY PRO problem over convex Q E {Q : QKP}

,
RCW) = superQ Ea w .

defines a coherent risk measure . This follows by the likelihood ratio representation
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we can show that the converse is also tone . Recall the onpgte function

RTL) EYE. {Ephw - Raw)) .
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coherent risk measure
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FLC LHP) sit . RCW) = swphey Ep LW .

I first note that since
any finite-valued convex function is continuous
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so ORO E risk-aversion Coherence)
. i.e.

, god peg . under distributional shifts
⇒ good tail-performance . ① Desired notion of risk-acesich

QI ° Which R to use ? Or equivalently ,
which Q ? {② statistical efficiency

③ computational efficiency
• Risk-aversion generally means less sample . efficiency
. Open Qs : . Linking problem structure to a particular kind of distr shift

↳ this gives rough guidelines on. W- to choose Q
.

' so far
,
we considered shifts in full distr of Z .

what if we are interested in partial distr shifts, only art . vaginal distr of Repo .

• Outliers

'

statistics in high- alien
-

Training deep nets with risk -aversion

Transition so
far, we studied PRO as a population formulation .

-
In practice , we world formulate a empirical approximation to this problem

and solve
minimize sup EofCOIF) ,OE ④ Q: PCQ, Pike

where Pi is the empirical distribution , in uniform weights on each data point .
For f-divergence TRO

, duality gives

mining
,
⇒me,#EG . the" + xety) .

It turns out tht by setting the radius of→ o as n→a above
,

we can view

these finite sample procedures as approximations to the average-case optimization problem

ice . Milf, swpg .

. izfcgyyn, ⇐ en
EE Gillotti ) is a good approximation to Eplcoiz)

if we choose en appropriately .

This is what we will show now
.



Subeeparentid RVs & Bernstein bounds

so far , we studied tail-bounds for subGaussian
RVs X satisfying Ee

""#'
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This puts a restrictive condition on the tails of X, so it's natural to consider relaxations .
f. nonnegative

Pet ARV X is sub-exponential with parameters Cvn) if
E ENKE" EEE" for all X et

. HK 's .

Any subGaussian RV is sub - exponential , but the converse is not true
.
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By the Chernoff bound
, we can again derive a tail-boned per

sub - exponential RVs
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(similarly , left tail can be controlled )

( Bernstein 's condition) Let E- Vox .
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e.g . If IX-ml Eb , B 's condition holds .

H X satisfies B 's condition
,
it is sub- exponential .
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-
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so for lxldlzb , EeH× -M E exp (7262) .

ice . B's condition ⇒ sub- exponential with €6, 2b ) .



Directly applying condition H) in the Chernoff bound
,
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we have the following lemma
.

Lemme H Eepcalx-Ext) E exp (¥6
! tbh ) for lxkyb , then
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Example Recalling that if IX-Ext Eb then x-EX is subG with parents
the tail-bound for

sub G RVs gives PIX-Ex Z t ) E e-ptzbz )
= X -EX E bras up . I t-e
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Let us toy using the above lemma
.

set s= zcbtt) . Solving for t , t=bstb*2oI .
so X - EX E + Is up. Z l - e

- S

,
where we used fats Erath tab>o .

when 024 b
' which is often true when X occasionally take large values ,

the second bound is better.

Example consider ii. d . Xi E EM . M)
,

so that & ) holds with b -- M
.
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.

so Lemma gives lpfhtxi -EXE-t ) E expfztozt.int ) .

We arrive at the following bound :

EX E IEXi t 2M¥ + 2M . I up . 21 - e-
s

.

H var X concentrates around the sample penance 81
, then

EX E LEXI + zs.EE/nT*C-M4nw.h.p.



Variance regularization g.
sample romance of ecoizs

Given Bernstein 's inequality we just denied , we have

Eplcoiz ) E hello,Zi ) * CIVILIAN + Cmas up . Z l - e
's

for some numerical constant c > o .

Trade-off

igs
& variance optimally

so given
this upper bound on the population loss, it is natural to optimize
minion

' { ntacoizis-c.me/iz# 3

L, we call this the variance regularized problem .

see plot

Pntdem OH Eliot is nonconvex even when Otello: H is
tame

.

Consider the empirical f-divergence PRO formulation with fat = EG-it
,
and ha > o

.

My { Eaecoiz) : A CQ , E) = tip I(d¥i - 1)
'

= a'Ii Elfin - i ) ' Ef )

= mages. { II gillotti ) : #Encngi -D2 EE
, gTI= 13 .

Taking en = I , we show that
Iis actually equivalent to variance Reg .

Fix OE ①
,
and let W= LCQZ)

,
Nii. = a'Eiti wi . If := IFWE - ⇐Ewi)' .

Define Quk ) :={ GERI : 951=1 , EECngi -it - I Hug -* HE E c)
Doing a change of variables u = of

- II
,
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-
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.

often = Mit sup { utcwn- pink) : uz- a'I , utI=o, HulkEti 3
.

from Candy- Schwarz , WE-mint) E Hulk HWI
- An Ik EFF Hui-Minelli

.

Equality is attained iff ut wi-Mia
,
or ni = n%!m%±j = Fn%iH

Such choice is possible if uti Z - nd ti .



OH MEI) where Koi7) = 10- ZI
,

z~ Uniform 9-2 , -1. Oil . 2) .



so as long as Ec in (wi- mi ) z - Fai = En Z FI . Efendi.-wi)
,

%fa.ec , The
= Mi + EE .

By arguing that se is large enough with high probability, we arrive at the phoning .

theorem Let WE Can] a. s .

,
and o? = Var w so

(EE -⇒ E %fa.cc, g-
w - mi e EF

,

and for n z ma. (2 ,
FI max Ho, 44) )

, up. Z t - expf- 3F )

Ffa.cc, 95W = An tEF .

That is
,

we have shown

nt-Zecoiz.lt Cirillo E gseupoaec , Eigilcoizi
) w - hp .

LHS : nonconvex
,
not coherent

,
but a natural quantity from a learning

theoretic perspective
RHS : convex

,
coherent

,

"

robust
"

writ . oewaghtuy .

A anymtatunally tractable way of regularizing by rommel -

peep connections to EL

Remade 1)The guarantee I can be made uniform in OE ①

2) A variant can be shown for any
smooth f-divergence

I
3) An asymptotic version can be shown for any fast mixing self

of RV

so what does this give us? upright harder examples

oink = arginine① qq.ua ,Egil
Chiti )

⑥Erm = agmoifo.IE#OiZi )
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Optional bias- variance trade

-off

theorem het c = s t C . Rn {NOI ') : Ot 3
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.
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Using a uniform version of Bernstein 's inequality, w -p . Zi- e?
,

E.zpeiOErnmiz3Einto.EpllOiZIt2mMionf@fpeo.z, + AMI .

If Vare z ) K M - Epl LOTZ)
,

then bound for 84 is tighter .

ef .

We can also construct an explicit (contrived) example where

Eznpecoinhiz) E info. Epecoizlt I bit Ezplcoiierniz) Z int Eplloizl train .

Wasserstein ORO & Regularization
By choosing certain cost functions

,
we can show that Wasserstein DRO is

equivalent to classical regularizes .

Proposition (Regression ) consider dead . Gigi) = Klay) - Gi, g) HI for some KEG .
-I

,

a?wYfo.
.

c. e
Eat- 0×5 = (( a'ETH-Exit ) 's + Tell co , Blk.)

'

where k. =
'

% so it IT = I
.

Proofofmainp-opos.tn To ease notation
, define 7=4,4), 0=50,4] C- Rd

"

from the duality result for Wasserstein DRO ,

a. swwko.ae ,
Eat- 0×5 = into {he + Epi Supt @ERNIE- z 'll:3 )Z

'

we post soimplifg the robust surrogate loss Supt @E 'T
- THE- z 'll: 3.= # to;z)

Z
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Doing a change of variable D= Z- z '
.

since gap
should be attained when signs match .

4×15 IZ) = sup, { (E
-E t 087- X Hollie } = ST { ⑥ZtsgnCEZ) . -0%5-11141 :)
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'
- 71101143 since Holder 's inequality is tight
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= @ezPttsopG-Cx-llEkk.l.llollit4OTZlHEHn.l101k)
= { r¥oi. COTE)? if X> Hella.
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so we conclude
a?w%*e ,

teak- 0×5 = ninthow. Het ftp..IE
"

(E'zit}
.

Noting that the optimum is achieved at at= Hoth! t Clothing, " Cozi))!
we have the result

. ta

similarly , we can consider only perturbing the feature vector by setting
c(Gay) , Gd. y

' )) = Hx-'
'Hi if f-y

' L "cornute shift
"

{ • if y't y
'

a?wY%
.

c. e
Ea H- 0×5 = (( IE,

"

Hi-Exit ) 's + TellOllie.)
'

we can show a similar equivalence for hired classification models
.

YEEII }

c(Gay) , Gd. y
' )) = Hx-'

'

11h if f-y
'
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'

a. swwfco.ae ,
Eta light e-

TO" ) = II" log ( ite
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.
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.

c. e
Ea ( t- TOY)t = II" ( I- Yioexilt tell Ollie.



Another basic connection
consider the cost function CG

, Z
' ) = Itt - z ' HI , and the corresponding robust

surrogate function 9×10: -2 ) -- apai {eloizy- Elle. -74137 .

Plugging the first order approximation into the robust surrogate
*= szyf { doit) toolkitTtt

'
- Z) - Elle-Z' Ili ) .

gradient ascent step for inc. loss

The men is attained at G- lloiz) = Hz-z) = z
'
I 2- t 'T # ecoiz)

,

and to = lloiz) t Hallo :⇒Hi .

Plugging this first order approximation in to the dual , we get
int { Xf t III, sgp { ecoiziltozlloizlift

'
- Zi) - E- HE#' Ili ) )

XZo

= IIe coizil + info {Xe t # IE
" Hrzlloizillli }

= I Eiecoizi) t re . ftp.llozlloizlllif
↳ Regularize to make the loss more stable against data perturbation

for smooth losses , Wasserstein PRO regularizes to make Htzlloiz)H
small

, up to first order .


