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[Does ImageNet classifiers generalize to ImageNet? Recht, Roelofs, Schmidt, Shankar ’19]

Challenge 0: Robustness



Challenge 1: Long-tails
• Long-tailed data is ubiquitous in modern applications


- Google (7 yrs ago): constant fraction of queries were new each day


• Tail inputs often determine quality of service
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MSR Learning to Rank [Qin & Liu ’13]
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• Warfarin is the most widely used 
blood-thinner worldwide


• Task: learn to predict therapeutic        
warfarin dosage


• Personalized treatment 
recommendation based on 
regression models [International Warfarin 
Pharmacogenetics Consortium ’09]


- Worked best out of polynomial regression, kernel 
methods, neural networks, regression splines, 
boosting [IWPC ’09]

Example: Predicting warfarin dosage

Tail performance is orders  of  magnitude   
worse than average

Another use for Warfarin: rat poison



Challenge 2: Lack of diversity in data

• “Clinical trials for new drugs skew heavily white”

- Less than 5% of cancer trial participants were non-white


• Majority of image data from US & Western Europe

ImageNet: country of origin

[Shankar et al. ’17]

[Oh et al. ’15, Burchard 
et al. ’15, Chen et al., 
’14, SA Editors ’18]
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Other examples



• Loss/Objective               where              is parameter/
decision to be learned, and                is random data


• Optimize average performance under 


     Linear regression


     SVM (Classification) 


     Deep neural networks 

Standard Approach: Average Loss
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<latexit sha1_base64="p6ncfocElWAw31JKJqx+hZGoGXY=">AAAB+3icbZDLSsNAFIYn9VbrLdalm8EiuCqJCLqSghuXFewFmxAm00k7dC5hZiKWkFdx40IRt76IO9/GaZuFtv4w8PGfczhn/jhlVBvP+3Yqa+sbm1vV7drO7t7+gXtY72qZKUw6WDKp+jHShFFBOoYaRvqpIojHjPTiyc2s3nskSlMp7s00JSFHI0ETipGxVuTWH2CgKYftKA8UhzLWReQ2vKY3F1wFv4QGKNWO3K9gKHHGiTCYIa0HvpeaMEfKUMxIUQsyTVKEJ2hEBhYF4kSH+fz2Ap5aZwgTqewTBs7d3xM54lpPeWw7OTJjvVybmf/VBplJrsKcijQzRODFoiRj0Eg4CwIOqSLYsKkFhBW1t0I8RgphY+Oq2RD85S+vQve86Vu+u2i0rss4quAYnIAz4INL0AK3oA06AIMn8AxewZtTOC/Ou/OxaK045cwR+CPn8wcx4ZPg</latexit><latexit sha1_base64="p6ncfocElWAw31JKJqx+hZGoGXY=">AAAB+3icbZDLSsNAFIYn9VbrLdalm8EiuCqJCLqSghuXFewFmxAm00k7dC5hZiKWkFdx40IRt76IO9/GaZuFtv4w8PGfczhn/jhlVBvP+3Yqa+sbm1vV7drO7t7+gXtY72qZKUw6WDKp+jHShFFBOoYaRvqpIojHjPTiyc2s3nskSlMp7s00JSFHI0ETipGxVuTWH2CgKYftKA8UhzLWReQ2vKY3F1wFv4QGKNWO3K9gKHHGiTCYIa0HvpeaMEfKUMxIUQsyTVKEJ2hEBhYF4kSH+fz2Ap5aZwgTqewTBs7d3xM54lpPeWw7OTJjvVybmf/VBplJrsKcijQzRODFoiRj0Eg4CwIOqSLYsKkFhBW1t0I8RgphY+Oq2RD85S+vQve86Vu+u2i0rss4quAYnIAz4INL0AK3oA06AIMn8AxewZtTOC/Ou/OxaK045cwR+CPn8wcx4ZPg</latexit><latexit sha1_base64="p6ncfocElWAw31JKJqx+hZGoGXY=">AAAB+3icbZDLSsNAFIYn9VbrLdalm8EiuCqJCLqSghuXFewFmxAm00k7dC5hZiKWkFdx40IRt76IO9/GaZuFtv4w8PGfczhn/jhlVBvP+3Yqa+sbm1vV7drO7t7+gXtY72qZKUw6WDKp+jHShFFBOoYaRvqpIojHjPTiyc2s3nskSlMp7s00JSFHI0ETipGxVuTWH2CgKYftKA8UhzLWReQ2vKY3F1wFv4QGKNWO3K9gKHHGiTCYIa0HvpeaMEfKUMxIUQsyTVKEJ2hEBhYF4kSH+fz2Ap5aZwgTqewTBs7d3xM54lpPeWw7OTJjvVybmf/VBplJrsKcijQzRODFoiRj0Eg4CwIOqSLYsKkFhBW1t0I8RgphY+Oq2RD85S+vQve86Vu+u2i0rss4quAYnIAz4INL0AK3oA06AIMn8AxewZtTOC/Ou/OxaK045cwR+CPn8wcx4ZPg</latexit><latexit sha1_base64="p6ncfocElWAw31JKJqx+hZGoGXY=">AAAB+3icbZDLSsNAFIYn9VbrLdalm8EiuCqJCLqSghuXFewFmxAm00k7dC5hZiKWkFdx40IRt76IO9/GaZuFtv4w8PGfczhn/jhlVBvP+3Yqa+sbm1vV7drO7t7+gXtY72qZKUw6WDKp+jHShFFBOoYaRvqpIojHjPTiyc2s3nskSlMp7s00JSFHI0ETipGxVuTWH2CgKYftKA8UhzLWReQ2vKY3F1wFv4QGKNWO3K9gKHHGiTCYIa0HvpeaMEfKUMxIUQsyTVKEJ2hEBhYF4kSH+fz2Ap5aZwgTqewTBs7d3xM54lpPeWw7OTJjvVybmf/VBplJrsKcijQzRODFoiRj0Eg4CwIOqSLYsKkFhBW1t0I8RgphY+Oq2RD85S+vQve86Vu+u2i0rss4quAYnIAz4INL0AK3oA06AIMn8AxewZtTOC/Ou/OxaK045cwR+CPn8wcx4ZPg</latexit>

! (" ; X, Y ) = ( Y ! " ! X )2
<latexit sha1_base64="6uOIBu6bwrhxNlpf/269e/JvZbc=">AAACE3icbZDJSgNBEIZ74hbjFvXopTEIiajMBEFBlIAXjxHMRiYJPZ2KadKz0F0jhJB38OKrePGgiFcv3nwbO8tBE39o+Piriur6vUgKjbb9bSUWFpeWV5KrqbX1jc2t9PZOWYex4lDioQxV1WMapAighAIlVCMFzPckVLze9aheeQClRRjcYT+Chs/uA9ERnKGxWulDF6TMutgFZBe0ekRrOXpJszV6TCdm08UwotVcM99KZ+wTeyw6D84UMmSqYiv95bZDHvsQIJdM67pjR9gYMIWCSxim3FhDxHiP3UPdYMB80I3B+KYhPTBOm3ZCZV6AdOz+nhgwX+u+75lOn2FXz9ZG5n+1eoyd88ZABFGMEPDJok4sKYZ0FBBtCwUcZd8A40qYv1LeZYpxNDGmTAjO7MnzUM6fOIZvTzOFq2kcSbJH9kmWOOSMFMgNKZIS4eSRPJNX8mY9WS/Wu/UxaU1Y05ld8kfW5w8ONZsa</latexit><latexit sha1_base64="6uOIBu6bwrhxNlpf/269e/JvZbc=">AAACE3icbZDJSgNBEIZ74hbjFvXopTEIiajMBEFBlIAXjxHMRiYJPZ2KadKz0F0jhJB38OKrePGgiFcv3nwbO8tBE39o+Piriur6vUgKjbb9bSUWFpeWV5KrqbX1jc2t9PZOWYex4lDioQxV1WMapAighAIlVCMFzPckVLze9aheeQClRRjcYT+Chs/uA9ERnKGxWulDF6TMutgFZBe0ekRrOXpJszV6TCdm08UwotVcM99KZ+wTeyw6D84UMmSqYiv95bZDHvsQIJdM67pjR9gYMIWCSxim3FhDxHiP3UPdYMB80I3B+KYhPTBOm3ZCZV6AdOz+nhgwX+u+75lOn2FXz9ZG5n+1eoyd88ZABFGMEPDJok4sKYZ0FBBtCwUcZd8A40qYv1LeZYpxNDGmTAjO7MnzUM6fOIZvTzOFq2kcSbJH9kmWOOSMFMgNKZIS4eSRPJNX8mY9WS/Wu/UxaU1Y05ld8kfW5w8ONZsa</latexit><latexit sha1_base64="6uOIBu6bwrhxNlpf/269e/JvZbc=">AAACE3icbZDJSgNBEIZ74hbjFvXopTEIiajMBEFBlIAXjxHMRiYJPZ2KadKz0F0jhJB38OKrePGgiFcv3nwbO8tBE39o+Piriur6vUgKjbb9bSUWFpeWV5KrqbX1jc2t9PZOWYex4lDioQxV1WMapAighAIlVCMFzPckVLze9aheeQClRRjcYT+Chs/uA9ERnKGxWulDF6TMutgFZBe0ekRrOXpJszV6TCdm08UwotVcM99KZ+wTeyw6D84UMmSqYiv95bZDHvsQIJdM67pjR9gYMIWCSxim3FhDxHiP3UPdYMB80I3B+KYhPTBOm3ZCZV6AdOz+nhgwX+u+75lOn2FXz9ZG5n+1eoyd88ZABFGMEPDJok4sKYZ0FBBtCwUcZd8A40qYv1LeZYpxNDGmTAjO7MnzUM6fOIZvTzOFq2kcSbJH9kmWOOSMFMgNKZIS4eSRPJNX8mY9WS/Wu/UxaU1Y05ld8kfW5w8ONZsa</latexit><latexit sha1_base64="6uOIBu6bwrhxNlpf/269e/JvZbc=">AAACE3icbZDJSgNBEIZ74hbjFvXopTEIiajMBEFBlIAXjxHMRiYJPZ2KadKz0F0jhJB38OKrePGgiFcv3nwbO8tBE39o+Piriur6vUgKjbb9bSUWFpeWV5KrqbX1jc2t9PZOWYex4lDioQxV1WMapAighAIlVCMFzPckVLze9aheeQClRRjcYT+Chs/uA9ERnKGxWulDF6TMutgFZBe0ekRrOXpJszV6TCdm08UwotVcM99KZ+wTeyw6D84UMmSqYiv95bZDHvsQIJdM67pjR9gYMIWCSxim3FhDxHiP3UPdYMB80I3B+KYhPTBOm3ZCZV6AdOz+nhgwX+u+75lOn2FXz9ZG5n+1eoyd88ZABFGMEPDJok4sKYZ0FBBtCwUcZd8A40qYv1LeZYpxNDGmTAjO7MnzUM6fOIZvTzOFq2kcSbJH9kmWOOSMFMgNKZIS4eSRPJNX8mY9WS/Wu/UxaU1Y05ld8kfW5w8ONZsa</latexit>

! (" ; X, Y ) = ( Y ! #1(" 1 á á á#k (" k áX )))) 2
<latexit sha1_base64="PftD3QrTS8T4CA+d9G8Hp2Bh7Pk="></latexit><latexit sha1_base64="PftD3QrTS8T4CA+d9G8Hp2Bh7Pk="></latexit><latexit sha1_base64="PftD3QrTS8T4CA+d9G8Hp2Bh7Pk="></latexit><latexit sha1_base64="PftD3QrTS8T4CA+d9G8Hp2Bh7Pk="></latexit>



Example: Facial recognition
• Labeled Faces in the Wild, a gold standard dataset for face 

recognition, is 77.5% male, and 83.5% White [Han and Jain ’14]


• Commercial gender classification softwares have disparate 
performance on different subpopulations

Gendered Shades: Intersectional accuracy disparity
[Buolamwini and Gebru Õ18]



Distributionally robust optimization

Idea: Do well almost all the time, instead of on average! 
References: [Ben-Tal et al. 13, Bertsimas et al. 16, Blanchet & Murthy 16, Blanchet et al. 16, 
ddddddddddGao & Kleywegt 16, Lam & Zhou 17, Lam 18, and many others]

Standard approach: Solve average risk minimization problem

Today: Solve distributionally robust optimization problem

for some carefully chosen set of probabilities

minimize
! ! !

max
Q! P

EQ [! (" ; Z )]

<latexit sha1_base64="63wbAgwz/hYhDjO2a8zo3oLkAKQ="></latexit>

P

<latexit sha1_base64="q4aX4SbZ6l5zkApsTaoeXpbG8YY=">AAACEnicbVDLSsNAFJ34rPVVdelmsAhuLIkU1I0U3LisYB/QhDKZTtqh84gzE6GE/IXgVn/Dnbj1B/wLP8FJm4VtPXDhcM653MsJY0a1cd1vZ2V1bX1js7RV3t7Z3duvHBy2tUwUJi0smVTdEGnCqCAtQw0j3VgRxENGOuH4Nvc7T0RpKsWDmcQk4GgoaEQxMlYK/JAlJPU5TptZ1q9U3Zo7BVwmXkGqoECzX/nxBxInnAiDGdK657mxCVKkDMWMZGU/0SRGeIyGpGepQJzoIJ0+ncFTqwxgJJUdYeBU/buRIq71hIc2yZEZ6UUvF//zeomJroKUijgxRODZoShh0EiYNwAHVBFs2MQShBW1v0I8QgphY3uau6KNbUnbgD7nNip1XpG3WMgyaV/UvHrt+r5ebdwUZZXAMTgBZ8ADl6AB7kATtAAGj+AFvII359l5dz6cz1l0xSl2jsAcnK9fhUWfkg==</latexit>

minimize! ! ! EPobs [! (" ; Z )]
<latexit sha1_base64="jnG+zUYtV3h0az31g7v7ZxCaHYg="></latexit><latexit sha1_base64="jnG+zUYtV3h0az31g7v7ZxCaHYg="></latexit><latexit sha1_base64="jnG+zUYtV3h0az31g7v7ZxCaHYg="></latexit><latexit sha1_base64="jnG+zUYtV3h0az31g7v7ZxCaHYg="></latexit>



f-divergences
Idea: Instead of using the empirical distribution       , 
dddd look at all distributions “near” it

f-divergence: If               is “near 1”, then      and      are nearQ
<latexit sha1_base64="Xe10sOwYmyd7iZl++KqU9bDRBEs=">AAACBnicbVDLSgMxFM34rPVVdekmWAQ3lhkRdCUFNy5bsA9oh5JJ77SheQxJRihD94Jb/Q134tbf8C/8BNN2Frb1QOBwzrncmxMlnBnr+9/e2vrG5tZ2Yae4u7d/cFg6Om4alWoKDaq40u2IGOBMQsMyy6GdaCAi4tCKRvdTv/UE2jAlH+04gVCQgWQxo8Q6qV7vlcp+xZ8Br5IgJ2WUo9Yr/XT7iqYCpKWcGNMJ/MSGGdGWUQ6TYjc1kBA6IgPoOCqJABNms0Mn+NwpfRwr7Z60eKb+nciIMGYsIpcUxA7NsjcV//M6qY1vw4zJJLUg6XxRnHJsFZ7+GveZBmr52BFCNXO3YjokmlDrulnYYqxrxriAuRQuqszEVRQsF7JKmleVIKgE9ety9S4vq4BO0Rm6QAG6QVX0gGqogSgC9IJe0Zv37L17H97nPLrm5TMnaAHe1y9IJpnw</latexit><latexit sha1_base64="Xe10sOwYmyd7iZl++KqU9bDRBEs=">AAACBnicbVDLSgMxFM34rPVVdekmWAQ3lhkRdCUFNy5bsA9oh5JJ77SheQxJRihD94Jb/Q134tbf8C/8BNN2Frb1QOBwzrncmxMlnBnr+9/e2vrG5tZ2Yae4u7d/cFg6Om4alWoKDaq40u2IGOBMQsMyy6GdaCAi4tCKRvdTv/UE2jAlH+04gVCQgWQxo8Q6qV7vlcp+xZ8Br5IgJ2WUo9Yr/XT7iqYCpKWcGNMJ/MSGGdGWUQ6TYjc1kBA6IgPoOCqJABNms0Mn+NwpfRwr7Z60eKb+nciIMGYsIpcUxA7NsjcV//M6qY1vw4zJJLUg6XxRnHJsFZ7+GveZBmr52BFCNXO3YjokmlDrulnYYqxrxriAuRQuqszEVRQsF7JKmleVIKgE9ety9S4vq4BO0Rm6QAG6QVX0gGqogSgC9IJe0Zv37L17H97nPLrm5TMnaAHe1y9IJpnw</latexit><latexit sha1_base64="Xe10sOwYmyd7iZl++KqU9bDRBEs=">AAACBnicbVDLSgMxFM34rPVVdekmWAQ3lhkRdCUFNy5bsA9oh5JJ77SheQxJRihD94Jb/Q134tbf8C/8BNN2Frb1QOBwzrncmxMlnBnr+9/e2vrG5tZ2Yae4u7d/cFg6Om4alWoKDaq40u2IGOBMQsMyy6GdaCAi4tCKRvdTv/UE2jAlH+04gVCQgWQxo8Q6qV7vlcp+xZ8Br5IgJ2WUo9Yr/XT7iqYCpKWcGNMJ/MSGGdGWUQ6TYjc1kBA6IgPoOCqJABNms0Mn+NwpfRwr7Z60eKb+nciIMGYsIpcUxA7NsjcV//M6qY1vw4zJJLUg6XxRnHJsFZ7+GveZBmr52BFCNXO3YjokmlDrulnYYqxrxriAuRQuqszEVRQsF7JKmleVIKgE9ety9S4vq4BO0Rm6QAG6QVX0gGqogSgC9IJe0Zv37L17H97nPLrm5TMnaAHe1y9IJpnw</latexit><latexit sha1_base64="Xe10sOwYmyd7iZl++KqU9bDRBEs=">AAACBnicbVDLSgMxFM34rPVVdekmWAQ3lhkRdCUFNy5bsA9oh5JJ77SheQxJRihD94Jb/Q134tbf8C/8BNN2Frb1QOBwzrncmxMlnBnr+9/e2vrG5tZ2Yae4u7d/cFg6Om4alWoKDaq40u2IGOBMQsMyy6GdaCAi4tCKRvdTv/UE2jAlH+04gVCQgWQxo8Q6qV7vlcp+xZ8Br5IgJ2WUo9Yr/XT7iqYCpKWcGNMJ/MSGGdGWUQ6TYjc1kBA6IgPoOCqJABNms0Mn+NwpfRwr7Z60eKb+nciIMGYsIpcUxA7NsjcV//M6qY1vw4zJJLUg6XxRnHJsFZ7+GveZBmr52BFCNXO3YjokmlDrulnYYqxrxriAuRQuqszEVRQsF7JKmleVIKgE9ety9S4vq4BO0Rm6QAG6QVX0gGqogSgC9IJe0Zv37L17H97nPLrm5TMnaAHe1y9IJpnw</latexit>

P
<latexit sha1_base64="+bnWslUd5ZduUFUU8lrgItaMpoQ=">AAACBnicbVDLSgMxFM3UV62vqks3wSK4scyIoCspuHHZgn1AO0gmvdOG5jEkGaEM3Qtu9TfciVt/w7/wE0zbWdjWA4HDOedyb06UcGas7397hbX1jc2t4nZpZ3dv/6B8eNQyKtUUmlRxpTsRMcCZhKZllkMn0UBExKEdje6mfvsJtGFKPthxAqEgA8liRol1UqP+WK74VX8GvEqCnFRQDpf/6fUVTQVISzkxphv4iQ0zoi2jHCalXmogIXREBtB1VBIBJsxmh07wmVP6OFbaPWnxTP07kRFhzFhELimIHZplbyr+53VTG9+EGZNJakHS+aI45dgqPP017jMN1PKxI4Rq5m7FdEg0odZ1s7DFWNeMcQFzIVxUmYmrKFguZJW0LqtBUA0aV5XabV5WEZ2gU3SOAnSNauge1VETUQToBb2iN+/Ze/c+vM95tODlM8doAd7XL0aEme8=</latexit><latexit sha1_base64="+bnWslUd5ZduUFUU8lrgItaMpoQ=">AAACBnicbVDLSgMxFM3UV62vqks3wSK4scyIoCspuHHZgn1AO0gmvdOG5jEkGaEM3Qtu9TfciVt/w7/wE0zbWdjWA4HDOedyb06UcGas7397hbX1jc2t4nZpZ3dv/6B8eNQyKtUUmlRxpTsRMcCZhKZllkMn0UBExKEdje6mfvsJtGFKPthxAqEgA8liRol1UqP+WK74VX8GvEqCnFRQDpf/6fUVTQVISzkxphv4iQ0zoi2jHCalXmogIXREBtB1VBIBJsxmh07wmVP6OFbaPWnxTP07kRFhzFhELimIHZplbyr+53VTG9+EGZNJakHS+aI45dgqPP017jMN1PKxI4Rq5m7FdEg0odZ1s7DFWNeMcQFzIVxUmYmrKFguZJW0LqtBUA0aV5XabV5WEZ2gU3SOAnSNauge1VETUQToBb2iN+/Ze/c+vM95tODlM8doAd7XL0aEme8=</latexit><latexit sha1_base64="+bnWslUd5ZduUFUU8lrgItaMpoQ=">AAACBnicbVDLSgMxFM3UV62vqks3wSK4scyIoCspuHHZgn1AO0gmvdOG5jEkGaEM3Qtu9TfciVt/w7/wE0zbWdjWA4HDOedyb06UcGas7397hbX1jc2t4nZpZ3dv/6B8eNQyKtUUmlRxpTsRMcCZhKZllkMn0UBExKEdje6mfvsJtGFKPthxAqEgA8liRol1UqP+WK74VX8GvEqCnFRQDpf/6fUVTQVISzkxphv4iQ0zoi2jHCalXmogIXREBtB1VBIBJsxmh07wmVP6OFbaPWnxTP07kRFhzFhELimIHZplbyr+53VTG9+EGZNJakHS+aI45dgqPP017jMN1PKxI4Rq5m7FdEg0odZ1s7DFWNeMcQFzIVxUmYmrKFguZJW0LqtBUA0aV5XabV5WEZ2gU3SOAnSNauge1VETUQToBb2iN+/Ze/c+vM95tODlM8doAd7XL0aEme8=</latexit><latexit sha1_base64="+bnWslUd5ZduUFUU8lrgItaMpoQ=">AAACBnicbVDLSgMxFM3UV62vqks3wSK4scyIoCspuHHZgn1AO0gmvdOG5jEkGaEM3Qtu9TfciVt/w7/wE0zbWdjWA4HDOedyb06UcGas7397hbX1jc2t4nZpZ3dv/6B8eNQyKtUUmlRxpTsRMcCZhKZllkMn0UBExKEdje6mfvsJtGFKPthxAqEgA8liRol1UqP+WK74VX8GvEqCnFRQDpf/6fUVTQVISzkxphv4iQ0zoi2jHCalXmogIXREBtB1VBIBJsxmh07wmVP6OFbaPWnxTP07kRFhzFhELimIHZplbyr+53VTG9+EGZNJakHS+aI45dgqPP017jMN1PKxI4Rq5m7FdEg0odZ1s7DFWNeMcQFzIVxUmYmrKFguZJW0LqtBUA0aV5XabV5WEZ2gU3SOAnSNauge1VETUQToBb2iN+/Ze/c+vM95tODlM8doAd7XL0aEme8=</latexit>

Notion of distance:

L =
dQ
dP

<latexit sha1_base64="BvIo6edoaoyc0RUUAITReURCwTc=">AAACHnicbZDLSsNAFIYn9VbrLerChZvBIrixJCLoRim4ceGiBXuBJpTJZNIOnZmEmYlQQt5FcKuv4U7c6lv4CE7aLmzrgYGf//yHc+YLEkaVdpxvq7Syura+Ud6sbG3v7O7Z+wdtFacSkxaOWSy7AVKEUUFammpGuokkiAeMdILRXdHvPBGpaCwe9TghPkcDQSOKkTZW3z7yJAmzB3gDvUginIXNPAsbed63q07NmRRcFu5MVMGsGn37xwtjnHIiNGZIqZ7rJNrPkNQUM5JXvFSRBOERGpCekQJxovxs8oEcnhonhFEszRMaTty/ExniSo15YJIc6aFa7BXmf71eqqNrP6MiSTUReLooShnUMSxowJBKgjUbG4GwpOZWiIfIgNCG2dwWpQ0xZQLqnJtorApE7iKQZdG+qLluzW1eVuu3M1hlcAxOwBlwwRWog3vQAC2AQQ5ewCt4s56td+vD+pxGS9Zs5hDMlfX1C+90o1U=</latexit><latexit sha1_base64="BvIo6edoaoyc0RUUAITReURCwTc=">AAACHnicbZDLSsNAFIYn9VbrLerChZvBIrixJCLoRim4ceGiBXuBJpTJZNIOnZmEmYlQQt5FcKuv4U7c6lv4CE7aLmzrgYGf//yHc+YLEkaVdpxvq7Syura+Ud6sbG3v7O7Z+wdtFacSkxaOWSy7AVKEUUFammpGuokkiAeMdILRXdHvPBGpaCwe9TghPkcDQSOKkTZW3z7yJAmzB3gDvUginIXNPAsbed63q07NmRRcFu5MVMGsGn37xwtjnHIiNGZIqZ7rJNrPkNQUM5JXvFSRBOERGpCekQJxovxs8oEcnhonhFEszRMaTty/ExniSo15YJIc6aFa7BXmf71eqqNrP6MiSTUReLooShnUMSxowJBKgjUbG4GwpOZWiIfIgNCG2dwWpQ0xZQLqnJtorApE7iKQZdG+qLluzW1eVuu3M1hlcAxOwBlwwRWog3vQAC2AQQ5ewCt4s56td+vD+pxGS9Zs5hDMlfX1C+90o1U=</latexit><latexit sha1_base64="BvIo6edoaoyc0RUUAITReURCwTc=">AAACHnicbZDLSsNAFIYn9VbrLerChZvBIrixJCLoRim4ceGiBXuBJpTJZNIOnZmEmYlQQt5FcKuv4U7c6lv4CE7aLmzrgYGf//yHc+YLEkaVdpxvq7Syura+Ud6sbG3v7O7Z+wdtFacSkxaOWSy7AVKEUUFammpGuokkiAeMdILRXdHvPBGpaCwe9TghPkcDQSOKkTZW3z7yJAmzB3gDvUginIXNPAsbed63q07NmRRcFu5MVMGsGn37xwtjnHIiNGZIqZ7rJNrPkNQUM5JXvFSRBOERGpCekQJxovxs8oEcnhonhFEszRMaTty/ExniSo15YJIc6aFa7BXmf71eqqNrP6MiSTUReLooShnUMSxowJBKgjUbG4GwpOZWiIfIgNCG2dwWpQ0xZQLqnJtorApE7iKQZdG+qLluzW1eVuu3M1hlcAxOwBlwwRWog3vQAC2AQQ5ewCt4s56td+vD+pxGS9Zs5hDMlfX1C+90o1U=</latexit><latexit sha1_base64="BvIo6edoaoyc0RUUAITReURCwTc=">AAACHnicbZDLSsNAFIYn9VbrLerChZvBIrixJCLoRim4ceGiBXuBJpTJZNIOnZmEmYlQQt5FcKuv4U7c6lv4CE7aLmzrgYGf//yHc+YLEkaVdpxvq7Syura+Ud6sbG3v7O7Z+wdtFacSkxaOWSy7AVKEUUFammpGuokkiAeMdILRXdHvPBGpaCwe9TghPkcDQSOKkTZW3z7yJAmzB3gDvUginIXNPAsbed63q07NmRRcFu5MVMGsGn37xwtjnHIiNGZIqZ7rJNrPkNQUM5JXvFSRBOERGpCekQJxovxs8oEcnhonhFEszRMaTty/ExniSo15YJIc6aFa7BXmf71eqqNrP6MiSTUReLooShnUMSxowJBKgjUbG4GwpOZWiIfIgNCG2dwWpQ0xZQLqnJtorApE7iKQZdG+qLluzW1eVuu3M1hlcAxOwBlwwRWog3vQAC2AQQ5ewCt4s56td+vD+pxGS9Zs5hDMlfX1C+90o1U=</latexit>

f (L )
<latexit sha1_base64="l1TWJooBHE0VVHMlw+V6k5ioJZo=">AAACD3icbVDLSgMxFM3UV62vqks3wSLUhWVGBF1JwY0LFxXsA9uhZDKZNjSPIckIZZiPENzqb7gTt36Cf+EnmLazsK0HAodzzuXenCBmVBvX/XYKK6tr6xvFzdLW9s7uXnn/oKVlojBpYsmk6gRIE0YFaRpqGOnEiiAeMNIORjcTv/1ElKZSPJhxTHyOBoJGFCNjpceo2lMkTO+y03654tbcKeAy8XJSATka/fJPL5Q44UQYzJDWXc+NjZ8iZShmJCv1Ek1ihEdoQLqWCsSJ9tPpxRk8sUoII6nsEwZO1b8TKeJaj3lgkxyZoV70JuJ/Xjcx0ZWfUhEnhgg8WxQlDBoJJ9+HIVUEGza2BGFF7a0QD5FC2NiS5rZoYyvSNqDPuI1KndmKvMVClknrvOZ5Ne/+olK/zssqgiNwDKrAA5egDm5BAzQBBgK8gFfw5jw7786H8zmLFpx85hDMwfn6BfYRnYs=</latexit><latexit sha1_base64="l1TWJooBHE0VVHMlw+V6k5ioJZo=">AAACD3icbVDLSgMxFM3UV62vqks3wSLUhWVGBF1JwY0LFxXsA9uhZDKZNjSPIckIZZiPENzqb7gTt36Cf+EnmLazsK0HAodzzuXenCBmVBvX/XYKK6tr6xvFzdLW9s7uXnn/oKVlojBpYsmk6gRIE0YFaRpqGOnEiiAeMNIORjcTv/1ElKZSPJhxTHyOBoJGFCNjpceo2lMkTO+y03654tbcKeAy8XJSATka/fJPL5Q44UQYzJDWXc+NjZ8iZShmJCv1Ek1ihEdoQLqWCsSJ9tPpxRk8sUoII6nsEwZO1b8TKeJaj3lgkxyZoV70JuJ/Xjcx0ZWfUhEnhgg8WxQlDBoJJ9+HIVUEGza2BGFF7a0QD5FC2NiS5rZoYyvSNqDPuI1KndmKvMVClknrvOZ5Ne/+olK/zssqgiNwDKrAA5egDm5BAzQBBgK8gFfw5jw7786H8zmLFpx85hDMwfn6BfYRnYs=</latexit><latexit sha1_base64="l1TWJooBHE0VVHMlw+V6k5ioJZo=">AAACD3icbVDLSgMxFM3UV62vqks3wSLUhWVGBF1JwY0LFxXsA9uhZDKZNjSPIckIZZiPENzqb7gTt36Cf+EnmLazsK0HAodzzuXenCBmVBvX/XYKK6tr6xvFzdLW9s7uXnn/oKVlojBpYsmk6gRIE0YFaRpqGOnEiiAeMNIORjcTv/1ElKZSPJhxTHyOBoJGFCNjpceo2lMkTO+y03654tbcKeAy8XJSATka/fJPL5Q44UQYzJDWXc+NjZ8iZShmJCv1Ek1ihEdoQLqWCsSJ9tPpxRk8sUoII6nsEwZO1b8TKeJaj3lgkxyZoV70JuJ/Xjcx0ZWfUhEnhgg8WxQlDBoJJ9+HIVUEGza2BGFF7a0QD5FC2NiS5rZoYyvSNqDPuI1KndmKvMVClknrvOZ5Ne/+olK/zssqgiNwDKrAA5egDm5BAzQBBgK8gFfw5jw7786H8zmLFpx85hDMwfn6BfYRnYs=</latexit><latexit sha1_base64="l1TWJooBHE0VVHMlw+V6k5ioJZo=">AAACD3icbVDLSgMxFM3UV62vqks3wSLUhWVGBF1JwY0LFxXsA9uhZDKZNjSPIckIZZiPENzqb7gTt36Cf+EnmLazsK0HAodzzuXenCBmVBvX/XYKK6tr6xvFzdLW9s7uXnn/oKVlojBpYsmk6gRIE0YFaRpqGOnEiiAeMNIORjcTv/1ElKZSPJhxTHyOBoJGFCNjpceo2lMkTO+y03654tbcKeAy8XJSATka/fJPL5Q44UQYzJDWXc+NjZ8iZShmJCv1Ek1ihEdoQLqWCsSJ9tPpxRk8sUoII6nsEwZO1b8TKeJaj3lgkxyZoV70JuJ/Xjcx0ZWfUhEnhgg8WxQlDBoJJ9+HIVUEGza2BGFF7a0QD5FC2NiS5rZoYyvSNqDPuI1KndmKvMVClknrvOZ5Ne/+olK/zssqgiNwDKrAA5egDm5BAzQBBgK8gFfw5jw7786H8zmLFpx85hDMwfn6BfYRnYs=</latexit>

L = 1
<latexit sha1_base64="4RKkVj0c0dW/t1o2RDJ7uVAmB+o=">AAACEHicbVDLSgMxFM3UV62vqks3wSK4sUxE0I1ScOPCRQX7gOlQMplMG5pJhiQjlGF+QnCrv+FO3PoH/oWfYNrOwrYeCBzOOZd7c4KEM21c99sprayurW+UNytb2zu7e9X9g7aWqSK0RSSXqhtgTTkTtGWY4bSbKIrjgNNOMLqd+J0nqjST4tGME+rHeCBYxAg2VvJ6iobZfQ6vIepXa27dnQIuE1SQGijQ7Fd/eqEkaUyFIRxr7SE3MX6GlWGE07zSSzVNMBnhAfUsFTim2s+mJ+fwxCohjKSyTxg4Vf9OZDjWehwHNhljM9SL3kT8z/NSE135GRNJaqggs0VRyqGRcPJ/GDJFieFjSzBRzN4KyRArTIxtaW6LNrYjbQP6LLZRqXNbEVosZJm0z+sI1dHDRa1xU5RVBkfgGJwCBC5BA9yBJmgBAiR4Aa/gzXl23p0P53MWLTnFzCGYg/P1CxE3nYw=</latexit><latexit sha1_base64="4RKkVj0c0dW/t1o2RDJ7uVAmB+o=">AAACEHicbVDLSgMxFM3UV62vqks3wSK4sUxE0I1ScOPCRQX7gOlQMplMG5pJhiQjlGF+QnCrv+FO3PoH/oWfYNrOwrYeCBzOOZd7c4KEM21c99sprayurW+UNytb2zu7e9X9g7aWqSK0RSSXqhtgTTkTtGWY4bSbKIrjgNNOMLqd+J0nqjST4tGME+rHeCBYxAg2VvJ6iobZfQ6vIepXa27dnQIuE1SQGijQ7Fd/eqEkaUyFIRxr7SE3MX6GlWGE07zSSzVNMBnhAfUsFTim2s+mJ+fwxCohjKSyTxg4Vf9OZDjWehwHNhljM9SL3kT8z/NSE135GRNJaqggs0VRyqGRcPJ/GDJFieFjSzBRzN4KyRArTIxtaW6LNrYjbQP6LLZRqXNbEVosZJm0z+sI1dHDRa1xU5RVBkfgGJwCBC5BA9yBJmgBAiR4Aa/gzXl23p0P53MWLTnFzCGYg/P1CxE3nYw=</latexit><latexit sha1_base64="4RKkVj0c0dW/t1o2RDJ7uVAmB+o=">AAACEHicbVDLSgMxFM3UV62vqks3wSK4sUxE0I1ScOPCRQX7gOlQMplMG5pJhiQjlGF+QnCrv+FO3PoH/oWfYNrOwrYeCBzOOZd7c4KEM21c99sprayurW+UNytb2zu7e9X9g7aWqSK0RSSXqhtgTTkTtGWY4bSbKIrjgNNOMLqd+J0nqjST4tGME+rHeCBYxAg2VvJ6iobZfQ6vIepXa27dnQIuE1SQGijQ7Fd/eqEkaUyFIRxr7SE3MX6GlWGE07zSSzVNMBnhAfUsFTim2s+mJ+fwxCohjKSyTxg4Vf9OZDjWehwHNhljM9SL3kT8z/NSE135GRNJaqggs0VRyqGRcPJ/GDJFieFjSzBRzN4KyRArTIxtaW6LNrYjbQP6LLZRqXNbEVosZJm0z+sI1dHDRa1xU5RVBkfgGJwCBC5BA9yBJmgBAiR4Aa/gzXl23p0P53MWLTnFzCGYg/P1CxE3nYw=</latexit><latexit sha1_base64="4RKkVj0c0dW/t1o2RDJ7uVAmB+o=">AAACEHicbVDLSgMxFM3UV62vqks3wSK4sUxE0I1ScOPCRQX7gOlQMplMG5pJhiQjlGF+QnCrv+FO3PoH/oWfYNrOwrYeCBzOOZd7c4KEM21c99sprayurW+UNytb2zu7e9X9g7aWqSK0RSSXqhtgTTkTtGWY4bSbKIrjgNNOMLqd+J0nqjST4tGME+rHeCBYxAg2VvJ6iobZfQ6vIepXa27dnQIuE1SQGijQ7Fd/eqEkaUyFIRxr7SE3MX6GlWGE07zSSzVNMBnhAfUsFTim2s+mJ+fwxCohjKSyTxg4Vf9OZDjWehwHNhljM9SL3kT8z/NSE135GRNJaqggs0VRyqGRcPJ/GDJFieFjSzBRzN4KyRArTIxtaW6LNrYjbQP6LLZRqXNbEVosZJm0z+sI1dHDRa1xU5RVBkfgGJwCBC5BA9yBJmgBAiR4Aa/gzXl23p0P53MWLTnFzCGYg/P1CxE3nYw=</latexit>

D f (Q||P) := EP

!
f

"
dQ
dP

#$

<latexit sha1_base64="8YXTusKK3LSHWp+vQryuX01XlAc="></latexit><latexit sha1_base64="8YXTusKK3LSHWp+vQryuX01XlAc="></latexit><latexit sha1_base64="8YXTusKK3LSHWp+vQryuX01XlAc="></latexit><latexit sha1_base64="8YXTusKK3LSHWp+vQryuX01XlAc="></latexit>

As curvature of f decreases, the 
divergence becomes smaller!

For a convex function
f : R+ ! R+

<latexit sha1_base64="bvQepFdMyRwY4sy45P9TllJet8I=">AAACF3icbVDLSgMxFM3UV62vUZdugkUQxDIjguJCCm5cVrEP6AxDJs20oZlkSDKFMvRDBLf6G+7ErUv/wk8wnc7Cth4IHM45l3tzwoRRpR3n2yqtrK6tb5Q3K1vbO7t79v5BS4lUYtLEggnZCZEijHLS1FQz0kkkQXHISDsc3k399ohIRQV/0uOE+DHqcxpRjLSRAtuObqD3GJxBT4ucBHbVqTk54DJxC1IFBRqB/eP1BE5jwjVmSKmu6yTaz5DUFDMyqXipIgnCQ9QnXUM5ionys/zyCTwxSg9GQprHNczVvxMZipUax6FJxkgP1KI3Ff/zuqmOrv2M8iTVhOPZoihl0PxyWgPsUUmwZmNDEJbU3ArxAEmEtSlrbovSpiplAuo8NlGhJqYid7GQZdK6qLluzX24rNZvi7LK4Agcg1PggitQB/egAZoAgxF4Aa/gzXq23q0P63MWLVnFzCGYg/X1CzRxnxU=</latexit><latexit sha1_base64="bvQepFdMyRwY4sy45P9TllJet8I=">AAACF3icbVDLSgMxFM3UV62vUZdugkUQxDIjguJCCm5cVrEP6AxDJs20oZlkSDKFMvRDBLf6G+7ErUv/wk8wnc7Cth4IHM45l3tzwoRRpR3n2yqtrK6tb5Q3K1vbO7t79v5BS4lUYtLEggnZCZEijHLS1FQz0kkkQXHISDsc3k399ohIRQV/0uOE+DHqcxpRjLSRAtuObqD3GJxBT4ucBHbVqTk54DJxC1IFBRqB/eP1BE5jwjVmSKmu6yTaz5DUFDMyqXipIgnCQ9QnXUM5ionys/zyCTwxSg9GQprHNczVvxMZipUax6FJxkgP1KI3Ff/zuqmOrv2M8iTVhOPZoihl0PxyWgPsUUmwZmNDEJbU3ArxAEmEtSlrbovSpiplAuo8NlGhJqYid7GQZdK6qLluzX24rNZvi7LK4Agcg1PggitQB/egAZoAgxF4Aa/gzXq23q0P63MWLVnFzCGYg/X1CzRxnxU=</latexit><latexit sha1_base64="bvQepFdMyRwY4sy45P9TllJet8I=">AAACF3icbVDLSgMxFM3UV62vUZdugkUQxDIjguJCCm5cVrEP6AxDJs20oZlkSDKFMvRDBLf6G+7ErUv/wk8wnc7Cth4IHM45l3tzwoRRpR3n2yqtrK6tb5Q3K1vbO7t79v5BS4lUYtLEggnZCZEijHLS1FQz0kkkQXHISDsc3k399ohIRQV/0uOE+DHqcxpRjLSRAtuObqD3GJxBT4ucBHbVqTk54DJxC1IFBRqB/eP1BE5jwjVmSKmu6yTaz5DUFDMyqXipIgnCQ9QnXUM5ionys/zyCTwxSg9GQprHNczVvxMZipUax6FJxkgP1KI3Ff/zuqmOrv2M8iTVhOPZoihl0PxyWgPsUUmwZmNDEJbU3ArxAEmEtSlrbovSpiplAuo8NlGhJqYid7GQZdK6qLluzX24rNZvi7LK4Agcg1PggitQB/egAZoAgxF4Aa/gzXq23q0P63MWLVnFzCGYg/X1CzRxnxU=</latexit><latexit sha1_base64="bvQepFdMyRwY4sy45P9TllJet8I=">AAACF3icbVDLSgMxFM3UV62vUZdugkUQxDIjguJCCm5cVrEP6AxDJs20oZlkSDKFMvRDBLf6G+7ErUv/wk8wnc7Cth4IHM45l3tzwoRRpR3n2yqtrK6tb5Q3K1vbO7t79v5BS4lUYtLEggnZCZEijHLS1FQz0kkkQXHISDsc3k399ohIRQV/0uOE+DHqcxpRjLSRAtuObqD3GJxBT4ucBHbVqTk54DJxC1IFBRqB/eP1BE5jwjVmSKmu6yTaz5DUFDMyqXipIgnCQ9QnXUM5ionys/zyCTwxSg9GQprHNczVvxMZipUax6FJxkgP1KI3Ff/zuqmOrv2M8iTVhOPZoihl0PxyWgPsUUmwZmNDEJbU3ArxAEmEtSlrbovSpiplAuo8NlGhJqYid7GQZdK6qLluzX24rNZvi7LK4Agcg1PggitQB/egAZoAgxF4Aa/gzXq23q0P63MWLVnFzCGYg/X1CzRxnxU=</latexit>

f (1) = 0
<latexit sha1_base64="0YyhCVyv9SNfcXxIxylJ+A8SSzA=">AAACDXicbVDLSgMxFM34rPVVdekmWIS6sMyIoBul4MZlBfuAdiiZNNOG5jEkd4RS+g2CW/0Nd+LWb/Av/ATTdha29UDgcM653JsTJYJb8P1vb2V1bX1jM7eV397Z3dsvHBzWrU4NZTWqhTbNiFgmuGI14CBYMzGMyEiwRjS4m/iNJ2Ys1+oRhgkLJekpHnNKwEnNuBSc4RvsdwpFv+xPgZdJkJEiylDtFH7aXU1TyRRQQaxtBX4C4YgY4FSwcb6dWpYQOiA91nJUEclsOJreO8anTuniWBv3FOCp+ndiRKS1Qxm5pCTQt4veRPzPa6UQX4cjrpIUmKKzRXEqMGg8+TzucsMoiKEjhBrubsW0Twyh4Cqa22LBFWRdwJ5LF9V27CoKFgtZJvWLchCUg4fLYuU2KyuHjtEJKqEAXaEKukdVVEMUCfSCXtGb9+y9ex/e5yy64mUzR2gO3tcvYuCbeg==</latexit><latexit sha1_base64="0YyhCVyv9SNfcXxIxylJ+A8SSzA=">AAACDXicbVDLSgMxFM34rPVVdekmWIS6sMyIoBul4MZlBfuAdiiZNNOG5jEkd4RS+g2CW/0Nd+LWb/Av/ATTdha29UDgcM653JsTJYJb8P1vb2V1bX1jM7eV397Z3dsvHBzWrU4NZTWqhTbNiFgmuGI14CBYMzGMyEiwRjS4m/iNJ2Ys1+oRhgkLJekpHnNKwEnNuBSc4RvsdwpFv+xPgZdJkJEiylDtFH7aXU1TyRRQQaxtBX4C4YgY4FSwcb6dWpYQOiA91nJUEclsOJreO8anTuniWBv3FOCp+ndiRKS1Qxm5pCTQt4veRPzPa6UQX4cjrpIUmKKzRXEqMGg8+TzucsMoiKEjhBrubsW0Twyh4Cqa22LBFWRdwJ5LF9V27CoKFgtZJvWLchCUg4fLYuU2KyuHjtEJKqEAXaEKukdVVEMUCfSCXtGb9+y9ex/e5yy64mUzR2gO3tcvYuCbeg==</latexit><latexit sha1_base64="0YyhCVyv9SNfcXxIxylJ+A8SSzA=">AAACDXicbVDLSgMxFM34rPVVdekmWIS6sMyIoBul4MZlBfuAdiiZNNOG5jEkd4RS+g2CW/0Nd+LWb/Av/ATTdha29UDgcM653JsTJYJb8P1vb2V1bX1jM7eV397Z3dsvHBzWrU4NZTWqhTbNiFgmuGI14CBYMzGMyEiwRjS4m/iNJ2Ys1+oRhgkLJekpHnNKwEnNuBSc4RvsdwpFv+xPgZdJkJEiylDtFH7aXU1TyRRQQaxtBX4C4YgY4FSwcb6dWpYQOiA91nJUEclsOJreO8anTuniWBv3FOCp+ndiRKS1Qxm5pCTQt4veRPzPa6UQX4cjrpIUmKKzRXEqMGg8+TzucsMoiKEjhBrubsW0Twyh4Cqa22LBFWRdwJ5LF9V27CoKFgtZJvWLchCUg4fLYuU2KyuHjtEJKqEAXaEKukdVVEMUCfSCXtGb9+y9ex/e5yy64mUzR2gO3tcvYuCbeg==</latexit><latexit sha1_base64="0YyhCVyv9SNfcXxIxylJ+A8SSzA=">AAACDXicbVDLSgMxFM34rPVVdekmWIS6sMyIoBul4MZlBfuAdiiZNNOG5jEkd4RS+g2CW/0Nd+LWb/Av/ATTdha29UDgcM653JsTJYJb8P1vb2V1bX1jM7eV397Z3dsvHBzWrU4NZTWqhTbNiFgmuGI14CBYMzGMyEiwRjS4m/iNJ2Ys1+oRhgkLJekpHnNKwEnNuBSc4RvsdwpFv+xPgZdJkJEiylDtFH7aXU1TyRRQQaxtBX4C4YgY4FSwcb6dWpYQOiA91nJUEclsOJreO8anTuniWBv3FOCp+ndiRKS1Qxm5pCTQt4veRPzPa6UQX4cjrpIUmKKzRXEqMGg8+TzucsMoiKEjhBrubsW0Twyh4Cqa22LBFWRdwJ5LF9V27CoKFgtZJvWLchCUg4fLYuU2KyuHjtEJKqEAXaEKukdVVEMUCfSCXtGb9+y9ex/e5yy64mUzR2gO3tcvYuCbeg==</latexit>

with ,

Pobs

<latexit sha1_base64="Ua4IiWSXxrXo5sy+eC3zgQ0lE78="></latexit>



Idea: Instead of using the empirical distribution      , 
dddd look at all distributions “near” it

!Pn
<latexit sha1_base64="5qulDPrqyGQ2u/jP7tVMUcJNZKU=">AAACCXicbVDLSgMxFL1TX7W+qi7dBIvgxjIjgq6k4MZlBfuAdiiZNG1D8xiSjFCGfoHgVn/Dnbj1K/wLP8FMOwvbeiBwOOdc7s2JYs6M9f1vr7C2vrG5Vdwu7ezu7R+UD4+aRiWa0AZRXOl2hA3lTNKGZZbTdqwpFhGnrWh8l/mtJ6oNU/LRTmIaCjyUbMAItpnUpSLulSt+1Z8BrZIgJxXIUe+Vf7p9RRJBpSUcG9MJ/NiGKdaWEU6npW5iaIzJGA9px1GJBTVhOrt1is6c0kcDpd2TFs3UvxMpFsZMROSSAtuRWfYy8T+vk9jBTZgyGSeWSjJfNEg4sgplH0d9pimxfOIIJpq5WxEZYY2JdfUsbDHWlWNcwFwIF1Vm6ioKlgtZJc3LahBUg4erSu02L6sIJ3AK5xDANdTgHurQAAIjeIFXePOevXfvw/ucRwtePnMMC/C+fgHZVZtb</latexit><latexit sha1_base64="5qulDPrqyGQ2u/jP7tVMUcJNZKU=">AAACCXicbVDLSgMxFL1TX7W+qi7dBIvgxjIjgq6k4MZlBfuAdiiZNG1D8xiSjFCGfoHgVn/Dnbj1K/wLP8FMOwvbeiBwOOdc7s2JYs6M9f1vr7C2vrG5Vdwu7ezu7R+UD4+aRiWa0AZRXOl2hA3lTNKGZZbTdqwpFhGnrWh8l/mtJ6oNU/LRTmIaCjyUbMAItpnUpSLulSt+1Z8BrZIgJxXIUe+Vf7p9RRJBpSUcG9MJ/NiGKdaWEU6npW5iaIzJGA9px1GJBTVhOrt1is6c0kcDpd2TFs3UvxMpFsZMROSSAtuRWfYy8T+vk9jBTZgyGSeWSjJfNEg4sgplH0d9pimxfOIIJpq5WxEZYY2JdfUsbDHWlWNcwFwIF1Vm6ioKlgtZJc3LahBUg4erSu02L6sIJ3AK5xDANdTgHurQAAIjeIFXePOevXfvw/ucRwtePnMMC/C+fgHZVZtb</latexit><latexit sha1_base64="5qulDPrqyGQ2u/jP7tVMUcJNZKU=">AAACCXicbVDLSgMxFL1TX7W+qi7dBIvgxjIjgq6k4MZlBfuAdiiZNG1D8xiSjFCGfoHgVn/Dnbj1K/wLP8FMOwvbeiBwOOdc7s2JYs6M9f1vr7C2vrG5Vdwu7ezu7R+UD4+aRiWa0AZRXOl2hA3lTNKGZZbTdqwpFhGnrWh8l/mtJ6oNU/LRTmIaCjyUbMAItpnUpSLulSt+1Z8BrZIgJxXIUe+Vf7p9RRJBpSUcG9MJ/NiGKdaWEU6npW5iaIzJGA9px1GJBTVhOrt1is6c0kcDpd2TFs3UvxMpFsZMROSSAtuRWfYy8T+vk9jBTZgyGSeWSjJfNEg4sgplH0d9pimxfOIIJpq5WxEZYY2JdfUsbDHWlWNcwFwIF1Vm6ioKlgtZJc3LahBUg4erSu02L6sIJ3AK5xDANdTgHurQAAIjeIFXePOevXfvw/ucRwtePnMMC/C+fgHZVZtb</latexit><latexit sha1_base64="5qulDPrqyGQ2u/jP7tVMUcJNZKU=">AAACCXicbVDLSgMxFL1TX7W+qi7dBIvgxjIjgq6k4MZlBfuAdiiZNG1D8xiSjFCGfoHgVn/Dnbj1K/wLP8FMOwvbeiBwOOdc7s2JYs6M9f1vr7C2vrG5Vdwu7ezu7R+UD4+aRiWa0AZRXOl2hA3lTNKGZZbTdqwpFhGnrWh8l/mtJ6oNU/LRTmIaCjyUbMAItpnUpSLulSt+1Z8BrZIgJxXIUe+Vf7p9RRJBpSUcG9MJ/NiGKdaWEU6npW5iaIzJGA9px1GJBTVhOrt1is6c0kcDpd2TFs3UvxMpFsZMROSSAtuRWfYy8T+vk9jBTZgyGSeWSjJfNEg4sgplH0d9pimxfOIIJpq5WxEZYY2JdfUsbDHWlWNcwFwIF1Vm6ioKlgtZJc3LahBUg4erSu02L6sIJ3AK5xDANdTgHurQAAIjeIFXePOevXfvw/ucRwtePnMMC/C+fgHZVZtb</latexit>

P(Z = z1)
<latexit sha1_base64="LCxR8AQ9LS1iT91ZZFHMmD0e6Ak=">AAACDnicbVDJSgNBFOyJW4xb1KOXwSDEg2FGBL0oAS8eI5hFkyH0dHqSJr0M3W+EOOQfBK/6G97Eq7/gX/gJdpaDSSxoKKrq8V5XGHNmwPO+nczS8srqWnY9t7G5tb2T392rGZVoQqtEcaUbITaUM0mrwIDTRqwpFiGn9bB/PfLrj1QbpuQdDGIaCNyVLGIEg5XuW5Xiw+VT2z9u5wteyRvDXST+lBTQFJV2/qfVUSQRVALh2Jim78UQpFgDI5wOc63E0BiTPu7SpqUSC2qCdHzw0D2ySseNlLZPgjtW/06kWBgzEKFNCgw9M++NxP+8ZgLRRZAyGSdAJZksihLugnJHv3c7TFMCfGAJJprZW13SwxoTsB3NbDFgGzI2YE6EjSoztBX584Usktppybf89qxQvpqWlUUH6BAVkY/OURndoAqqIoIEekGv6M15dt6dD+dzEs0405l9NAPn6xc9NJyM</latexit><latexit sha1_base64="LCxR8AQ9LS1iT91ZZFHMmD0e6Ak=">AAACDnicbVDJSgNBFOyJW4xb1KOXwSDEg2FGBL0oAS8eI5hFkyH0dHqSJr0M3W+EOOQfBK/6G97Eq7/gX/gJdpaDSSxoKKrq8V5XGHNmwPO+nczS8srqWnY9t7G5tb2T392rGZVoQqtEcaUbITaUM0mrwIDTRqwpFiGn9bB/PfLrj1QbpuQdDGIaCNyVLGIEg5XuW5Xiw+VT2z9u5wteyRvDXST+lBTQFJV2/qfVUSQRVALh2Jim78UQpFgDI5wOc63E0BiTPu7SpqUSC2qCdHzw0D2ySseNlLZPgjtW/06kWBgzEKFNCgw9M++NxP+8ZgLRRZAyGSdAJZksihLugnJHv3c7TFMCfGAJJprZW13SwxoTsB3NbDFgGzI2YE6EjSoztBX584Usktppybf89qxQvpqWlUUH6BAVkY/OURndoAqqIoIEekGv6M15dt6dD+dzEs0405l9NAPn6xc9NJyM</latexit><latexit sha1_base64="LCxR8AQ9LS1iT91ZZFHMmD0e6Ak=">AAACDnicbVDJSgNBFOyJW4xb1KOXwSDEg2FGBL0oAS8eI5hFkyH0dHqSJr0M3W+EOOQfBK/6G97Eq7/gX/gJdpaDSSxoKKrq8V5XGHNmwPO+nczS8srqWnY9t7G5tb2T392rGZVoQqtEcaUbITaUM0mrwIDTRqwpFiGn9bB/PfLrj1QbpuQdDGIaCNyVLGIEg5XuW5Xiw+VT2z9u5wteyRvDXST+lBTQFJV2/qfVUSQRVALh2Jim78UQpFgDI5wOc63E0BiTPu7SpqUSC2qCdHzw0D2ySseNlLZPgjtW/06kWBgzEKFNCgw9M++NxP+8ZgLRRZAyGSdAJZksihLugnJHv3c7TFMCfGAJJprZW13SwxoTsB3NbDFgGzI2YE6EjSoztBX584Usktppybf89qxQvpqWlUUH6BAVkY/OURndoAqqIoIEekGv6M15dt6dD+dzEs0405l9NAPn6xc9NJyM</latexit><latexit sha1_base64="LCxR8AQ9LS1iT91ZZFHMmD0e6Ak=">AAACDnicbVDJSgNBFOyJW4xb1KOXwSDEg2FGBL0oAS8eI5hFkyH0dHqSJr0M3W+EOOQfBK/6G97Eq7/gX/gJdpaDSSxoKKrq8V5XGHNmwPO+nczS8srqWnY9t7G5tb2T392rGZVoQqtEcaUbITaUM0mrwIDTRqwpFiGn9bB/PfLrj1QbpuQdDGIaCNyVLGIEg5XuW5Xiw+VT2z9u5wteyRvDXST+lBTQFJV2/qfVUSQRVALh2Jim78UQpFgDI5wOc63E0BiTPu7SpqUSC2qCdHzw0D2ySseNlLZPgjtW/06kWBgzEKFNCgw9M++NxP+8ZgLRRZAyGSdAJZksihLugnJHv3c7TFMCfGAJJprZW13SwxoTsB3NbDFgGzI2YE6EjSoztBX584Usktppybf89qxQvpqWlUUH6BAVkY/OURndoAqqIoIEekGv6M15dt6dD+dzEs0405l9NAPn6xc9NJyM</latexit>

P(Z = z2)
<latexit sha1_base64="AbC1DK8UynEwYzwdUq5r8xHCAt4=">AAACDnicbVDLSgMxFL3js9ZX1aWbYBHqwjJTBN0oBTcuK9iHtkPJpJk2NMkMSUaopf8guNXfcCdu/QX/wk8wbWdhWw8EDuecy705QcyZNq777Swtr6yurWc2sptb2zu7ub39mo4SRWiVRDxSjQBrypmkVcMMp41YUSwCTutB/3rs1x+p0iySd2YQU1/grmQhI9hY6b5VKTxcPrVLJ+1c3i26E6BF4qUkDykq7dxPqxORRFBpCMdaNz03Nv4QK8MIp6NsK9E0xqSPu7RpqcSCan84OXiEjq3SQWGk7JMGTdS/E0MstB6IwCYFNj09743F/7xmYsILf8hknBgqyXRRmHBkIjT+PeowRYnhA0swUczeikgPK0yM7Whmiza2IW0D+lTYaKRHtiJvvpBFUisVPctvz/Llq7SsDBzCERTAg3Moww1UoAoEBLzAK7w5z8678+F8TqNLTjpzADNwvn4BPtecjQ==</latexit><latexit sha1_base64="AbC1DK8UynEwYzwdUq5r8xHCAt4=">AAACDnicbVDLSgMxFL3js9ZX1aWbYBHqwjJTBN0oBTcuK9iHtkPJpJk2NMkMSUaopf8guNXfcCdu/QX/wk8wbWdhWw8EDuecy705QcyZNq777Swtr6yurWc2sptb2zu7ub39mo4SRWiVRDxSjQBrypmkVcMMp41YUSwCTutB/3rs1x+p0iySd2YQU1/grmQhI9hY6b5VKTxcPrVLJ+1c3i26E6BF4qUkDykq7dxPqxORRFBpCMdaNz03Nv4QK8MIp6NsK9E0xqSPu7RpqcSCan84OXiEjq3SQWGk7JMGTdS/E0MstB6IwCYFNj09743F/7xmYsILf8hknBgqyXRRmHBkIjT+PeowRYnhA0swUczeikgPK0yM7Whmiza2IW0D+lTYaKRHtiJvvpBFUisVPctvz/Llq7SsDBzCERTAg3Moww1UoAoEBLzAK7w5z8678+F8TqNLTjpzADNwvn4BPtecjQ==</latexit><latexit sha1_base64="AbC1DK8UynEwYzwdUq5r8xHCAt4=">AAACDnicbVDLSgMxFL3js9ZX1aWbYBHqwjJTBN0oBTcuK9iHtkPJpJk2NMkMSUaopf8guNXfcCdu/QX/wk8wbWdhWw8EDuecy705QcyZNq777Swtr6yurWc2sptb2zu7ub39mo4SRWiVRDxSjQBrypmkVcMMp41YUSwCTutB/3rs1x+p0iySd2YQU1/grmQhI9hY6b5VKTxcPrVLJ+1c3i26E6BF4qUkDykq7dxPqxORRFBpCMdaNz03Nv4QK8MIp6NsK9E0xqSPu7RpqcSCan84OXiEjq3SQWGk7JMGTdS/E0MstB6IwCYFNj09743F/7xmYsILf8hknBgqyXRRmHBkIjT+PeowRYnhA0swUczeikgPK0yM7Whmiza2IW0D+lTYaKRHtiJvvpBFUisVPctvz/Llq7SsDBzCERTAg3Moww1UoAoEBLzAK7w5z8678+F8TqNLTjpzADNwvn4BPtecjQ==</latexit><latexit sha1_base64="AbC1DK8UynEwYzwdUq5r8xHCAt4=">AAACDnicbVDLSgMxFL3js9ZX1aWbYBHqwjJTBN0oBTcuK9iHtkPJpJk2NMkMSUaopf8guNXfcCdu/QX/wk8wbWdhWw8EDuecy705QcyZNq777Swtr6yurWc2sptb2zu7ub39mo4SRWiVRDxSjQBrypmkVcMMp41YUSwCTutB/3rs1x+p0iySd2YQU1/grmQhI9hY6b5VKTxcPrVLJ+1c3i26E6BF4qUkDykq7dxPqxORRFBpCMdaNz03Nv4QK8MIp6NsK9E0xqSPu7RpqcSCan84OXiEjq3SQWGk7JMGTdS/E0MstB6IwCYFNj09743F/7xmYsILf8hknBgqyXRRmHBkIjT+PeowRYnhA0swUczeikgPK0yM7Whmiza2IW0D+lTYaKRHtiJvvpBFUisVPctvz/Llq7SsDBzCERTAg3Moww1UoAoEBLzAK7w5z8678+F8TqNLTjpzADNwvn4BPtecjQ==</latexit>

P(Z = z3)
<latexit sha1_base64="8qck0SKn3fafaPLlSPpY/9vJzQQ=">AAACDnicbVDLSgMxFM34rPVVdekmWIS6sMyooBul4MZlBfvQdiiZNNOGJpkhuSPUof8guNXfcCdu/QX/wk8wfSxs64HA4ZxzuTcniAU34LrfzsLi0vLKamYtu76xubWd29mtmijRlFVoJCJdD4hhgitWAQ6C1WPNiAwEqwW966Ffe2Ta8EjdQT9mviQdxUNOCVjpvlkuPFw+tU6PWrm8W3RHwPPEm5A8mqDcyv002xFNJFNABTGm4bkx+CnRwKlgg2wzMSwmtEc6rGGpIpIZPx0dPMCHVmnjMNL2KcAj9e9ESqQxfRnYpCTQNbPeUPzPayQQXvgpV3ECTNHxojARGCI8/D1uc80oiL4lhGpub8W0SzShYDua2mLANmRswBxLG43MwFbkzRYyT6onRc/y27N86WpSVgbtowNUQB46RyV0g8qogiiS6AW9ojfn2Xl3PpzPcXTBmczsoSk4X79AepyO</latexit><latexit sha1_base64="8qck0SKn3fafaPLlSPpY/9vJzQQ=">AAACDnicbVDLSgMxFM34rPVVdekmWIS6sMyooBul4MZlBfvQdiiZNNOGJpkhuSPUof8guNXfcCdu/QX/wk8wfSxs64HA4ZxzuTcniAU34LrfzsLi0vLKamYtu76xubWd29mtmijRlFVoJCJdD4hhgitWAQ6C1WPNiAwEqwW966Ffe2Ta8EjdQT9mviQdxUNOCVjpvlkuPFw+tU6PWrm8W3RHwPPEm5A8mqDcyv002xFNJFNABTGm4bkx+CnRwKlgg2wzMSwmtEc6rGGpIpIZPx0dPMCHVmnjMNL2KcAj9e9ESqQxfRnYpCTQNbPeUPzPayQQXvgpV3ECTNHxojARGCI8/D1uc80oiL4lhGpub8W0SzShYDua2mLANmRswBxLG43MwFbkzRYyT6onRc/y27N86WpSVgbtowNUQB46RyV0g8qogiiS6AW9ojfn2Xl3PpzPcXTBmczsoSk4X79AepyO</latexit><latexit sha1_base64="8qck0SKn3fafaPLlSPpY/9vJzQQ=">AAACDnicbVDLSgMxFM34rPVVdekmWIS6sMyooBul4MZlBfvQdiiZNNOGJpkhuSPUof8guNXfcCdu/QX/wk8wfSxs64HA4ZxzuTcniAU34LrfzsLi0vLKamYtu76xubWd29mtmijRlFVoJCJdD4hhgitWAQ6C1WPNiAwEqwW966Ffe2Ta8EjdQT9mviQdxUNOCVjpvlkuPFw+tU6PWrm8W3RHwPPEm5A8mqDcyv002xFNJFNABTGm4bkx+CnRwKlgg2wzMSwmtEc6rGGpIpIZPx0dPMCHVmnjMNL2KcAj9e9ESqQxfRnYpCTQNbPeUPzPayQQXvgpV3ECTNHxojARGCI8/D1uc80oiL4lhGpub8W0SzShYDua2mLANmRswBxLG43MwFbkzRYyT6onRc/y27N86WpSVgbtowNUQB46RyV0g8qogiiS6AW9ojfn2Xl3PpzPcXTBmczsoSk4X79AepyO</latexit><latexit sha1_base64="8qck0SKn3fafaPLlSPpY/9vJzQQ=">AAACDnicbVDLSgMxFM34rPVVdekmWIS6sMyooBul4MZlBfvQdiiZNNOGJpkhuSPUof8guNXfcCdu/QX/wk8wfSxs64HA4ZxzuTcniAU34LrfzsLi0vLKamYtu76xubWd29mtmijRlFVoJCJdD4hhgitWAQ6C1WPNiAwEqwW966Ffe2Ta8EjdQT9mviQdxUNOCVjpvlkuPFw+tU6PWrm8W3RHwPPEm5A8mqDcyv002xFNJFNABTGm4bkx+CnRwKlgg2wzMSwmtEc6rGGpIpIZPx0dPMCHVmnjMNL2KcAj9e9ESqQxfRnYpCTQNbPeUPzPayQQXvgpV3ECTNHxojARGCI8/D1uc80oiL4lhGpub8W0SzShYDua2mLANmRswBxLG43MwFbkzRYyT6onRc/y27N86WpSVgbtowNUQB46RyV0g8qogiiS6AW9ojfn2Xl3PpzPcXTBmczsoSk4X79AepyO</latexit>

!Pn =
"

1
n

, á á á,
1
n

#

<latexit sha1_base64="69TqSq1DPGs25Vae8s6d9vlfXPw="></latexit><latexit sha1_base64="69TqSq1DPGs25Vae8s6d9vlfXPw="></latexit><latexit sha1_base64="69TqSq1DPGs25Vae8s6d9vlfXPw="></latexit><latexit sha1_base64="69TqSq1DPGs25Vae8s6d9vlfXPw="></latexit>Pn
<latexit sha1_base64="LSYR5AJZJfkfy2/2USsNOgJ/HUw=">AAACFnicbVDLSsNAFJ34rPXRqEs3g0VwY0lE0GVBFy4r2Ac0IUymk3bozCTMQyih/yG41d9wJ27d+hd+gpM2C9t64MLhnHO5lxNnjCrted/O2vrG5tZ2Zae6u7d/UHMPjzoqNRKTNk5ZKnsxUoRRQdqaakZ6mSSIx4x04/Ft4XefiFQ0FY96kpGQo6GgCcVIWylya0HMDMkDjvPWNBLTyK17DW8GuEr8ktRBiVbk/gSDFBtOhMYMKdX3vUyHOZKaYkam1cAokiE8RkPSt1QgTlSYzx6fwjOrDGCSSjtCw5n6dyNHXKkJj22SIz1Sy14h/uf1jU5uwpyKzGgi8PxQYhjUKSxagAMqCdZsYgnCktpfIR4hibC2XS1cUdo2pWxAXXAbTVVRkb9cyCrpXDZ8yx+u6s27sqwKOAGn4Bz44Bo0wT1ogTbAwIAX8ArenGfn3flwPufRNafcOQYLcL5+AaKsoJ4=</latexit><latexit sha1_base64="LSYR5AJZJfkfy2/2USsNOgJ/HUw=">AAACFnicbVDLSsNAFJ34rPXRqEs3g0VwY0lE0GVBFy4r2Ac0IUymk3bozCTMQyih/yG41d9wJ27d+hd+gpM2C9t64MLhnHO5lxNnjCrted/O2vrG5tZ2Zae6u7d/UHMPjzoqNRKTNk5ZKnsxUoRRQdqaakZ6mSSIx4x04/Ft4XefiFQ0FY96kpGQo6GgCcVIWylya0HMDMkDjvPWNBLTyK17DW8GuEr8ktRBiVbk/gSDFBtOhMYMKdX3vUyHOZKaYkam1cAokiE8RkPSt1QgTlSYzx6fwjOrDGCSSjtCw5n6dyNHXKkJj22SIz1Sy14h/uf1jU5uwpyKzGgi8PxQYhjUKSxagAMqCdZsYgnCktpfIR4hibC2XS1cUdo2pWxAXXAbTVVRkb9cyCrpXDZ8yx+u6s27sqwKOAGn4Bz44Bo0wT1ogTbAwIAX8ArenGfn3flwPufRNafcOQYLcL5+AaKsoJ4=</latexit><latexit sha1_base64="LSYR5AJZJfkfy2/2USsNOgJ/HUw=">AAACFnicbVDLSsNAFJ34rPXRqEs3g0VwY0lE0GVBFy4r2Ac0IUymk3bozCTMQyih/yG41d9wJ27d+hd+gpM2C9t64MLhnHO5lxNnjCrted/O2vrG5tZ2Zae6u7d/UHMPjzoqNRKTNk5ZKnsxUoRRQdqaakZ6mSSIx4x04/Ft4XefiFQ0FY96kpGQo6GgCcVIWylya0HMDMkDjvPWNBLTyK17DW8GuEr8ktRBiVbk/gSDFBtOhMYMKdX3vUyHOZKaYkam1cAokiE8RkPSt1QgTlSYzx6fwjOrDGCSSjtCw5n6dyNHXKkJj22SIz1Sy14h/uf1jU5uwpyKzGgi8PxQYhjUKSxagAMqCdZsYgnCktpfIR4hibC2XS1cUdo2pWxAXXAbTVVRkb9cyCrpXDZ8yx+u6s27sqwKOAGn4Bz44Bo0wT1ogTbAwIAX8ArenGfn3flwPufRNafcOQYLcL5+AaKsoJ4=</latexit><latexit sha1_base64="LSYR5AJZJfkfy2/2USsNOgJ/HUw=">AAACFnicbVDLSsNAFJ34rPXRqEs3g0VwY0lE0GVBFy4r2Ac0IUymk3bozCTMQyih/yG41d9wJ27d+hd+gpM2C9t64MLhnHO5lxNnjCrted/O2vrG5tZ2Zae6u7d/UHMPjzoqNRKTNk5ZKnsxUoRRQdqaakZ6mSSIx4x04/Ft4XefiFQ0FY96kpGQo6GgCcVIWylya0HMDMkDjvPWNBLTyK17DW8GuEr8ktRBiVbk/gSDFBtOhMYMKdX3vUyHOZKaYkam1cAokiE8RkPSt1QgTlSYzx6fwjOrDGCSSjtCw5n6dyNHXKkJj22SIz1Sy14h/uf1jU5uwpyKzGgi8PxQYhjUKSxagAMqCdZsYgnCktpfIR4hibC2XS1cUdo2pWxAXXAbTVVRkb9cyCrpXDZ8yx+u6s27sqwKOAGn4Bz44Bo0wT1ogTbAwIAX8ArenGfn3flwPufRNafcOQYLcL5+AaKsoJ4=</latexit>

Pn (! ) :=
!

Q : Df

"
Q|| #Pn

$
! !

%

<latexit sha1_base64="xpXTY0k+h52AUaVyiJLMYIBP/TY="></latexit><latexit sha1_base64="xpXTY0k+h52AUaVyiJLMYIBP/TY="></latexit><latexit sha1_base64="xpXTY0k+h52AUaVyiJLMYIBP/TY="></latexit><latexit sha1_base64="xpXTY0k+h52AUaVyiJLMYIBP/TY="></latexit>

Worst-case region

Distributionally Robust Optimization

[Ben-Tal et al. 13, Bertsimas et al. 16, Lam & Zhou 17, Lam 18]

minimize
! ! !

max
q! P n (" )

n!

i =1

qi ! (" ; Zi )
<latexit sha1_base64="4he3xYcFZ5sfiNqIv1sRGTysNw8="></latexit><latexit sha1_base64="4he3xYcFZ5sfiNqIv1sRGTysNw8="></latexit><latexit sha1_base64="4he3xYcFZ5sfiNqIv1sRGTysNw8="></latexit><latexit sha1_base64="4he3xYcFZ5sfiNqIv1sRGTysNw8="></latexit>

Distributionally robust optimization



Optimization

!! rob
n = argmin

! ! !
max

Q! P n (" )

n"

i =1

qi "(! ; Zi )
<latexit sha1_base64="p/62eYTETqr+RaKb9R42F5P3z5g="></latexit><latexit sha1_base64="p/62eYTETqr+RaKb9R42F5P3z5g="></latexit><latexit sha1_base64="p/62eYTETqr+RaKb9R42F5P3z5g="></latexit><latexit sha1_base64="p/62eYTETqr+RaKb9R42F5P3z5g="></latexit>

• Convex if loss is convex


• Conic forms


• Gradient descent


• SGD on the dual

Nice properties

[Ben-Tal et al. 13]

[N. & Duchi 18]



Outline

• Understanding DRO


- DRO = worst-case subpopulation performance


• Trade-off: robustness vs. convergence


• Experiments


• Extensions: covariate shift



• In some applications, demographic information is unavailable (e.g. 
speech recognition), or illegal to use (e.g. insurance)


• Protected groups are hard to define a priori

- variables often comprise continuous spectrum

- performance determined in an intersectional fashion


• Accounting for intersections gives exponentially many subgroups

- computational & statistical difficulties

First idea: pre-defined groups

Problems

[Meinshausen & 

 Buhlmann ’15]

• Separate model for each group


• One model for worst-of group

EPg [! (" g; Z )]
<latexit sha1_base64="jzOmPhG0DCJvWWtuPNbYR32mg/8="></latexit><latexit sha1_base64="jzOmPhG0DCJvWWtuPNbYR32mg/8="></latexit><latexit sha1_base64="jzOmPhG0DCJvWWtuPNbYR32mg/8="></latexit><latexit sha1_base64="jzOmPhG0DCJvWWtuPNbYR32mg/8="></latexit>

max
g! G

EPg [! (" ; Z )]
<latexit sha1_base64="s5An/auV4//sY0hZcONkr7S77gk="></latexit><latexit sha1_base64="s5An/auV4//sY0hZcONkr7S77gk="></latexit><latexit sha1_base64="s5An/auV4//sY0hZcONkr7S77gk="></latexit><latexit sha1_base64="s5An/auV4//sY0hZcONkr7S77gk="></latexit>

Given pre-defined demographic groups g ! G,
<latexit sha1_base64="dLwHv1i08B3biXZWJYOWIcz7psk=">AAACH3icbZDLSsNAFIYn9VbrLepGcDNYBBdaEhF0WXGhywr2Ak0ok8mkHTozCTMToYSIryK41ddwJ277Fj6Ck7YLWz0w8POffzjnfEHCqNKOM7ZKS8srq2vl9crG5tb2jr2711JxKjFp4pjFshMgRRgVpKmpZqSTSIJ4wEg7GN4U/fYjkYrG4kGPEuJz1Bc0ohhpY/XsA0+SMOtDjwrocaQHGLHsNs9Pe3bVqTmTgn+FOxNVMKtGz/72whinnAiNGVKq6zqJ9jMkNcWM5BUvVSRBeIj6pGukQJwoP5tckMNj44QwiqV5QsOJ+/tHhrhSIx6YZLGkWuwV5n+9bqqjKz+jIkk1EXg6KEoZ1DEscMCQSoI1GxmBsKRmV4gHSCKsDbS5KUobZMoE1Bk30VjlBpG7COSvaJ3XXKPvL6r16+cprDI4BEfgBLjgEtTBHWiAJsDgCbyCN/BuvVgf1qf1NY2WrBngfTBX1vgH5xCkQg==</latexit><latexit sha1_base64="dLwHv1i08B3biXZWJYOWIcz7psk=">AAACH3icbZDLSsNAFIYn9VbrLepGcDNYBBdaEhF0WXGhywr2Ak0ok8mkHTozCTMToYSIryK41ddwJ277Fj6Ck7YLWz0w8POffzjnfEHCqNKOM7ZKS8srq2vl9crG5tb2jr2711JxKjFp4pjFshMgRRgVpKmpZqSTSIJ4wEg7GN4U/fYjkYrG4kGPEuJz1Bc0ohhpY/XsA0+SMOtDjwrocaQHGLHsNs9Pe3bVqTmTgn+FOxNVMKtGz/72whinnAiNGVKq6zqJ9jMkNcWM5BUvVSRBeIj6pGukQJwoP5tckMNj44QwiqV5QsOJ+/tHhrhSIx6YZLGkWuwV5n+9bqqjKz+jIkk1EXg6KEoZ1DEscMCQSoI1GxmBsKRmV4gHSCKsDbS5KUobZMoE1Bk30VjlBpG7COSvaJ3XXKPvL6r16+cprDI4BEfgBLjgEtTBHWiAJsDgCbyCN/BuvVgf1qf1NY2WrBngfTBX1vgH5xCkQg==</latexit><latexit sha1_base64="dLwHv1i08B3biXZWJYOWIcz7psk=">AAACH3icbZDLSsNAFIYn9VbrLepGcDNYBBdaEhF0WXGhywr2Ak0ok8mkHTozCTMToYSIryK41ddwJ277Fj6Ck7YLWz0w8POffzjnfEHCqNKOM7ZKS8srq2vl9crG5tb2jr2711JxKjFp4pjFshMgRRgVpKmpZqSTSIJ4wEg7GN4U/fYjkYrG4kGPEuJz1Bc0ohhpY/XsA0+SMOtDjwrocaQHGLHsNs9Pe3bVqTmTgn+FOxNVMKtGz/72whinnAiNGVKq6zqJ9jMkNcWM5BUvVSRBeIj6pGukQJwoP5tckMNj44QwiqV5QsOJ+/tHhrhSIx6YZLGkWuwV5n+9bqqjKz+jIkk1EXg6KEoZ1DEscMCQSoI1GxmBsKRmV4gHSCKsDbS5KUobZMoE1Bk30VjlBpG7COSvaJ3XXKPvL6r16+cprDI4BEfgBLjgEtTBHWiAJsDgCbyCN/BuvVgf1qf1NY2WrBngfTBX1vgH5xCkQg==</latexit><latexit sha1_base64="dLwHv1i08B3biXZWJYOWIcz7psk=">AAACH3icbZDLSsNAFIYn9VbrLepGcDNYBBdaEhF0WXGhywr2Ak0ok8mkHTozCTMToYSIryK41ddwJ277Fj6Ck7YLWz0w8POffzjnfEHCqNKOM7ZKS8srq2vl9crG5tb2jr2711JxKjFp4pjFshMgRRgVpKmpZqSTSIJ4wEg7GN4U/fYjkYrG4kGPEuJz1Bc0ohhpY/XsA0+SMOtDjwrocaQHGLHsNs9Pe3bVqTmTgn+FOxNVMKtGz/72whinnAiNGVKq6zqJ9jMkNcWM5BUvVSRBeIj6pGukQJwoP5tckMNj44QwiqV5QsOJ+/tHhrhSIx6YZLGkWuwV5n+9bqqjKz+jIkk1EXg6KEoZ1DEscMCQSoI1GxmBsKRmV4gHSCKsDbS5KUobZMoE1Bk30VjlBpG7COSvaJ3XXKPvL6r16+cprDI4BEfgBLjgEtTBHWiAJsDgCbyCN/BuvVgf1qf1NY2WrBngfTBX1vgH5xCkQg==</latexit>

See also [Kearns et al. ’18, Kim et al. ’19] 



Error per racial group

Example: Predicting warfarin dosage



Error per racial group for  
patients with high dosage (> 49mg)

Example: Predicting warfarin dosage



Protecting against large shifts

Automatically find worst-off subpopulations,  
and optimize performance on them

Q : subpopulation
<latexit sha1_base64="RfAUnJAi+r+AzZ+wRexIpBwKRrU=">AAACKXicbVDNSgMxGMzWv1r/Vj16CS2CF8uuCIoHKXjx2IL9ge5SsmnWhiabJcmKZdm77yJ41dfwpl59AR/B7LYH2/pBYJiZL5NMEDOqtON8WqWV1bX1jfJmZWt7Z3fP3j/oKJFITNpYMCF7AVKE0Yi0NdWM9GJJEA8Y6Qbjm1zvPhCpqIju9CQmPkf3EQ0pRtpQA7vqGYJEGqUteAU9HojHVCVBLOKEFZYsG9g1p+4UA5eBOwM1MJvmwP7xhgIn3FyLGVKq7zqx9lMkNcWMZBUvUSRGeGyC+wZGiBPlp8VfMnhsmCEMhTQn0rBg/26kiCs14YFxcqRHalHLyf+0fqLDSz+lUZxoEuFpUJgwqAXMi4FDKgnWbGIAwpKat0I8QhJhbeqbS1HaNKOMQZ1yYxUqr8hdLGQZdM7qrlt3W+e1xvWsrDI4AlVwAlxwARrgFjRBG2DwBF7AK3iznq1368P6mlpL1mznEMyN9f0LGi+otQ==</latexit><latexit sha1_base64="RfAUnJAi+r+AzZ+wRexIpBwKRrU=">AAACKXicbVDNSgMxGMzWv1r/Vj16CS2CF8uuCIoHKXjx2IL9ge5SsmnWhiabJcmKZdm77yJ41dfwpl59AR/B7LYH2/pBYJiZL5NMEDOqtON8WqWV1bX1jfJmZWt7Z3fP3j/oKJFITNpYMCF7AVKE0Yi0NdWM9GJJEA8Y6Qbjm1zvPhCpqIju9CQmPkf3EQ0pRtpQA7vqGYJEGqUteAU9HojHVCVBLOKEFZYsG9g1p+4UA5eBOwM1MJvmwP7xhgIn3FyLGVKq7zqx9lMkNcWMZBUvUSRGeGyC+wZGiBPlp8VfMnhsmCEMhTQn0rBg/26kiCs14YFxcqRHalHLyf+0fqLDSz+lUZxoEuFpUJgwqAXMi4FDKgnWbGIAwpKat0I8QhJhbeqbS1HaNKOMQZ1yYxUqr8hdLGQZdM7qrlt3W+e1xvWsrDI4AlVwAlxwARrgFjRBG2DwBF7AK3iznq1368P6mlpL1mznEMyN9f0LGi+otQ==</latexit><latexit sha1_base64="RfAUnJAi+r+AzZ+wRexIpBwKRrU=">AAACKXicbVDNSgMxGMzWv1r/Vj16CS2CF8uuCIoHKXjx2IL9ge5SsmnWhiabJcmKZdm77yJ41dfwpl59AR/B7LYH2/pBYJiZL5NMEDOqtON8WqWV1bX1jfJmZWt7Z3fP3j/oKJFITNpYMCF7AVKE0Yi0NdWM9GJJEA8Y6Qbjm1zvPhCpqIju9CQmPkf3EQ0pRtpQA7vqGYJEGqUteAU9HojHVCVBLOKEFZYsG9g1p+4UA5eBOwM1MJvmwP7xhgIn3FyLGVKq7zqx9lMkNcWMZBUvUSRGeGyC+wZGiBPlp8VfMnhsmCEMhTQn0rBg/26kiCs14YFxcqRHalHLyf+0fqLDSz+lUZxoEuFpUJgwqAXMi4FDKgnWbGIAwpKat0I8QhJhbeqbS1HaNKOMQZ1yYxUqr8hdLGQZdM7qrlt3W+e1xvWsrDI4AlVwAlxwARrgFjRBG2DwBF7AK3iznq1368P6mlpL1mznEMyN9f0LGi+otQ==</latexit><latexit sha1_base64="RfAUnJAi+r+AzZ+wRexIpBwKRrU=">AAACKXicbVDNSgMxGMzWv1r/Vj16CS2CF8uuCIoHKXjx2IL9ge5SsmnWhiabJcmKZdm77yJ41dfwpl59AR/B7LYH2/pBYJiZL5NMEDOqtON8WqWV1bX1jfJmZWt7Z3fP3j/oKJFITNpYMCF7AVKE0Yi0NdWM9GJJEA8Y6Qbjm1zvPhCpqIju9CQmPkf3EQ0pRtpQA7vqGYJEGqUteAU9HojHVCVBLOKEFZYsG9g1p+4UA5eBOwM1MJvmwP7xhgIn3FyLGVKq7zqx9lMkNcWMZBUvUSRGeGyC+wZGiBPlp8VfMnhsmCEMhTQn0rBg/26kiCs14YFxcqRHalHLyf+0fqLDSz+lUZxoEuFpUJgwqAXMi4FDKgnWbGIAwpKat0I8QhJhbeqbS1HaNKOMQZ1yYxUqr8hdLGQZdM7qrlt3W+e1xvWsrDI4AlVwAlxwARrgFjRBG2DwBF7AK3iznq1368P6mlpL1mznEMyN9f0LGi+otQ==</latexit>

Pobs : data-generating distribution
<latexit sha1_base64="CPHvi0gfOvG127qDb4N8sB9f2UE="></latexit><latexit sha1_base64="CPHvi0gfOvG127qDb4N8sB9f2UE="></latexit><latexit sha1_base64="CPHvi0gfOvG127qDb4N8sB9f2UE="></latexit><latexit sha1_base64="CPHvi0gfOvG127qDb4N8sB9f2UE="></latexit>

minimize
! ! !

max
Q:D f (Q|| Pobs ) " "

EQ [! (" ; Z )]
<latexit sha1_base64="/R2YR8xTUn/I2mIkDsRj3NFWkTI="></latexit><latexit sha1_base64="/R2YR8xTUn/I2mIkDsRj3NFWkTI="></latexit><latexit sha1_base64="/R2YR8xTUn/I2mIkDsRj3NFWkTI="></latexit><latexit sha1_base64="/R2YR8xTUn/I2mIkDsRj3NFWkTI="></latexit>



! (" ; Z )
<latexit sha1_base64="VzBnNA+MS+yEpOVfDpk1cQpQCzE=">AAACF3icbVDLSgNBEJz1GeNr1aOXwSDEg2FXBAUvQS8eI5gHJiHMTmaTIbM7y3RvIIR8iOBVf8ObePXoX/gJTh4Hk1jQUFRV000FiZKAnvftrKyurW9sZray2zu7e/vuwWEFdGq4KHOttKkFDISSsSijRCVqiREsCpSoBr27sV/tCwNSx484SEQzYp1YhpIztFLLdRtKA+Qb2BXIbujTWcvNeQVvArpM/BnJkRlKLfen0dY8jUSMXDGAuu8l2Bwyg5IrMco2UhAJ4z3WEXVLYxYJaA4nn4/oqVXaNNTGTox0ov7dGLIIYBAFNhkx7MKiNxb/8+ophtfNoYyTFEXMp4fCVFHUdFwDbUsjOKqBJYwbaX+lvMsM42jLmrsCaKsCG4DzyEY1jGxF/mIhy6RyUfAtf7jMFW9nZWXIMTkheeKTK1Ik96REyoSTPnkhr+TNeXbenQ/ncxpdcWY7R2QOztcvuBSf/g==</latexit><latexit sha1_base64="VzBnNA+MS+yEpOVfDpk1cQpQCzE=">AAACF3icbVDLSgNBEJz1GeNr1aOXwSDEg2FXBAUvQS8eI5gHJiHMTmaTIbM7y3RvIIR8iOBVf8ObePXoX/gJTh4Hk1jQUFRV000FiZKAnvftrKyurW9sZray2zu7e/vuwWEFdGq4KHOttKkFDISSsSijRCVqiREsCpSoBr27sV/tCwNSx484SEQzYp1YhpIztFLLdRtKA+Qb2BXIbujTWcvNeQVvArpM/BnJkRlKLfen0dY8jUSMXDGAuu8l2Bwyg5IrMco2UhAJ4z3WEXVLYxYJaA4nn4/oqVXaNNTGTox0ov7dGLIIYBAFNhkx7MKiNxb/8+ophtfNoYyTFEXMp4fCVFHUdFwDbUsjOKqBJYwbaX+lvMsM42jLmrsCaKsCG4DzyEY1jGxF/mIhy6RyUfAtf7jMFW9nZWXIMTkheeKTK1Ik96REyoSTPnkhr+TNeXbenQ/ncxpdcWY7R2QOztcvuBSf/g==</latexit><latexit sha1_base64="VzBnNA+MS+yEpOVfDpk1cQpQCzE=">AAACF3icbVDLSgNBEJz1GeNr1aOXwSDEg2FXBAUvQS8eI5gHJiHMTmaTIbM7y3RvIIR8iOBVf8ObePXoX/gJTh4Hk1jQUFRV000FiZKAnvftrKyurW9sZray2zu7e/vuwWEFdGq4KHOttKkFDISSsSijRCVqiREsCpSoBr27sV/tCwNSx484SEQzYp1YhpIztFLLdRtKA+Qb2BXIbujTWcvNeQVvArpM/BnJkRlKLfen0dY8jUSMXDGAuu8l2Bwyg5IrMco2UhAJ4z3WEXVLYxYJaA4nn4/oqVXaNNTGTox0ov7dGLIIYBAFNhkx7MKiNxb/8+ophtfNoYyTFEXMp4fCVFHUdFwDbUsjOKqBJYwbaX+lvMsM42jLmrsCaKsCG4DzyEY1jGxF/mIhy6RyUfAtf7jMFW9nZWXIMTkheeKTK1Ik96REyoSTPnkhr+TNeXbenQ/ncxpdcWY7R2QOztcvuBSf/g==</latexit><latexit sha1_base64="VzBnNA+MS+yEpOVfDpk1cQpQCzE=">AAACF3icbVDLSgNBEJz1GeNr1aOXwSDEg2FXBAUvQS8eI5gHJiHMTmaTIbM7y3RvIIR8iOBVf8ObePXoX/gJTh4Hk1jQUFRV000FiZKAnvftrKyurW9sZray2zu7e/vuwWEFdGq4KHOttKkFDISSsSijRCVqiREsCpSoBr27sV/tCwNSx484SEQzYp1YhpIztFLLdRtKA+Qb2BXIbujTWcvNeQVvArpM/BnJkRlKLfen0dY8jUSMXDGAuu8l2Bwyg5IrMco2UhAJ4z3WEXVLYxYJaA4nn4/oqVXaNNTGTox0ov7dGLIIYBAFNhkx7MKiNxb/8+ophtfNoYyTFEXMp4fCVFHUdFwDbUsjOKqBJYwbaX+lvMsM42jLmrsCaKsCG4DzyEY1jGxF/mIhy6RyUfAtf7jMFW9nZWXIMTkheeKTK1Ik96REyoSTPnkhr+TNeXbenQ/ncxpdcWY7R2QOztcvuBSf/g==</latexit>

Subpopulations

P: base distribution

•     is a subpopulation of P if it’s a mixture component

subpopulationis aQ
<latexit sha1_base64="U7T8JL7YIE0MxapymYQI10NX+ts=">AAACEHicbVDLSgMxFL3js9ZX1aWbYBHcWGZE0GXFjcsW7APaoWTSjA3NY0gyQhkKfoPgVn/Dnbj1D/wLP8FM24VtvRA499xzOTcnSjgz1ve/vZXVtfWNzcJWcXtnd2+/dHDYNCrVhDaI4kq3I2woZ5I2LLOcthNNsYg4bUXD23zeeqTaMCXv7SihocAPksWMYOuoTte1VFqc1ce9Utmv+JNCyyCYgTLMqtYr/XT7iqTC7ROOjekEfmLDDGvLCKfjYjc1NMFk6Bw6DkosqAmzycljdOqYPoqVdk9aNGH/bmRYGDMSkVMKbAdmcZaT/806qY2vw4zJJLVUkqlRnHJkFcr/j/pMU2L5yAFMNHO3IjLAGhPrUppzMdZlZJzAnAsnVSaPKFgMZBk0LypBUAnql+XqzdM0rAIcwwmcQQBXUIU7qEEDCCh4gVd48569d+/D+5xKV7xZwEcwV97XL8/5nwg=</latexit><latexit sha1_base64="U7T8JL7YIE0MxapymYQI10NX+ts=">AAACEHicbVDLSgMxFL3js9ZX1aWbYBHcWGZE0GXFjcsW7APaoWTSjA3NY0gyQhkKfoPgVn/Dnbj1D/wLP8FM24VtvRA499xzOTcnSjgz1ve/vZXVtfWNzcJWcXtnd2+/dHDYNCrVhDaI4kq3I2woZ5I2LLOcthNNsYg4bUXD23zeeqTaMCXv7SihocAPksWMYOuoTte1VFqc1ce9Utmv+JNCyyCYgTLMqtYr/XT7iqTC7ROOjekEfmLDDGvLCKfjYjc1NMFk6Bw6DkosqAmzycljdOqYPoqVdk9aNGH/bmRYGDMSkVMKbAdmcZaT/806qY2vw4zJJLVUkqlRnHJkFcr/j/pMU2L5yAFMNHO3IjLAGhPrUppzMdZlZJzAnAsnVSaPKFgMZBk0LypBUAnql+XqzdM0rAIcwwmcQQBXUIU7qEEDCCh4gVd48569d+/D+5xKV7xZwEcwV97XL8/5nwg=</latexit><latexit sha1_base64="U7T8JL7YIE0MxapymYQI10NX+ts=">AAACEHicbVDLSgMxFL3js9ZX1aWbYBHcWGZE0GXFjcsW7APaoWTSjA3NY0gyQhkKfoPgVn/Dnbj1D/wLP8FM24VtvRA499xzOTcnSjgz1ve/vZXVtfWNzcJWcXtnd2+/dHDYNCrVhDaI4kq3I2woZ5I2LLOcthNNsYg4bUXD23zeeqTaMCXv7SihocAPksWMYOuoTte1VFqc1ce9Utmv+JNCyyCYgTLMqtYr/XT7iqTC7ROOjekEfmLDDGvLCKfjYjc1NMFk6Bw6DkosqAmzycljdOqYPoqVdk9aNGH/bmRYGDMSkVMKbAdmcZaT/806qY2vw4zJJLVUkqlRnHJkFcr/j/pMU2L5yAFMNHO3IjLAGhPrUppzMdZlZJzAnAsnVSaPKFgMZBk0LypBUAnql+XqzdM0rAIcwwmcQQBXUIU7qEEDCCh4gVd48569d+/D+5xKV7xZwEcwV97XL8/5nwg=</latexit><latexit sha1_base64="U7T8JL7YIE0MxapymYQI10NX+ts=">AAACEHicbVDLSgMxFL3js9ZX1aWbYBHcWGZE0GXFjcsW7APaoWTSjA3NY0gyQhkKfoPgVn/Dnbj1D/wLP8FM24VtvRA499xzOTcnSjgz1ve/vZXVtfWNzcJWcXtnd2+/dHDYNCrVhDaI4kq3I2woZ5I2LLOcthNNsYg4bUXD23zeeqTaMCXv7SihocAPksWMYOuoTte1VFqc1ce9Utmv+JNCyyCYgTLMqtYr/XT7iqTC7ROOjekEfmLDDGvLCKfjYjc1NMFk6Bw6DkosqAmzycljdOqYPoqVdk9aNGH/bmRYGDMSkVMKbAdmcZaT/806qY2vw4zJJLVUkqlRnHJkFcr/j/pMU2L5yAFMNHO3IjLAGhPrUppzMdZlZJzAnAsnVSaPKFgMZBk0LypBUAnql+XqzdM0rAIcwwmcQQBXUIU7qEEDCCh4gVd48569d+/D+5xKV7xZwEcwV97XL8/5nwg=</latexit>

Q
<latexit sha1_base64="U7T8JL7YIE0MxapymYQI10NX+ts=">AAACEHicbVDLSgMxFL3js9ZX1aWbYBHcWGZE0GXFjcsW7APaoWTSjA3NY0gyQhkKfoPgVn/Dnbj1D/wLP8FM24VtvRA499xzOTcnSjgz1ve/vZXVtfWNzcJWcXtnd2+/dHDYNCrVhDaI4kq3I2woZ5I2LLOcthNNsYg4bUXD23zeeqTaMCXv7SihocAPksWMYOuoTte1VFqc1ce9Utmv+JNCyyCYgTLMqtYr/XT7iqTC7ROOjekEfmLDDGvLCKfjYjc1NMFk6Bw6DkosqAmzycljdOqYPoqVdk9aNGH/bmRYGDMSkVMKbAdmcZaT/806qY2vw4zJJLVUkqlRnHJkFcr/j/pMU2L5yAFMNHO3IjLAGhPrUppzMdZlZJzAnAsnVSaPKFgMZBk0LypBUAnql+XqzdM0rAIcwwmcQQBXUIU7qEEDCCh4gVd48569d+/D+5xKV7xZwEcwV97XL8/5nwg=</latexit><latexit sha1_base64="U7T8JL7YIE0MxapymYQI10NX+ts=">AAACEHicbVDLSgMxFL3js9ZX1aWbYBHcWGZE0GXFjcsW7APaoWTSjA3NY0gyQhkKfoPgVn/Dnbj1D/wLP8FM24VtvRA499xzOTcnSjgz1ve/vZXVtfWNzcJWcXtnd2+/dHDYNCrVhDaI4kq3I2woZ5I2LLOcthNNsYg4bUXD23zeeqTaMCXv7SihocAPksWMYOuoTte1VFqc1ce9Utmv+JNCyyCYgTLMqtYr/XT7iqTC7ROOjekEfmLDDGvLCKfjYjc1NMFk6Bw6DkosqAmzycljdOqYPoqVdk9aNGH/bmRYGDMSkVMKbAdmcZaT/806qY2vw4zJJLVUkqlRnHJkFcr/j/pMU2L5yAFMNHO3IjLAGhPrUppzMdZlZJzAnAsnVSaPKFgMZBk0LypBUAnql+XqzdM0rAIcwwmcQQBXUIU7qEEDCCh4gVd48569d+/D+5xKV7xZwEcwV97XL8/5nwg=</latexit><latexit sha1_base64="U7T8JL7YIE0MxapymYQI10NX+ts=">AAACEHicbVDLSgMxFL3js9ZX1aWbYBHcWGZE0GXFjcsW7APaoWTSjA3NY0gyQhkKfoPgVn/Dnbj1D/wLP8FM24VtvRA499xzOTcnSjgz1ve/vZXVtfWNzcJWcXtnd2+/dHDYNCrVhDaI4kq3I2woZ5I2LLOcthNNsYg4bUXD23zeeqTaMCXv7SihocAPksWMYOuoTte1VFqc1ce9Utmv+JNCyyCYgTLMqtYr/XT7iqTC7ROOjekEfmLDDGvLCKfjYjc1NMFk6Bw6DkosqAmzycljdOqYPoqVdk9aNGH/bmRYGDMSkVMKbAdmcZaT/806qY2vw4zJJLVUkqlRnHJkFcr/j/pMU2L5yAFMNHO3IjLAGhPrUppzMdZlZJzAnAsnVSaPKFgMZBk0LypBUAnql+XqzdM0rAIcwwmcQQBXUIU7qEEDCCh4gVd48569d+/D+5xKV7xZwEcwV97XL8/5nwg=</latexit><latexit sha1_base64="U7T8JL7YIE0MxapymYQI10NX+ts=">AAACEHicbVDLSgMxFL3js9ZX1aWbYBHcWGZE0GXFjcsW7APaoWTSjA3NY0gyQhkKfoPgVn/Dnbj1D/wLP8FM24VtvRA499xzOTcnSjgz1ve/vZXVtfWNzcJWcXtnd2+/dHDYNCrVhDaI4kq3I2woZ5I2LLOcthNNsYg4bUXD23zeeqTaMCXv7SihocAPksWMYOuoTte1VFqc1ce9Utmv+JNCyyCYgTLMqtYr/XT7iqTC7ROOjekEfmLDDGvLCKfjYjc1NMFk6Bw6DkosqAmzycljdOqYPoqVdk9aNGH/bmRYGDMSkVMKbAdmcZaT/806qY2vw4zJJLVUkqlRnHJkFcr/j/pMU2L5yAFMNHO3IjLAGhPrUppzMdZlZJzAnAsnVSaPKFgMZBk0LypBUAnql+XqzdM0rAIcwwmcQQBXUIU7qEEDCCh4gVd48569d+/D+5xKV7xZwEcwV97XL8/5nwg=</latexit>

! proportion a " (0, 1], prob. Q!

s.t. P(á) = aQ + (1 # a)Q!
<latexit sha1_base64="EvTwDlKdaA27PaqE3uxZuEsqcRI="></latexit><latexit sha1_base64="EvTwDlKdaA27PaqE3uxZuEsqcRI="></latexit><latexit sha1_base64="EvTwDlKdaA27PaqE3uxZuEsqcRI="></latexit><latexit sha1_base64="EvTwDlKdaA27PaqE3uxZuEsqcRI="></latexit>

Q!
<latexit sha1_base64="6XlrGZe9ahhy+FNV3lt9bFt+7V4=">AAACEnicbZDLSgMxGIUz9VbrrerSTbCIbiwzIuiy4sZlC/YC7VAymUwbmsuYZIRhKPgQglt9DXfi1hfwLXwEM20XtvWHwOGcE/6fL4gZ1cZ1v53Cyura+kZxs7S1vbO7V94/aGmZKEyaWDKpOgHShFFBmoYaRjqxIogHjLSD0W2etx+J0lSKe5PGxOdoIGhEMTLW8nshUqOBQmnWOB33yxW36k4GLgtvJipgNvV++acXSpxwIgxmSOuu58bGz5AyFDMyLvUSTWKER2hAulYKxIn2s8nRY3hinRBGUtknDJy4f39kiGud8sA2OTJDvZjl5n9ZNzHRtZ9RESeGCDxdFCUMGglzAjCkimDDUisQVtTeCvEQKYSN5TS3RRtLSduCPue2KnWOyFsEsixaF1XPq3qNy0rt5mkKqwiOwDE4Ax64AjVwB+qgCTB4AC/gFbw5z8678+F8TqsFZwb4EMyN8/ULJx+fuw==</latexit><latexit sha1_base64="6XlrGZe9ahhy+FNV3lt9bFt+7V4=">AAACEnicbZDLSgMxGIUz9VbrrerSTbCIbiwzIuiy4sZlC/YC7VAymUwbmsuYZIRhKPgQglt9DXfi1hfwLXwEM20XtvWHwOGcE/6fL4gZ1cZ1v53Cyura+kZxs7S1vbO7V94/aGmZKEyaWDKpOgHShFFBmoYaRjqxIogHjLSD0W2etx+J0lSKe5PGxOdoIGhEMTLW8nshUqOBQmnWOB33yxW36k4GLgtvJipgNvV++acXSpxwIgxmSOuu58bGz5AyFDMyLvUSTWKER2hAulYKxIn2s8nRY3hinRBGUtknDJy4f39kiGud8sA2OTJDvZjl5n9ZNzHRtZ9RESeGCDxdFCUMGglzAjCkimDDUisQVtTeCvEQKYSN5TS3RRtLSduCPue2KnWOyFsEsixaF1XPq3qNy0rt5mkKqwiOwDE4Ax64AjVwB+qgCTB4AC/gFbw5z8678+F8TqsFZwb4EMyN8/ULJx+fuw==</latexit><latexit sha1_base64="6XlrGZe9ahhy+FNV3lt9bFt+7V4=">AAACEnicbZDLSgMxGIUz9VbrrerSTbCIbiwzIuiy4sZlC/YC7VAymUwbmsuYZIRhKPgQglt9DXfi1hfwLXwEM20XtvWHwOGcE/6fL4gZ1cZ1v53Cyura+kZxs7S1vbO7V94/aGmZKEyaWDKpOgHShFFBmoYaRjqxIogHjLSD0W2etx+J0lSKe5PGxOdoIGhEMTLW8nshUqOBQmnWOB33yxW36k4GLgtvJipgNvV++acXSpxwIgxmSOuu58bGz5AyFDMyLvUSTWKER2hAulYKxIn2s8nRY3hinRBGUtknDJy4f39kiGud8sA2OTJDvZjl5n9ZNzHRtZ9RESeGCDxdFCUMGglzAjCkimDDUisQVtTeCvEQKYSN5TS3RRtLSduCPue2KnWOyFsEsixaF1XPq3qNy0rt5mkKqwiOwDE4Ax64AjVwB+qgCTB4AC/gFbw5z8678+F8TqsFZwb4EMyN8/ULJx+fuw==</latexit><latexit sha1_base64="6XlrGZe9ahhy+FNV3lt9bFt+7V4=">AAACEnicbZDLSgMxGIUz9VbrrerSTbCIbiwzIuiy4sZlC/YC7VAymUwbmsuYZIRhKPgQglt9DXfi1hfwLXwEM20XtvWHwOGcE/6fL4gZ1cZ1v53Cyura+kZxs7S1vbO7V94/aGmZKEyaWDKpOgHShFFBmoYaRjqxIogHjLSD0W2etx+J0lSKe5PGxOdoIGhEMTLW8nshUqOBQmnWOB33yxW36k4GLgtvJipgNvV++acXSpxwIgxmSOuu58bGz5AyFDMyLvUSTWKER2hAulYKxIn2s8nRY3hinRBGUtknDJy4f39kiGud8sA2OTJDvZjl5n9ZNzHRtZ9RESeGCDxdFCUMGglzAjCkimDDUisQVtTeCvEQKYSN5TS3RRtLSduCPue2KnWOyFsEsixaF1XPq3qNy0rt5mkKqwiOwDE4Ax64AjVwB+qgCTB4AC/gFbw5z8678+F8TqsFZwb4EMyN8/ULJx+fuw==</latexit> Q

<latexit sha1_base64="U7T8JL7YIE0MxapymYQI10NX+ts=">AAACEHicbVDLSgMxFL3js9ZX1aWbYBHcWGZE0GXFjcsW7APaoWTSjA3NY0gyQhkKfoPgVn/Dnbj1D/wLP8FM24VtvRA499xzOTcnSjgz1ve/vZXVtfWNzcJWcXtnd2+/dHDYNCrVhDaI4kq3I2woZ5I2LLOcthNNsYg4bUXD23zeeqTaMCXv7SihocAPksWMYOuoTte1VFqc1ce9Utmv+JNCyyCYgTLMqtYr/XT7iqTC7ROOjekEfmLDDGvLCKfjYjc1NMFk6Bw6DkosqAmzycljdOqYPoqVdk9aNGH/bmRYGDMSkVMKbAdmcZaT/806qY2vw4zJJLVUkqlRnHJkFcr/j/pMU2L5yAFMNHO3IjLAGhPrUppzMdZlZJzAnAsnVSaPKFgMZBk0LypBUAnql+XqzdM0rAIcwwmcQQBXUIU7qEEDCCh4gVd48569d+/D+5xKV7xZwEcwV97XL8/5nwg=</latexit><latexit sha1_base64="U7T8JL7YIE0MxapymYQI10NX+ts=">AAACEHicbVDLSgMxFL3js9ZX1aWbYBHcWGZE0GXFjcsW7APaoWTSjA3NY0gyQhkKfoPgVn/Dnbj1D/wLP8FM24VtvRA499xzOTcnSjgz1ve/vZXVtfWNzcJWcXtnd2+/dHDYNCrVhDaI4kq3I2woZ5I2LLOcthNNsYg4bUXD23zeeqTaMCXv7SihocAPksWMYOuoTte1VFqc1ce9Utmv+JNCyyCYgTLMqtYr/XT7iqTC7ROOjekEfmLDDGvLCKfjYjc1NMFk6Bw6DkosqAmzycljdOqYPoqVdk9aNGH/bmRYGDMSkVMKbAdmcZaT/806qY2vw4zJJLVUkqlRnHJkFcr/j/pMU2L5yAFMNHO3IjLAGhPrUppzMdZlZJzAnAsnVSaPKFgMZBk0LypBUAnql+XqzdM0rAIcwwmcQQBXUIU7qEEDCCh4gVd48569d+/D+5xKV7xZwEcwV97XL8/5nwg=</latexit><latexit sha1_base64="U7T8JL7YIE0MxapymYQI10NX+ts=">AAACEHicbVDLSgMxFL3js9ZX1aWbYBHcWGZE0GXFjcsW7APaoWTSjA3NY0gyQhkKfoPgVn/Dnbj1D/wLP8FM24VtvRA499xzOTcnSjgz1ve/vZXVtfWNzcJWcXtnd2+/dHDYNCrVhDaI4kq3I2woZ5I2LLOcthNNsYg4bUXD23zeeqTaMCXv7SihocAPksWMYOuoTte1VFqc1ce9Utmv+JNCyyCYgTLMqtYr/XT7iqTC7ROOjekEfmLDDGvLCKfjYjc1NMFk6Bw6DkosqAmzycljdOqYPoqVdk9aNGH/bmRYGDMSkVMKbAdmcZaT/806qY2vw4zJJLVUkqlRnHJkFcr/j/pMU2L5yAFMNHO3IjLAGhPrUppzMdZlZJzAnAsnVSaPKFgMZBk0LypBUAnql+XqzdM0rAIcwwmcQQBXUIU7qEEDCCh4gVd48569d+/D+5xKV7xZwEcwV97XL8/5nwg=</latexit><latexit sha1_base64="U7T8JL7YIE0MxapymYQI10NX+ts=">AAACEHicbVDLSgMxFL3js9ZX1aWbYBHcWGZE0GXFjcsW7APaoWTSjA3NY0gyQhkKfoPgVn/Dnbj1D/wLP8FM24VtvRA499xzOTcnSjgz1ve/vZXVtfWNzcJWcXtnd2+/dHDYNCrVhDaI4kq3I2woZ5I2LLOcthNNsYg4bUXD23zeeqTaMCXv7SihocAPksWMYOuoTte1VFqc1ce9Utmv+JNCyyCYgTLMqtYr/XT7iqTC7ROOjekEfmLDDGvLCKfjYjc1NMFk6Bw6DkosqAmzycljdOqYPoqVdk9aNGH/bmRYGDMSkVMKbAdmcZaT/806qY2vw4zJJLVUkqlRnHJkFcr/j/pMU2L5yAFMNHO3IjLAGhPrUppzMdZlZJzAnAsnVSaPKFgMZBk0LypBUAnql+XqzdM0rAIcwwmcQQBXUIU7qEEDCCh4gVd48569d+/D+5xKV7xZwEcwV97XL8/5nwg=</latexit>



! (" ; Z )
<latexit sha1_base64="VzBnNA+MS+yEpOVfDpk1cQpQCzE=">AAACF3icbVDLSgNBEJz1GeNr1aOXwSDEg2FXBAUvQS8eI5gHJiHMTmaTIbM7y3RvIIR8iOBVf8ObePXoX/gJTh4Hk1jQUFRV000FiZKAnvftrKyurW9sZray2zu7e/vuwWEFdGq4KHOttKkFDISSsSijRCVqiREsCpSoBr27sV/tCwNSx484SEQzYp1YhpIztFLLdRtKA+Qb2BXIbujTWcvNeQVvArpM/BnJkRlKLfen0dY8jUSMXDGAuu8l2Bwyg5IrMco2UhAJ4z3WEXVLYxYJaA4nn4/oqVXaNNTGTox0ov7dGLIIYBAFNhkx7MKiNxb/8+ophtfNoYyTFEXMp4fCVFHUdFwDbUsjOKqBJYwbaX+lvMsM42jLmrsCaKsCG4DzyEY1jGxF/mIhy6RyUfAtf7jMFW9nZWXIMTkheeKTK1Ik96REyoSTPnkhr+TNeXbenQ/ncxpdcWY7R2QOztcvuBSf/g==</latexit><latexit sha1_base64="VzBnNA+MS+yEpOVfDpk1cQpQCzE=">AAACF3icbVDLSgNBEJz1GeNr1aOXwSDEg2FXBAUvQS8eI5gHJiHMTmaTIbM7y3RvIIR8iOBVf8ObePXoX/gJTh4Hk1jQUFRV000FiZKAnvftrKyurW9sZray2zu7e/vuwWEFdGq4KHOttKkFDISSsSijRCVqiREsCpSoBr27sV/tCwNSx484SEQzYp1YhpIztFLLdRtKA+Qb2BXIbujTWcvNeQVvArpM/BnJkRlKLfen0dY8jUSMXDGAuu8l2Bwyg5IrMco2UhAJ4z3WEXVLYxYJaA4nn4/oqVXaNNTGTox0ov7dGLIIYBAFNhkx7MKiNxb/8+ophtfNoYyTFEXMp4fCVFHUdFwDbUsjOKqBJYwbaX+lvMsM42jLmrsCaKsCG4DzyEY1jGxF/mIhy6RyUfAtf7jMFW9nZWXIMTkheeKTK1Ik96REyoSTPnkhr+TNeXbenQ/ncxpdcWY7R2QOztcvuBSf/g==</latexit><latexit sha1_base64="VzBnNA+MS+yEpOVfDpk1cQpQCzE=">AAACF3icbVDLSgNBEJz1GeNr1aOXwSDEg2FXBAUvQS8eI5gHJiHMTmaTIbM7y3RvIIR8iOBVf8ObePXoX/gJTh4Hk1jQUFRV000FiZKAnvftrKyurW9sZray2zu7e/vuwWEFdGq4KHOttKkFDISSsSijRCVqiREsCpSoBr27sV/tCwNSx484SEQzYp1YhpIztFLLdRtKA+Qb2BXIbujTWcvNeQVvArpM/BnJkRlKLfen0dY8jUSMXDGAuu8l2Bwyg5IrMco2UhAJ4z3WEXVLYxYJaA4nn4/oqVXaNNTGTox0ov7dGLIIYBAFNhkx7MKiNxb/8+ophtfNoYyTFEXMp4fCVFHUdFwDbUsjOKqBJYwbaX+lvMsM42jLmrsCaKsCG4DzyEY1jGxF/mIhy6RyUfAtf7jMFW9nZWXIMTkheeKTK1Ik96REyoSTPnkhr+TNeXbenQ/ncxpdcWY7R2QOztcvuBSf/g==</latexit><latexit sha1_base64="VzBnNA+MS+yEpOVfDpk1cQpQCzE=">AAACF3icbVDLSgNBEJz1GeNr1aOXwSDEg2FXBAUvQS8eI5gHJiHMTmaTIbM7y3RvIIR8iOBVf8ObePXoX/gJTh4Hk1jQUFRV000FiZKAnvftrKyurW9sZray2zu7e/vuwWEFdGq4KHOttKkFDISSsSijRCVqiREsCpSoBr27sV/tCwNSx484SEQzYp1YhpIztFLLdRtKA+Qb2BXIbujTWcvNeQVvArpM/BnJkRlKLfen0dY8jUSMXDGAuu8l2Bwyg5IrMco2UhAJ4z3WEXVLYxYJaA4nn4/oqVXaNNTGTox0ov7dGLIIYBAFNhkx7MKiNxb/8+ophtfNoYyTFEXMp4fCVFHUdFwDbUsjOKqBJYwbaX+lvMsM42jLmrsCaKsCG4DzyEY1jGxF/mIhy6RyUfAtf7jMFW9nZWXIMTkheeKTK1Ik96REyoSTPnkhr+TNeXbenQ/ncxpdcWY7R2QOztcvuBSf/g==</latexit>

Subpopulations

P: base distribution

•     is a subpopulation of P if it’s a mixture component

subpopulationis aQ
<latexit sha1_base64="U7T8JL7YIE0MxapymYQI10NX+ts=">AAACEHicbVDLSgMxFL3js9ZX1aWbYBHcWGZE0GXFjcsW7APaoWTSjA3NY0gyQhkKfoPgVn/Dnbj1D/wLP8FM24VtvRA499xzOTcnSjgz1ve/vZXVtfWNzcJWcXtnd2+/dHDYNCrVhDaI4kq3I2woZ5I2LLOcthNNsYg4bUXD23zeeqTaMCXv7SihocAPksWMYOuoTte1VFqc1ce9Utmv+JNCyyCYgTLMqtYr/XT7iqTC7ROOjekEfmLDDGvLCKfjYjc1NMFk6Bw6DkosqAmzycljdOqYPoqVdk9aNGH/bmRYGDMSkVMKbAdmcZaT/806qY2vw4zJJLVUkqlRnHJkFcr/j/pMU2L5yAFMNHO3IjLAGhPrUppzMdZlZJzAnAsnVSaPKFgMZBk0LypBUAnql+XqzdM0rAIcwwmcQQBXUIU7qEEDCCh4gVd48569d+/D+5xKV7xZwEcwV97XL8/5nwg=</latexit><latexit sha1_base64="U7T8JL7YIE0MxapymYQI10NX+ts=">AAACEHicbVDLSgMxFL3js9ZX1aWbYBHcWGZE0GXFjcsW7APaoWTSjA3NY0gyQhkKfoPgVn/Dnbj1D/wLP8FM24VtvRA499xzOTcnSjgz1ve/vZXVtfWNzcJWcXtnd2+/dHDYNCrVhDaI4kq3I2woZ5I2LLOcthNNsYg4bUXD23zeeqTaMCXv7SihocAPksWMYOuoTte1VFqc1ce9Utmv+JNCyyCYgTLMqtYr/XT7iqTC7ROOjekEfmLDDGvLCKfjYjc1NMFk6Bw6DkosqAmzycljdOqYPoqVdk9aNGH/bmRYGDMSkVMKbAdmcZaT/806qY2vw4zJJLVUkqlRnHJkFcr/j/pMU2L5yAFMNHO3IjLAGhPrUppzMdZlZJzAnAsnVSaPKFgMZBk0LypBUAnql+XqzdM0rAIcwwmcQQBXUIU7qEEDCCh4gVd48569d+/D+5xKV7xZwEcwV97XL8/5nwg=</latexit><latexit sha1_base64="U7T8JL7YIE0MxapymYQI10NX+ts=">AAACEHicbVDLSgMxFL3js9ZX1aWbYBHcWGZE0GXFjcsW7APaoWTSjA3NY0gyQhkKfoPgVn/Dnbj1D/wLP8FM24VtvRA499xzOTcnSjgz1ve/vZXVtfWNzcJWcXtnd2+/dHDYNCrVhDaI4kq3I2woZ5I2LLOcthNNsYg4bUXD23zeeqTaMCXv7SihocAPksWMYOuoTte1VFqc1ce9Utmv+JNCyyCYgTLMqtYr/XT7iqTC7ROOjekEfmLDDGvLCKfjYjc1NMFk6Bw6DkosqAmzycljdOqYPoqVdk9aNGH/bmRYGDMSkVMKbAdmcZaT/806qY2vw4zJJLVUkqlRnHJkFcr/j/pMU2L5yAFMNHO3IjLAGhPrUppzMdZlZJzAnAsnVSaPKFgMZBk0LypBUAnql+XqzdM0rAIcwwmcQQBXUIU7qEEDCCh4gVd48569d+/D+5xKV7xZwEcwV97XL8/5nwg=</latexit><latexit sha1_base64="U7T8JL7YIE0MxapymYQI10NX+ts=">AAACEHicbVDLSgMxFL3js9ZX1aWbYBHcWGZE0GXFjcsW7APaoWTSjA3NY0gyQhkKfoPgVn/Dnbj1D/wLP8FM24VtvRA499xzOTcnSjgz1ve/vZXVtfWNzcJWcXtnd2+/dHDYNCrVhDaI4kq3I2woZ5I2LLOcthNNsYg4bUXD23zeeqTaMCXv7SihocAPksWMYOuoTte1VFqc1ce9Utmv+JNCyyCYgTLMqtYr/XT7iqTC7ROOjekEfmLDDGvLCKfjYjc1NMFk6Bw6DkosqAmzycljdOqYPoqVdk9aNGH/bmRYGDMSkVMKbAdmcZaT/806qY2vw4zJJLVUkqlRnHJkFcr/j/pMU2L5yAFMNHO3IjLAGhPrUppzMdZlZJzAnAsnVSaPKFgMZBk0LypBUAnql+XqzdM0rAIcwwmcQQBXUIU7qEEDCCh4gVd48569d+/D+5xKV7xZwEcwV97XL8/5nwg=</latexit>

Q
<latexit sha1_base64="U7T8JL7YIE0MxapymYQI10NX+ts=">AAACEHicbVDLSgMxFL3js9ZX1aWbYBHcWGZE0GXFjcsW7APaoWTSjA3NY0gyQhkKfoPgVn/Dnbj1D/wLP8FM24VtvRA499xzOTcnSjgz1ve/vZXVtfWNzcJWcXtnd2+/dHDYNCrVhDaI4kq3I2woZ5I2LLOcthNNsYg4bUXD23zeeqTaMCXv7SihocAPksWMYOuoTte1VFqc1ce9Utmv+JNCyyCYgTLMqtYr/XT7iqTC7ROOjekEfmLDDGvLCKfjYjc1NMFk6Bw6DkosqAmzycljdOqYPoqVdk9aNGH/bmRYGDMSkVMKbAdmcZaT/806qY2vw4zJJLVUkqlRnHJkFcr/j/pMU2L5yAFMNHO3IjLAGhPrUppzMdZlZJzAnAsnVSaPKFgMZBk0LypBUAnql+XqzdM0rAIcwwmcQQBXUIU7qEEDCCh4gVd48569d+/D+5xKV7xZwEcwV97XL8/5nwg=</latexit><latexit sha1_base64="U7T8JL7YIE0MxapymYQI10NX+ts=">AAACEHicbVDLSgMxFL3js9ZX1aWbYBHcWGZE0GXFjcsW7APaoWTSjA3NY0gyQhkKfoPgVn/Dnbj1D/wLP8FM24VtvRA499xzOTcnSjgz1ve/vZXVtfWNzcJWcXtnd2+/dHDYNCrVhDaI4kq3I2woZ5I2LLOcthNNsYg4bUXD23zeeqTaMCXv7SihocAPksWMYOuoTte1VFqc1ce9Utmv+JNCyyCYgTLMqtYr/XT7iqTC7ROOjekEfmLDDGvLCKfjYjc1NMFk6Bw6DkosqAmzycljdOqYPoqVdk9aNGH/bmRYGDMSkVMKbAdmcZaT/806qY2vw4zJJLVUkqlRnHJkFcr/j/pMU2L5yAFMNHO3IjLAGhPrUppzMdZlZJzAnAsnVSaPKFgMZBk0LypBUAnql+XqzdM0rAIcwwmcQQBXUIU7qEEDCCh4gVd48569d+/D+5xKV7xZwEcwV97XL8/5nwg=</latexit><latexit sha1_base64="U7T8JL7YIE0MxapymYQI10NX+ts=">AAACEHicbVDLSgMxFL3js9ZX1aWbYBHcWGZE0GXFjcsW7APaoWTSjA3NY0gyQhkKfoPgVn/Dnbj1D/wLP8FM24VtvRA499xzOTcnSjgz1ve/vZXVtfWNzcJWcXtnd2+/dHDYNCrVhDaI4kq3I2woZ5I2LLOcthNNsYg4bUXD23zeeqTaMCXv7SihocAPksWMYOuoTte1VFqc1ce9Utmv+JNCyyCYgTLMqtYr/XT7iqTC7ROOjekEfmLDDGvLCKfjYjc1NMFk6Bw6DkosqAmzycljdOqYPoqVdk9aNGH/bmRYGDMSkVMKbAdmcZaT/806qY2vw4zJJLVUkqlRnHJkFcr/j/pMU2L5yAFMNHO3IjLAGhPrUppzMdZlZJzAnAsnVSaPKFgMZBk0LypBUAnql+XqzdM0rAIcwwmcQQBXUIU7qEEDCCh4gVd48569d+/D+5xKV7xZwEcwV97XL8/5nwg=</latexit><latexit sha1_base64="U7T8JL7YIE0MxapymYQI10NX+ts=">AAACEHicbVDLSgMxFL3js9ZX1aWbYBHcWGZE0GXFjcsW7APaoWTSjA3NY0gyQhkKfoPgVn/Dnbj1D/wLP8FM24VtvRA499xzOTcnSjgz1ve/vZXVtfWNzcJWcXtnd2+/dHDYNCrVhDaI4kq3I2woZ5I2LLOcthNNsYg4bUXD23zeeqTaMCXv7SihocAPksWMYOuoTte1VFqc1ce9Utmv+JNCyyCYgTLMqtYr/XT7iqTC7ROOjekEfmLDDGvLCKfjYjc1NMFk6Bw6DkosqAmzycljdOqYPoqVdk9aNGH/bmRYGDMSkVMKbAdmcZaT/806qY2vw4zJJLVUkqlRnHJkFcr/j/pMU2L5yAFMNHO3IjLAGhPrUppzMdZlZJzAnAsnVSaPKFgMZBk0LypBUAnql+XqzdM0rAIcwwmcQQBXUIU7qEEDCCh4gVd48569d+/D+5xKV7xZwEcwV97XL8/5nwg=</latexit>

! proportion a " (0, 1], prob. Q!

s.t. P(á) = aQ + (1 # a)Q!
<latexit sha1_base64="EvTwDlKdaA27PaqE3uxZuEsqcRI="></latexit><latexit sha1_base64="EvTwDlKdaA27PaqE3uxZuEsqcRI="></latexit><latexit sha1_base64="EvTwDlKdaA27PaqE3uxZuEsqcRI="></latexit><latexit sha1_base64="EvTwDlKdaA27PaqE3uxZuEsqcRI="></latexit>

Q!
<latexit sha1_base64="6XlrGZe9ahhy+FNV3lt9bFt+7V4=">AAACEnicbZDLSgMxGIUz9VbrrerSTbCIbiwzIuiy4sZlC/YC7VAymUwbmsuYZIRhKPgQglt9DXfi1hfwLXwEM20XtvWHwOGcE/6fL4gZ1cZ1v53Cyura+kZxs7S1vbO7V94/aGmZKEyaWDKpOgHShFFBmoYaRjqxIogHjLSD0W2etx+J0lSKe5PGxOdoIGhEMTLW8nshUqOBQmnWOB33yxW36k4GLgtvJipgNvV++acXSpxwIgxmSOuu58bGz5AyFDMyLvUSTWKER2hAulYKxIn2s8nRY3hinRBGUtknDJy4f39kiGud8sA2OTJDvZjl5n9ZNzHRtZ9RESeGCDxdFCUMGglzAjCkimDDUisQVtTeCvEQKYSN5TS3RRtLSduCPue2KnWOyFsEsixaF1XPq3qNy0rt5mkKqwiOwDE4Ax64AjVwB+qgCTB4AC/gFbw5z8678+F8TqsFZwb4EMyN8/ULJx+fuw==</latexit><latexit sha1_base64="6XlrGZe9ahhy+FNV3lt9bFt+7V4=">AAACEnicbZDLSgMxGIUz9VbrrerSTbCIbiwzIuiy4sZlC/YC7VAymUwbmsuYZIRhKPgQglt9DXfi1hfwLXwEM20XtvWHwOGcE/6fL4gZ1cZ1v53Cyura+kZxs7S1vbO7V94/aGmZKEyaWDKpOgHShFFBmoYaRjqxIogHjLSD0W2etx+J0lSKe5PGxOdoIGhEMTLW8nshUqOBQmnWOB33yxW36k4GLgtvJipgNvV++acXSpxwIgxmSOuu58bGz5AyFDMyLvUSTWKER2hAulYKxIn2s8nRY3hinRBGUtknDJy4f39kiGud8sA2OTJDvZjl5n9ZNzHRtZ9RESeGCDxdFCUMGglzAjCkimDDUisQVtTeCvEQKYSN5TS3RRtLSduCPue2KnWOyFsEsixaF1XPq3qNy0rt5mkKqwiOwDE4Ax64AjVwB+qgCTB4AC/gFbw5z8678+F8TqsFZwb4EMyN8/ULJx+fuw==</latexit><latexit sha1_base64="6XlrGZe9ahhy+FNV3lt9bFt+7V4=">AAACEnicbZDLSgMxGIUz9VbrrerSTbCIbiwzIuiy4sZlC/YC7VAymUwbmsuYZIRhKPgQglt9DXfi1hfwLXwEM20XtvWHwOGcE/6fL4gZ1cZ1v53Cyura+kZxs7S1vbO7V94/aGmZKEyaWDKpOgHShFFBmoYaRjqxIogHjLSD0W2etx+J0lSKe5PGxOdoIGhEMTLW8nshUqOBQmnWOB33yxW36k4GLgtvJipgNvV++acXSpxwIgxmSOuu58bGz5AyFDMyLvUSTWKER2hAulYKxIn2s8nRY3hinRBGUtknDJy4f39kiGud8sA2OTJDvZjl5n9ZNzHRtZ9RESeGCDxdFCUMGglzAjCkimDDUisQVtTeCvEQKYSN5TS3RRtLSduCPue2KnWOyFsEsixaF1XPq3qNy0rt5mkKqwiOwDE4Ax64AjVwB+qgCTB4AC/gFbw5z8678+F8TqsFZwb4EMyN8/ULJx+fuw==</latexit><latexit sha1_base64="6XlrGZe9ahhy+FNV3lt9bFt+7V4=">AAACEnicbZDLSgMxGIUz9VbrrerSTbCIbiwzIuiy4sZlC/YC7VAymUwbmsuYZIRhKPgQglt9DXfi1hfwLXwEM20XtvWHwOGcE/6fL4gZ1cZ1v53Cyura+kZxs7S1vbO7V94/aGmZKEyaWDKpOgHShFFBmoYaRjqxIogHjLSD0W2etx+J0lSKe5PGxOdoIGhEMTLW8nshUqOBQmnWOB33yxW36k4GLgtvJipgNvV++acXSpxwIgxmSOuu58bGz5AyFDMyLvUSTWKER2hAulYKxIn2s8nRY3hinRBGUtknDJy4f39kiGud8sA2OTJDvZjl5n9ZNzHRtZ9RESeGCDxdFCUMGglzAjCkimDDUisQVtTeCvEQKYSN5TS3RRtLSduCPue2KnWOyFsEsixaF1XPq3qNy0rt5mkKqwiOwDE4Ax64AjVwB+qgCTB4AC/gFbw5z8678+F8TqsFZwb4EMyN8/ULJx+fuw==</latexit>

Q
<latexit sha1_base64="U7T8JL7YIE0MxapymYQI10NX+ts=">AAACEHicbVDLSgMxFL3js9ZX1aWbYBHcWGZE0GXFjcsW7APaoWTSjA3NY0gyQhkKfoPgVn/Dnbj1D/wLP8FM24VtvRA499xzOTcnSjgz1ve/vZXVtfWNzcJWcXtnd2+/dHDYNCrVhDaI4kq3I2woZ5I2LLOcthNNsYg4bUXD23zeeqTaMCXv7SihocAPksWMYOuoTte1VFqc1ce9Utmv+JNCyyCYgTLMqtYr/XT7iqTC7ROOjekEfmLDDGvLCKfjYjc1NMFk6Bw6DkosqAmzycljdOqYPoqVdk9aNGH/bmRYGDMSkVMKbAdmcZaT/806qY2vw4zJJLVUkqlRnHJkFcr/j/pMU2L5yAFMNHO3IjLAGhPrUppzMdZlZJzAnAsnVSaPKFgMZBk0LypBUAnql+XqzdM0rAIcwwmcQQBXUIU7qEEDCCh4gVd48569d+/D+5xKV7xZwEcwV97XL8/5nwg=</latexit><latexit sha1_base64="U7T8JL7YIE0MxapymYQI10NX+ts=">AAACEHicbVDLSgMxFL3js9ZX1aWbYBHcWGZE0GXFjcsW7APaoWTSjA3NY0gyQhkKfoPgVn/Dnbj1D/wLP8FM24VtvRA499xzOTcnSjgz1ve/vZXVtfWNzcJWcXtnd2+/dHDYNCrVhDaI4kq3I2woZ5I2LLOcthNNsYg4bUXD23zeeqTaMCXv7SihocAPksWMYOuoTte1VFqc1ce9Utmv+JNCyyCYgTLMqtYr/XT7iqTC7ROOjekEfmLDDGvLCKfjYjc1NMFk6Bw6DkosqAmzycljdOqYPoqVdk9aNGH/bmRYGDMSkVMKbAdmcZaT/806qY2vw4zJJLVUkqlRnHJkFcr/j/pMU2L5yAFMNHO3IjLAGhPrUppzMdZlZJzAnAsnVSaPKFgMZBk0LypBUAnql+XqzdM0rAIcwwmcQQBXUIU7qEEDCCh4gVd48569d+/D+5xKV7xZwEcwV97XL8/5nwg=</latexit><latexit sha1_base64="U7T8JL7YIE0MxapymYQI10NX+ts=">AAACEHicbVDLSgMxFL3js9ZX1aWbYBHcWGZE0GXFjcsW7APaoWTSjA3NY0gyQhkKfoPgVn/Dnbj1D/wLP8FM24VtvRA499xzOTcnSjgz1ve/vZXVtfWNzcJWcXtnd2+/dHDYNCrVhDaI4kq3I2woZ5I2LLOcthNNsYg4bUXD23zeeqTaMCXv7SihocAPksWMYOuoTte1VFqc1ce9Utmv+JNCyyCYgTLMqtYr/XT7iqTC7ROOjekEfmLDDGvLCKfjYjc1NMFk6Bw6DkosqAmzycljdOqYPoqVdk9aNGH/bmRYGDMSkVMKbAdmcZaT/806qY2vw4zJJLVUkqlRnHJkFcr/j/pMU2L5yAFMNHO3IjLAGhPrUppzMdZlZJzAnAsnVSaPKFgMZBk0LypBUAnql+XqzdM0rAIcwwmcQQBXUIU7qEEDCCh4gVd48569d+/D+5xKV7xZwEcwV97XL8/5nwg=</latexit><latexit sha1_base64="U7T8JL7YIE0MxapymYQI10NX+ts=">AAACEHicbVDLSgMxFL3js9ZX1aWbYBHcWGZE0GXFjcsW7APaoWTSjA3NY0gyQhkKfoPgVn/Dnbj1D/wLP8FM24VtvRA499xzOTcnSjgz1ve/vZXVtfWNzcJWcXtnd2+/dHDYNCrVhDaI4kq3I2woZ5I2LLOcthNNsYg4bUXD23zeeqTaMCXv7SihocAPksWMYOuoTte1VFqc1ce9Utmv+JNCyyCYgTLMqtYr/XT7iqTC7ROOjekEfmLDDGvLCKfjYjc1NMFk6Bw6DkosqAmzycljdOqYPoqVdk9aNGH/bmRYGDMSkVMKbAdmcZaT/806qY2vw4zJJLVUkqlRnHJkFcr/j/pMU2L5yAFMNHO3IjLAGhPrUppzMdZlZJzAnAsnVSaPKFgMZBk0LypBUAnql+XqzdM0rAIcwwmcQQBXUIU7qEEDCCh4gVd48569d+/D+5xKV7xZwEcwV97XL8/5nwg=</latexit>



! (" ; Z )
<latexit sha1_base64="VzBnNA+MS+yEpOVfDpk1cQpQCzE=">AAACF3icbVDLSgNBEJz1GeNr1aOXwSDEg2FXBAUvQS8eI5gHJiHMTmaTIbM7y3RvIIR8iOBVf8ObePXoX/gJTh4Hk1jQUFRV000FiZKAnvftrKyurW9sZray2zu7e/vuwWEFdGq4KHOttKkFDISSsSijRCVqiREsCpSoBr27sV/tCwNSx484SEQzYp1YhpIztFLLdRtKA+Qb2BXIbujTWcvNeQVvArpM/BnJkRlKLfen0dY8jUSMXDGAuu8l2Bwyg5IrMco2UhAJ4z3WEXVLYxYJaA4nn4/oqVXaNNTGTox0ov7dGLIIYBAFNhkx7MKiNxb/8+ophtfNoYyTFEXMp4fCVFHUdFwDbUsjOKqBJYwbaX+lvMsM42jLmrsCaKsCG4DzyEY1jGxF/mIhy6RyUfAtf7jMFW9nZWXIMTkheeKTK1Ik96REyoSTPnkhr+TNeXbenQ/ncxpdcWY7R2QOztcvuBSf/g==</latexit><latexit sha1_base64="VzBnNA+MS+yEpOVfDpk1cQpQCzE=">AAACF3icbVDLSgNBEJz1GeNr1aOXwSDEg2FXBAUvQS8eI5gHJiHMTmaTIbM7y3RvIIR8iOBVf8ObePXoX/gJTh4Hk1jQUFRV000FiZKAnvftrKyurW9sZray2zu7e/vuwWEFdGq4KHOttKkFDISSsSijRCVqiREsCpSoBr27sV/tCwNSx484SEQzYp1YhpIztFLLdRtKA+Qb2BXIbujTWcvNeQVvArpM/BnJkRlKLfen0dY8jUSMXDGAuu8l2Bwyg5IrMco2UhAJ4z3WEXVLYxYJaA4nn4/oqVXaNNTGTox0ov7dGLIIYBAFNhkx7MKiNxb/8+ophtfNoYyTFEXMp4fCVFHUdFwDbUsjOKqBJYwbaX+lvMsM42jLmrsCaKsCG4DzyEY1jGxF/mIhy6RyUfAtf7jMFW9nZWXIMTkheeKTK1Ik96REyoSTPnkhr+TNeXbenQ/ncxpdcWY7R2QOztcvuBSf/g==</latexit><latexit sha1_base64="VzBnNA+MS+yEpOVfDpk1cQpQCzE=">AAACF3icbVDLSgNBEJz1GeNr1aOXwSDEg2FXBAUvQS8eI5gHJiHMTmaTIbM7y3RvIIR8iOBVf8ObePXoX/gJTh4Hk1jQUFRV000FiZKAnvftrKyurW9sZray2zu7e/vuwWEFdGq4KHOttKkFDISSsSijRCVqiREsCpSoBr27sV/tCwNSx484SEQzYp1YhpIztFLLdRtKA+Qb2BXIbujTWcvNeQVvArpM/BnJkRlKLfen0dY8jUSMXDGAuu8l2Bwyg5IrMco2UhAJ4z3WEXVLYxYJaA4nn4/oqVXaNNTGTox0ov7dGLIIYBAFNhkx7MKiNxb/8+ophtfNoYyTFEXMp4fCVFHUdFwDbUsjOKqBJYwbaX+lvMsM42jLmrsCaKsCG4DzyEY1jGxF/mIhy6RyUfAtf7jMFW9nZWXIMTkheeKTK1Ik96REyoSTPnkhr+TNeXbenQ/ncxpdcWY7R2QOztcvuBSf/g==</latexit><latexit sha1_base64="VzBnNA+MS+yEpOVfDpk1cQpQCzE=">AAACF3icbVDLSgNBEJz1GeNr1aOXwSDEg2FXBAUvQS8eI5gHJiHMTmaTIbM7y3RvIIR8iOBVf8ObePXoX/gJTh4Hk1jQUFRV000FiZKAnvftrKyurW9sZray2zu7e/vuwWEFdGq4KHOttKkFDISSsSijRCVqiREsCpSoBr27sV/tCwNSx484SEQzYp1YhpIztFLLdRtKA+Qb2BXIbujTWcvNeQVvArpM/BnJkRlKLfen0dY8jUSMXDGAuu8l2Bwyg5IrMco2UhAJ4z3WEXVLYxYJaA4nn4/oqVXaNNTGTox0ov7dGLIIYBAFNhkx7MKiNxb/8+ophtfNoYyTFEXMp4fCVFHUdFwDbUsjOKqBJYwbaX+lvMsM42jLmrsCaKsCG4DzyEY1jGxF/mIhy6RyUfAtf7jMFW9nZWXIMTkheeKTK1Ik96REyoSTPnkhr+TNeXbenQ/ncxpdcWY7R2QOztcvuBSf/g==</latexit>

Subpopulations

P: base distribution

•     is a subpopulation of P if it’s a mixture component

subpopulationis aQ
<latexit sha1_base64="U7T8JL7YIE0MxapymYQI10NX+ts=">AAACEHicbVDLSgMxFL3js9ZX1aWbYBHcWGZE0GXFjcsW7APaoWTSjA3NY0gyQhkKfoPgVn/Dnbj1D/wLP8FM24VtvRA499xzOTcnSjgz1ve/vZXVtfWNzcJWcXtnd2+/dHDYNCrVhDaI4kq3I2woZ5I2LLOcthNNsYg4bUXD23zeeqTaMCXv7SihocAPksWMYOuoTte1VFqc1ce9Utmv+JNCyyCYgTLMqtYr/XT7iqTC7ROOjekEfmLDDGvLCKfjYjc1NMFk6Bw6DkosqAmzycljdOqYPoqVdk9aNGH/bmRYGDMSkVMKbAdmcZaT/806qY2vw4zJJLVUkqlRnHJkFcr/j/pMU2L5yAFMNHO3IjLAGhPrUppzMdZlZJzAnAsnVSaPKFgMZBk0LypBUAnql+XqzdM0rAIcwwmcQQBXUIU7qEEDCCh4gVd48569d+/D+5xKV7xZwEcwV97XL8/5nwg=</latexit><latexit sha1_base64="U7T8JL7YIE0MxapymYQI10NX+ts=">AAACEHicbVDLSgMxFL3js9ZX1aWbYBHcWGZE0GXFjcsW7APaoWTSjA3NY0gyQhkKfoPgVn/Dnbj1D/wLP8FM24VtvRA499xzOTcnSjgz1ve/vZXVtfWNzcJWcXtnd2+/dHDYNCrVhDaI4kq3I2woZ5I2LLOcthNNsYg4bUXD23zeeqTaMCXv7SihocAPksWMYOuoTte1VFqc1ce9Utmv+JNCyyCYgTLMqtYr/XT7iqTC7ROOjekEfmLDDGvLCKfjYjc1NMFk6Bw6DkosqAmzycljdOqYPoqVdk9aNGH/bmRYGDMSkVMKbAdmcZaT/806qY2vw4zJJLVUkqlRnHJkFcr/j/pMU2L5yAFMNHO3IjLAGhPrUppzMdZlZJzAnAsnVSaPKFgMZBk0LypBUAnql+XqzdM0rAIcwwmcQQBXUIU7qEEDCCh4gVd48569d+/D+5xKV7xZwEcwV97XL8/5nwg=</latexit><latexit sha1_base64="U7T8JL7YIE0MxapymYQI10NX+ts=">AAACEHicbVDLSgMxFL3js9ZX1aWbYBHcWGZE0GXFjcsW7APaoWTSjA3NY0gyQhkKfoPgVn/Dnbj1D/wLP8FM24VtvRA499xzOTcnSjgz1ve/vZXVtfWNzcJWcXtnd2+/dHDYNCrVhDaI4kq3I2woZ5I2LLOcthNNsYg4bUXD23zeeqTaMCXv7SihocAPksWMYOuoTte1VFqc1ce9Utmv+JNCyyCYgTLMqtYr/XT7iqTC7ROOjekEfmLDDGvLCKfjYjc1NMFk6Bw6DkosqAmzycljdOqYPoqVdk9aNGH/bmRYGDMSkVMKbAdmcZaT/806qY2vw4zJJLVUkqlRnHJkFcr/j/pMU2L5yAFMNHO3IjLAGhPrUppzMdZlZJzAnAsnVSaPKFgMZBk0LypBUAnql+XqzdM0rAIcwwmcQQBXUIU7qEEDCCh4gVd48569d+/D+5xKV7xZwEcwV97XL8/5nwg=</latexit><latexit sha1_base64="U7T8JL7YIE0MxapymYQI10NX+ts=">AAACEHicbVDLSgMxFL3js9ZX1aWbYBHcWGZE0GXFjcsW7APaoWTSjA3NY0gyQhkKfoPgVn/Dnbj1D/wLP8FM24VtvRA499xzOTcnSjgz1ve/vZXVtfWNzcJWcXtnd2+/dHDYNCrVhDaI4kq3I2woZ5I2LLOcthNNsYg4bUXD23zeeqTaMCXv7SihocAPksWMYOuoTte1VFqc1ce9Utmv+JNCyyCYgTLMqtYr/XT7iqTC7ROOjekEfmLDDGvLCKfjYjc1NMFk6Bw6DkosqAmzycljdOqYPoqVdk9aNGH/bmRYGDMSkVMKbAdmcZaT/806qY2vw4zJJLVUkqlRnHJkFcr/j/pMU2L5yAFMNHO3IjLAGhPrUppzMdZlZJzAnAsnVSaPKFgMZBk0LypBUAnql+XqzdM0rAIcwwmcQQBXUIU7qEEDCCh4gVd48569d+/D+5xKV7xZwEcwV97XL8/5nwg=</latexit>

Q
<latexit sha1_base64="U7T8JL7YIE0MxapymYQI10NX+ts=">AAACEHicbVDLSgMxFL3js9ZX1aWbYBHcWGZE0GXFjcsW7APaoWTSjA3NY0gyQhkKfoPgVn/Dnbj1D/wLP8FM24VtvRA499xzOTcnSjgz1ve/vZXVtfWNzcJWcXtnd2+/dHDYNCrVhDaI4kq3I2woZ5I2LLOcthNNsYg4bUXD23zeeqTaMCXv7SihocAPksWMYOuoTte1VFqc1ce9Utmv+JNCyyCYgTLMqtYr/XT7iqTC7ROOjekEfmLDDGvLCKfjYjc1NMFk6Bw6DkosqAmzycljdOqYPoqVdk9aNGH/bmRYGDMSkVMKbAdmcZaT/806qY2vw4zJJLVUkqlRnHJkFcr/j/pMU2L5yAFMNHO3IjLAGhPrUppzMdZlZJzAnAsnVSaPKFgMZBk0LypBUAnql+XqzdM0rAIcwwmcQQBXUIU7qEEDCCh4gVd48569d+/D+5xKV7xZwEcwV97XL8/5nwg=</latexit><latexit sha1_base64="U7T8JL7YIE0MxapymYQI10NX+ts=">AAACEHicbVDLSgMxFL3js9ZX1aWbYBHcWGZE0GXFjcsW7APaoWTSjA3NY0gyQhkKfoPgVn/Dnbj1D/wLP8FM24VtvRA499xzOTcnSjgz1ve/vZXVtfWNzcJWcXtnd2+/dHDYNCrVhDaI4kq3I2woZ5I2LLOcthNNsYg4bUXD23zeeqTaMCXv7SihocAPksWMYOuoTte1VFqc1ce9Utmv+JNCyyCYgTLMqtYr/XT7iqTC7ROOjekEfmLDDGvLCKfjYjc1NMFk6Bw6DkosqAmzycljdOqYPoqVdk9aNGH/bmRYGDMSkVMKbAdmcZaT/806qY2vw4zJJLVUkqlRnHJkFcr/j/pMU2L5yAFMNHO3IjLAGhPrUppzMdZlZJzAnAsnVSaPKFgMZBk0LypBUAnql+XqzdM0rAIcwwmcQQBXUIU7qEEDCCh4gVd48569d+/D+5xKV7xZwEcwV97XL8/5nwg=</latexit><latexit sha1_base64="U7T8JL7YIE0MxapymYQI10NX+ts=">AAACEHicbVDLSgMxFL3js9ZX1aWbYBHcWGZE0GXFjcsW7APaoWTSjA3NY0gyQhkKfoPgVn/Dnbj1D/wLP8FM24VtvRA499xzOTcnSjgz1ve/vZXVtfWNzcJWcXtnd2+/dHDYNCrVhDaI4kq3I2woZ5I2LLOcthNNsYg4bUXD23zeeqTaMCXv7SihocAPksWMYOuoTte1VFqc1ce9Utmv+JNCyyCYgTLMqtYr/XT7iqTC7ROOjekEfmLDDGvLCKfjYjc1NMFk6Bw6DkosqAmzycljdOqYPoqVdk9aNGH/bmRYGDMSkVMKbAdmcZaT/806qY2vw4zJJLVUkqlRnHJkFcr/j/pMU2L5yAFMNHO3IjLAGhPrUppzMdZlZJzAnAsnVSaPKFgMZBk0LypBUAnql+XqzdM0rAIcwwmcQQBXUIU7qEEDCCh4gVd48569d+/D+5xKV7xZwEcwV97XL8/5nwg=</latexit><latexit sha1_base64="U7T8JL7YIE0MxapymYQI10NX+ts=">AAACEHicbVDLSgMxFL3js9ZX1aWbYBHcWGZE0GXFjcsW7APaoWTSjA3NY0gyQhkKfoPgVn/Dnbj1D/wLP8FM24VtvRA499xzOTcnSjgz1ve/vZXVtfWNzcJWcXtnd2+/dHDYNCrVhDaI4kq3I2woZ5I2LLOcthNNsYg4bUXD23zeeqTaMCXv7SihocAPksWMYOuoTte1VFqc1ce9Utmv+JNCyyCYgTLMqtYr/XT7iqTC7ROOjekEfmLDDGvLCKfjYjc1NMFk6Bw6DkosqAmzycljdOqYPoqVdk9aNGH/bmRYGDMSkVMKbAdmcZaT/806qY2vw4zJJLVUkqlRnHJkFcr/j/pMU2L5yAFMNHO3IjLAGhPrUppzMdZlZJzAnAsnVSaPKFgMZBk0LypBUAnql+XqzdM0rAIcwwmcQQBXUIU7qEEDCCh4gVd48569d+/D+5xKV7xZwEcwV97XL8/5nwg=</latexit>

! proportion a " (0, 1], prob. Q!

s.t. P(á) = aQ + (1 # a)Q!
<latexit sha1_base64="EvTwDlKdaA27PaqE3uxZuEsqcRI="></latexit><latexit sha1_base64="EvTwDlKdaA27PaqE3uxZuEsqcRI="></latexit><latexit sha1_base64="EvTwDlKdaA27PaqE3uxZuEsqcRI="></latexit><latexit sha1_base64="EvTwDlKdaA27PaqE3uxZuEsqcRI="></latexit>

Q!
<latexit sha1_base64="6XlrGZe9ahhy+FNV3lt9bFt+7V4=">AAACEnicbZDLSgMxGIUz9VbrrerSTbCIbiwzIuiy4sZlC/YC7VAymUwbmsuYZIRhKPgQglt9DXfi1hfwLXwEM20XtvWHwOGcE/6fL4gZ1cZ1v53Cyura+kZxs7S1vbO7V94/aGmZKEyaWDKpOgHShFFBmoYaRjqxIogHjLSD0W2etx+J0lSKe5PGxOdoIGhEMTLW8nshUqOBQmnWOB33yxW36k4GLgtvJipgNvV++acXSpxwIgxmSOuu58bGz5AyFDMyLvUSTWKER2hAulYKxIn2s8nRY3hinRBGUtknDJy4f39kiGud8sA2OTJDvZjl5n9ZNzHRtZ9RESeGCDxdFCUMGglzAjCkimDDUisQVtTeCvEQKYSN5TS3RRtLSduCPue2KnWOyFsEsixaF1XPq3qNy0rt5mkKqwiOwDE4Ax64AjVwB+qgCTB4AC/gFbw5z8678+F8TqsFZwb4EMyN8/ULJx+fuw==</latexit><latexit sha1_base64="6XlrGZe9ahhy+FNV3lt9bFt+7V4=">AAACEnicbZDLSgMxGIUz9VbrrerSTbCIbiwzIuiy4sZlC/YC7VAymUwbmsuYZIRhKPgQglt9DXfi1hfwLXwEM20XtvWHwOGcE/6fL4gZ1cZ1v53Cyura+kZxs7S1vbO7V94/aGmZKEyaWDKpOgHShFFBmoYaRjqxIogHjLSD0W2etx+J0lSKe5PGxOdoIGhEMTLW8nshUqOBQmnWOB33yxW36k4GLgtvJipgNvV++acXSpxwIgxmSOuu58bGz5AyFDMyLvUSTWKER2hAulYKxIn2s8nRY3hinRBGUtknDJy4f39kiGud8sA2OTJDvZjl5n9ZNzHRtZ9RESeGCDxdFCUMGglzAjCkimDDUisQVtTeCvEQKYSN5TS3RRtLSduCPue2KnWOyFsEsixaF1XPq3qNy0rt5mkKqwiOwDE4Ax64AjVwB+qgCTB4AC/gFbw5z8678+F8TqsFZwb4EMyN8/ULJx+fuw==</latexit><latexit sha1_base64="6XlrGZe9ahhy+FNV3lt9bFt+7V4=">AAACEnicbZDLSgMxGIUz9VbrrerSTbCIbiwzIuiy4sZlC/YC7VAymUwbmsuYZIRhKPgQglt9DXfi1hfwLXwEM20XtvWHwOGcE/6fL4gZ1cZ1v53Cyura+kZxs7S1vbO7V94/aGmZKEyaWDKpOgHShFFBmoYaRjqxIogHjLSD0W2etx+J0lSKe5PGxOdoIGhEMTLW8nshUqOBQmnWOB33yxW36k4GLgtvJipgNvV++acXSpxwIgxmSOuu58bGz5AyFDMyLvUSTWKER2hAulYKxIn2s8nRY3hinRBGUtknDJy4f39kiGud8sA2OTJDvZjl5n9ZNzHRtZ9RESeGCDxdFCUMGglzAjCkimDDUisQVtTeCvEQKYSN5TS3RRtLSduCPue2KnWOyFsEsixaF1XPq3qNy0rt5mkKqwiOwDE4Ax64AjVwB+qgCTB4AC/gFbw5z8678+F8TqsFZwb4EMyN8/ULJx+fuw==</latexit><latexit sha1_base64="6XlrGZe9ahhy+FNV3lt9bFt+7V4=">AAACEnicbZDLSgMxGIUz9VbrrerSTbCIbiwzIuiy4sZlC/YC7VAymUwbmsuYZIRhKPgQglt9DXfi1hfwLXwEM20XtvWHwOGcE/6fL4gZ1cZ1v53Cyura+kZxs7S1vbO7V94/aGmZKEyaWDKpOgHShFFBmoYaRjqxIogHjLSD0W2etx+J0lSKe5PGxOdoIGhEMTLW8nshUqOBQmnWOB33yxW36k4GLgtvJipgNvV++acXSpxwIgxmSOuu58bGz5AyFDMyLvUSTWKER2hAulYKxIn2s8nRY3hinRBGUtknDJy4f39kiGud8sA2OTJDvZjl5n9ZNzHRtZ9RESeGCDxdFCUMGglzAjCkimDDUisQVtTeCvEQKYSN5TS3RRtLSduCPue2KnWOyFsEsixaF1XPq3qNy0rt5mkKqwiOwDE4Ax64AjVwB+qgCTB4AC/gFbw5z8678+F8TqsFZwb4EMyN8/ULJx+fuw==</latexit>

Q
<latexit sha1_base64="U7T8JL7YIE0MxapymYQI10NX+ts=">AAACEHicbVDLSgMxFL3js9ZX1aWbYBHcWGZE0GXFjcsW7APaoWTSjA3NY0gyQhkKfoPgVn/Dnbj1D/wLP8FM24VtvRA499xzOTcnSjgz1ve/vZXVtfWNzcJWcXtnd2+/dHDYNCrVhDaI4kq3I2woZ5I2LLOcthNNsYg4bUXD23zeeqTaMCXv7SihocAPksWMYOuoTte1VFqc1ce9Utmv+JNCyyCYgTLMqtYr/XT7iqTC7ROOjekEfmLDDGvLCKfjYjc1NMFk6Bw6DkosqAmzycljdOqYPoqVdk9aNGH/bmRYGDMSkVMKbAdmcZaT/806qY2vw4zJJLVUkqlRnHJkFcr/j/pMU2L5yAFMNHO3IjLAGhPrUppzMdZlZJzAnAsnVSaPKFgMZBk0LypBUAnql+XqzdM0rAIcwwmcQQBXUIU7qEEDCCh4gVd48569d+/D+5xKV7xZwEcwV97XL8/5nwg=</latexit><latexit sha1_base64="U7T8JL7YIE0MxapymYQI10NX+ts=">AAACEHicbVDLSgMxFL3js9ZX1aWbYBHcWGZE0GXFjcsW7APaoWTSjA3NY0gyQhkKfoPgVn/Dnbj1D/wLP8FM24VtvRA499xzOTcnSjgz1ve/vZXVtfWNzcJWcXtnd2+/dHDYNCrVhDaI4kq3I2woZ5I2LLOcthNNsYg4bUXD23zeeqTaMCXv7SihocAPksWMYOuoTte1VFqc1ce9Utmv+JNCyyCYgTLMqtYr/XT7iqTC7ROOjekEfmLDDGvLCKfjYjc1NMFk6Bw6DkosqAmzycljdOqYPoqVdk9aNGH/bmRYGDMSkVMKbAdmcZaT/806qY2vw4zJJLVUkqlRnHJkFcr/j/pMU2L5yAFMNHO3IjLAGhPrUppzMdZlZJzAnAsnVSaPKFgMZBk0LypBUAnql+XqzdM0rAIcwwmcQQBXUIU7qEEDCCh4gVd48569d+/D+5xKV7xZwEcwV97XL8/5nwg=</latexit><latexit sha1_base64="U7T8JL7YIE0MxapymYQI10NX+ts=">AAACEHicbVDLSgMxFL3js9ZX1aWbYBHcWGZE0GXFjcsW7APaoWTSjA3NY0gyQhkKfoPgVn/Dnbj1D/wLP8FM24VtvRA499xzOTcnSjgz1ve/vZXVtfWNzcJWcXtnd2+/dHDYNCrVhDaI4kq3I2woZ5I2LLOcthNNsYg4bUXD23zeeqTaMCXv7SihocAPksWMYOuoTte1VFqc1ce9Utmv+JNCyyCYgTLMqtYr/XT7iqTC7ROOjekEfmLDDGvLCKfjYjc1NMFk6Bw6DkosqAmzycljdOqYPoqVdk9aNGH/bmRYGDMSkVMKbAdmcZaT/806qY2vw4zJJLVUkqlRnHJkFcr/j/pMU2L5yAFMNHO3IjLAGhPrUppzMdZlZJzAnAsnVSaPKFgMZBk0LypBUAnql+XqzdM0rAIcwwmcQQBXUIU7qEEDCCh4gVd48569d+/D+5xKV7xZwEcwV97XL8/5nwg=</latexit><latexit sha1_base64="U7T8JL7YIE0MxapymYQI10NX+ts=">AAACEHicbVDLSgMxFL3js9ZX1aWbYBHcWGZE0GXFjcsW7APaoWTSjA3NY0gyQhkKfoPgVn/Dnbj1D/wLP8FM24VtvRA499xzOTcnSjgz1ve/vZXVtfWNzcJWcXtnd2+/dHDYNCrVhDaI4kq3I2woZ5I2LLOcthNNsYg4bUXD23zeeqTaMCXv7SihocAPksWMYOuoTte1VFqc1ce9Utmv+JNCyyCYgTLMqtYr/XT7iqTC7ROOjekEfmLDDGvLCKfjYjc1NMFk6Bw6DkosqAmzycljdOqYPoqVdk9aNGH/bmRYGDMSkVMKbAdmcZaT/806qY2vw4zJJLVUkqlRnHJkFcr/j/pMU2L5yAFMNHO3IjLAGhPrUppzMdZlZJzAnAsnVSaPKFgMZBk0LypBUAnql+XqzdM0rAIcwwmcQQBXUIU7qEEDCCh4gVd48569d+/D+5xKV7xZwEcwV97XL8/5nwg=</latexit>



! (" ; Z )
<latexit sha1_base64="VzBnNA+MS+yEpOVfDpk1cQpQCzE=">AAACF3icbVDLSgNBEJz1GeNr1aOXwSDEg2FXBAUvQS8eI5gHJiHMTmaTIbM7y3RvIIR8iOBVf8ObePXoX/gJTh4Hk1jQUFRV000FiZKAnvftrKyurW9sZray2zu7e/vuwWEFdGq4KHOttKkFDISSsSijRCVqiREsCpSoBr27sV/tCwNSx484SEQzYp1YhpIztFLLdRtKA+Qb2BXIbujTWcvNeQVvArpM/BnJkRlKLfen0dY8jUSMXDGAuu8l2Bwyg5IrMco2UhAJ4z3WEXVLYxYJaA4nn4/oqVXaNNTGTox0ov7dGLIIYBAFNhkx7MKiNxb/8+ophtfNoYyTFEXMp4fCVFHUdFwDbUsjOKqBJYwbaX+lvMsM42jLmrsCaKsCG4DzyEY1jGxF/mIhy6RyUfAtf7jMFW9nZWXIMTkheeKTK1Ik96REyoSTPnkhr+TNeXbenQ/ncxpdcWY7R2QOztcvuBSf/g==</latexit><latexit sha1_base64="VzBnNA+MS+yEpOVfDpk1cQpQCzE=">AAACF3icbVDLSgNBEJz1GeNr1aOXwSDEg2FXBAUvQS8eI5gHJiHMTmaTIbM7y3RvIIR8iOBVf8ObePXoX/gJTh4Hk1jQUFRV000FiZKAnvftrKyurW9sZray2zu7e/vuwWEFdGq4KHOttKkFDISSsSijRCVqiREsCpSoBr27sV/tCwNSx484SEQzYp1YhpIztFLLdRtKA+Qb2BXIbujTWcvNeQVvArpM/BnJkRlKLfen0dY8jUSMXDGAuu8l2Bwyg5IrMco2UhAJ4z3WEXVLYxYJaA4nn4/oqVXaNNTGTox0ov7dGLIIYBAFNhkx7MKiNxb/8+ophtfNoYyTFEXMp4fCVFHUdFwDbUsjOKqBJYwbaX+lvMsM42jLmrsCaKsCG4DzyEY1jGxF/mIhy6RyUfAtf7jMFW9nZWXIMTkheeKTK1Ik96REyoSTPnkhr+TNeXbenQ/ncxpdcWY7R2QOztcvuBSf/g==</latexit><latexit sha1_base64="VzBnNA+MS+yEpOVfDpk1cQpQCzE=">AAACF3icbVDLSgNBEJz1GeNr1aOXwSDEg2FXBAUvQS8eI5gHJiHMTmaTIbM7y3RvIIR8iOBVf8ObePXoX/gJTh4Hk1jQUFRV000FiZKAnvftrKyurW9sZray2zu7e/vuwWEFdGq4KHOttKkFDISSsSijRCVqiREsCpSoBr27sV/tCwNSx484SEQzYp1YhpIztFLLdRtKA+Qb2BXIbujTWcvNeQVvArpM/BnJkRlKLfen0dY8jUSMXDGAuu8l2Bwyg5IrMco2UhAJ4z3WEXVLYxYJaA4nn4/oqVXaNNTGTox0ov7dGLIIYBAFNhkx7MKiNxb/8+ophtfNoYyTFEXMp4fCVFHUdFwDbUsjOKqBJYwbaX+lvMsM42jLmrsCaKsCG4DzyEY1jGxF/mIhy6RyUfAtf7jMFW9nZWXIMTkheeKTK1Ik96REyoSTPnkhr+TNeXbenQ/ncxpdcWY7R2QOztcvuBSf/g==</latexit><latexit sha1_base64="VzBnNA+MS+yEpOVfDpk1cQpQCzE=">AAACF3icbVDLSgNBEJz1GeNr1aOXwSDEg2FXBAUvQS8eI5gHJiHMTmaTIbM7y3RvIIR8iOBVf8ObePXoX/gJTh4Hk1jQUFRV000FiZKAnvftrKyurW9sZray2zu7e/vuwWEFdGq4KHOttKkFDISSsSijRCVqiREsCpSoBr27sV/tCwNSx484SEQzYp1YhpIztFLLdRtKA+Qb2BXIbujTWcvNeQVvArpM/BnJkRlKLfen0dY8jUSMXDGAuu8l2Bwyg5IrMco2UhAJ4z3WEXVLYxYJaA4nn4/oqVXaNNTGTox0ov7dGLIIYBAFNhkx7MKiNxb/8+ophtfNoYyTFEXMp4fCVFHUdFwDbUsjOKqBJYwbaX+lvMsM42jLmrsCaKsCG4DzyEY1jGxF/mIhy6RyUfAtf7jMFW9nZWXIMTkheeKTK1Ik96REyoSTPnkhr+TNeXbenQ/ncxpdcWY7R2QOztcvuBSf/g==</latexit>

Subpopulations

P: base distribution

•     is a subpopulation of P if it’s a mixture component

subpopulationis aQ
<latexit sha1_base64="U7T8JL7YIE0MxapymYQI10NX+ts=">AAACEHicbVDLSgMxFL3js9ZX1aWbYBHcWGZE0GXFjcsW7APaoWTSjA3NY0gyQhkKfoPgVn/Dnbj1D/wLP8FM24VtvRA499xzOTcnSjgz1ve/vZXVtfWNzcJWcXtnd2+/dHDYNCrVhDaI4kq3I2woZ5I2LLOcthNNsYg4bUXD23zeeqTaMCXv7SihocAPksWMYOuoTte1VFqc1ce9Utmv+JNCyyCYgTLMqtYr/XT7iqTC7ROOjekEfmLDDGvLCKfjYjc1NMFk6Bw6DkosqAmzycljdOqYPoqVdk9aNGH/bmRYGDMSkVMKbAdmcZaT/806qY2vw4zJJLVUkqlRnHJkFcr/j/pMU2L5yAFMNHO3IjLAGhPrUppzMdZlZJzAnAsnVSaPKFgMZBk0LypBUAnql+XqzdM0rAIcwwmcQQBXUIU7qEEDCCh4gVd48569d+/D+5xKV7xZwEcwV97XL8/5nwg=</latexit><latexit sha1_base64="U7T8JL7YIE0MxapymYQI10NX+ts=">AAACEHicbVDLSgMxFL3js9ZX1aWbYBHcWGZE0GXFjcsW7APaoWTSjA3NY0gyQhkKfoPgVn/Dnbj1D/wLP8FM24VtvRA499xzOTcnSjgz1ve/vZXVtfWNzcJWcXtnd2+/dHDYNCrVhDaI4kq3I2woZ5I2LLOcthNNsYg4bUXD23zeeqTaMCXv7SihocAPksWMYOuoTte1VFqc1ce9Utmv+JNCyyCYgTLMqtYr/XT7iqTC7ROOjekEfmLDDGvLCKfjYjc1NMFk6Bw6DkosqAmzycljdOqYPoqVdk9aNGH/bmRYGDMSkVMKbAdmcZaT/806qY2vw4zJJLVUkqlRnHJkFcr/j/pMU2L5yAFMNHO3IjLAGhPrUppzMdZlZJzAnAsnVSaPKFgMZBk0LypBUAnql+XqzdM0rAIcwwmcQQBXUIU7qEEDCCh4gVd48569d+/D+5xKV7xZwEcwV97XL8/5nwg=</latexit><latexit sha1_base64="U7T8JL7YIE0MxapymYQI10NX+ts=">AAACEHicbVDLSgMxFL3js9ZX1aWbYBHcWGZE0GXFjcsW7APaoWTSjA3NY0gyQhkKfoPgVn/Dnbj1D/wLP8FM24VtvRA499xzOTcnSjgz1ve/vZXVtfWNzcJWcXtnd2+/dHDYNCrVhDaI4kq3I2woZ5I2LLOcthNNsYg4bUXD23zeeqTaMCXv7SihocAPksWMYOuoTte1VFqc1ce9Utmv+JNCyyCYgTLMqtYr/XT7iqTC7ROOjekEfmLDDGvLCKfjYjc1NMFk6Bw6DkosqAmzycljdOqYPoqVdk9aNGH/bmRYGDMSkVMKbAdmcZaT/806qY2vw4zJJLVUkqlRnHJkFcr/j/pMU2L5yAFMNHO3IjLAGhPrUppzMdZlZJzAnAsnVSaPKFgMZBk0LypBUAnql+XqzdM0rAIcwwmcQQBXUIU7qEEDCCh4gVd48569d+/D+5xKV7xZwEcwV97XL8/5nwg=</latexit><latexit sha1_base64="U7T8JL7YIE0MxapymYQI10NX+ts=">AAACEHicbVDLSgMxFL3js9ZX1aWbYBHcWGZE0GXFjcsW7APaoWTSjA3NY0gyQhkKfoPgVn/Dnbj1D/wLP8FM24VtvRA499xzOTcnSjgz1ve/vZXVtfWNzcJWcXtnd2+/dHDYNCrVhDaI4kq3I2woZ5I2LLOcthNNsYg4bUXD23zeeqTaMCXv7SihocAPksWMYOuoTte1VFqc1ce9Utmv+JNCyyCYgTLMqtYr/XT7iqTC7ROOjekEfmLDDGvLCKfjYjc1NMFk6Bw6DkosqAmzycljdOqYPoqVdk9aNGH/bmRYGDMSkVMKbAdmcZaT/806qY2vw4zJJLVUkqlRnHJkFcr/j/pMU2L5yAFMNHO3IjLAGhPrUppzMdZlZJzAnAsnVSaPKFgMZBk0LypBUAnql+XqzdM0rAIcwwmcQQBXUIU7qEEDCCh4gVd48569d+/D+5xKV7xZwEcwV97XL8/5nwg=</latexit>

Q
<latexit sha1_base64="U7T8JL7YIE0MxapymYQI10NX+ts=">AAACEHicbVDLSgMxFL3js9ZX1aWbYBHcWGZE0GXFjcsW7APaoWTSjA3NY0gyQhkKfoPgVn/Dnbj1D/wLP8FM24VtvRA499xzOTcnSjgz1ve/vZXVtfWNzcJWcXtnd2+/dHDYNCrVhDaI4kq3I2woZ5I2LLOcthNNsYg4bUXD23zeeqTaMCXv7SihocAPksWMYOuoTte1VFqc1ce9Utmv+JNCyyCYgTLMqtYr/XT7iqTC7ROOjekEfmLDDGvLCKfjYjc1NMFk6Bw6DkosqAmzycljdOqYPoqVdk9aNGH/bmRYGDMSkVMKbAdmcZaT/806qY2vw4zJJLVUkqlRnHJkFcr/j/pMU2L5yAFMNHO3IjLAGhPrUppzMdZlZJzAnAsnVSaPKFgMZBk0LypBUAnql+XqzdM0rAIcwwmcQQBXUIU7qEEDCCh4gVd48569d+/D+5xKV7xZwEcwV97XL8/5nwg=</latexit><latexit sha1_base64="U7T8JL7YIE0MxapymYQI10NX+ts=">AAACEHicbVDLSgMxFL3js9ZX1aWbYBHcWGZE0GXFjcsW7APaoWTSjA3NY0gyQhkKfoPgVn/Dnbj1D/wLP8FM24VtvRA499xzOTcnSjgz1ve/vZXVtfWNzcJWcXtnd2+/dHDYNCrVhDaI4kq3I2woZ5I2LLOcthNNsYg4bUXD23zeeqTaMCXv7SihocAPksWMYOuoTte1VFqc1ce9Utmv+JNCyyCYgTLMqtYr/XT7iqTC7ROOjekEfmLDDGvLCKfjYjc1NMFk6Bw6DkosqAmzycljdOqYPoqVdk9aNGH/bmRYGDMSkVMKbAdmcZaT/806qY2vw4zJJLVUkqlRnHJkFcr/j/pMU2L5yAFMNHO3IjLAGhPrUppzMdZlZJzAnAsnVSaPKFgMZBk0LypBUAnql+XqzdM0rAIcwwmcQQBXUIU7qEEDCCh4gVd48569d+/D+5xKV7xZwEcwV97XL8/5nwg=</latexit><latexit sha1_base64="U7T8JL7YIE0MxapymYQI10NX+ts=">AAACEHicbVDLSgMxFL3js9ZX1aWbYBHcWGZE0GXFjcsW7APaoWTSjA3NY0gyQhkKfoPgVn/Dnbj1D/wLP8FM24VtvRA499xzOTcnSjgz1ve/vZXVtfWNzcJWcXtnd2+/dHDYNCrVhDaI4kq3I2woZ5I2LLOcthNNsYg4bUXD23zeeqTaMCXv7SihocAPksWMYOuoTte1VFqc1ce9Utmv+JNCyyCYgTLMqtYr/XT7iqTC7ROOjekEfmLDDGvLCKfjYjc1NMFk6Bw6DkosqAmzycljdOqYPoqVdk9aNGH/bmRYGDMSkVMKbAdmcZaT/806qY2vw4zJJLVUkqlRnHJkFcr/j/pMU2L5yAFMNHO3IjLAGhPrUppzMdZlZJzAnAsnVSaPKFgMZBk0LypBUAnql+XqzdM0rAIcwwmcQQBXUIU7qEEDCCh4gVd48569d+/D+5xKV7xZwEcwV97XL8/5nwg=</latexit><latexit sha1_base64="U7T8JL7YIE0MxapymYQI10NX+ts=">AAACEHicbVDLSgMxFL3js9ZX1aWbYBHcWGZE0GXFjcsW7APaoWTSjA3NY0gyQhkKfoPgVn/Dnbj1D/wLP8FM24VtvRA499xzOTcnSjgz1ve/vZXVtfWNzcJWcXtnd2+/dHDYNCrVhDaI4kq3I2woZ5I2LLOcthNNsYg4bUXD23zeeqTaMCXv7SihocAPksWMYOuoTte1VFqc1ce9Utmv+JNCyyCYgTLMqtYr/XT7iqTC7ROOjekEfmLDDGvLCKfjYjc1NMFk6Bw6DkosqAmzycljdOqYPoqVdk9aNGH/bmRYGDMSkVMKbAdmcZaT/806qY2vw4zJJLVUkqlRnHJkFcr/j/pMU2L5yAFMNHO3IjLAGhPrUppzMdZlZJzAnAsnVSaPKFgMZBk0LypBUAnql+XqzdM0rAIcwwmcQQBXUIU7qEEDCCh4gVd48569d+/D+5xKV7xZwEcwV97XL8/5nwg=</latexit>

! proportion a " (0, 1], prob. Q!

s.t. P(á) = aQ + (1 # a)Q!
<latexit sha1_base64="EvTwDlKdaA27PaqE3uxZuEsqcRI="></latexit><latexit sha1_base64="EvTwDlKdaA27PaqE3uxZuEsqcRI="></latexit><latexit sha1_base64="EvTwDlKdaA27PaqE3uxZuEsqcRI="></latexit><latexit sha1_base64="EvTwDlKdaA27PaqE3uxZuEsqcRI="></latexit>

Q!
<latexit sha1_base64="6XlrGZe9ahhy+FNV3lt9bFt+7V4=">AAACEnicbZDLSgMxGIUz9VbrrerSTbCIbiwzIuiy4sZlC/YC7VAymUwbmsuYZIRhKPgQglt9DXfi1hfwLXwEM20XtvWHwOGcE/6fL4gZ1cZ1v53Cyura+kZxs7S1vbO7V94/aGmZKEyaWDKpOgHShFFBmoYaRjqxIogHjLSD0W2etx+J0lSKe5PGxOdoIGhEMTLW8nshUqOBQmnWOB33yxW36k4GLgtvJipgNvV++acXSpxwIgxmSOuu58bGz5AyFDMyLvUSTWKER2hAulYKxIn2s8nRY3hinRBGUtknDJy4f39kiGud8sA2OTJDvZjl5n9ZNzHRtZ9RESeGCDxdFCUMGglzAjCkimDDUisQVtTeCvEQKYSN5TS3RRtLSduCPue2KnWOyFsEsixaF1XPq3qNy0rt5mkKqwiOwDE4Ax64AjVwB+qgCTB4AC/gFbw5z8678+F8TqsFZwb4EMyN8/ULJx+fuw==</latexit><latexit sha1_base64="6XlrGZe9ahhy+FNV3lt9bFt+7V4=">AAACEnicbZDLSgMxGIUz9VbrrerSTbCIbiwzIuiy4sZlC/YC7VAymUwbmsuYZIRhKPgQglt9DXfi1hfwLXwEM20XtvWHwOGcE/6fL4gZ1cZ1v53Cyura+kZxs7S1vbO7V94/aGmZKEyaWDKpOgHShFFBmoYaRjqxIogHjLSD0W2etx+J0lSKe5PGxOdoIGhEMTLW8nshUqOBQmnWOB33yxW36k4GLgtvJipgNvV++acXSpxwIgxmSOuu58bGz5AyFDMyLvUSTWKER2hAulYKxIn2s8nRY3hinRBGUtknDJy4f39kiGud8sA2OTJDvZjl5n9ZNzHRtZ9RESeGCDxdFCUMGglzAjCkimDDUisQVtTeCvEQKYSN5TS3RRtLSduCPue2KnWOyFsEsixaF1XPq3qNy0rt5mkKqwiOwDE4Ax64AjVwB+qgCTB4AC/gFbw5z8678+F8TqsFZwb4EMyN8/ULJx+fuw==</latexit><latexit sha1_base64="6XlrGZe9ahhy+FNV3lt9bFt+7V4=">AAACEnicbZDLSgMxGIUz9VbrrerSTbCIbiwzIuiy4sZlC/YC7VAymUwbmsuYZIRhKPgQglt9DXfi1hfwLXwEM20XtvWHwOGcE/6fL4gZ1cZ1v53Cyura+kZxs7S1vbO7V94/aGmZKEyaWDKpOgHShFFBmoYaRjqxIogHjLSD0W2etx+J0lSKe5PGxOdoIGhEMTLW8nshUqOBQmnWOB33yxW36k4GLgtvJipgNvV++acXSpxwIgxmSOuu58bGz5AyFDMyLvUSTWKER2hAulYKxIn2s8nRY3hinRBGUtknDJy4f39kiGud8sA2OTJDvZjl5n9ZNzHRtZ9RESeGCDxdFCUMGglzAjCkimDDUisQVtTeCvEQKYSN5TS3RRtLSduCPue2KnWOyFsEsixaF1XPq3qNy0rt5mkKqwiOwDE4Ax64AjVwB+qgCTB4AC/gFbw5z8678+F8TqsFZwb4EMyN8/ULJx+fuw==</latexit><latexit sha1_base64="6XlrGZe9ahhy+FNV3lt9bFt+7V4=">AAACEnicbZDLSgMxGIUz9VbrrerSTbCIbiwzIuiy4sZlC/YC7VAymUwbmsuYZIRhKPgQglt9DXfi1hfwLXwEM20XtvWHwOGcE/6fL4gZ1cZ1v53Cyura+kZxs7S1vbO7V94/aGmZKEyaWDKpOgHShFFBmoYaRjqxIogHjLSD0W2etx+J0lSKe5PGxOdoIGhEMTLW8nshUqOBQmnWOB33yxW36k4GLgtvJipgNvV++acXSpxwIgxmSOuu58bGz5AyFDMyLvUSTWKER2hAulYKxIn2s8nRY3hinRBGUtknDJy4f39kiGud8sA2OTJDvZjl5n9ZNzHRtZ9RESeGCDxdFCUMGglzAjCkimDDUisQVtTeCvEQKYSN5TS3RRtLSduCPue2KnWOyFsEsixaF1XPq3qNy0rt5mkKqwiOwDE4Ax64AjVwB+qgCTB4AC/gFbw5z8678+F8TqsFZwb4EMyN8/ULJx+fuw==</latexit>

Q
<latexit sha1_base64="U7T8JL7YIE0MxapymYQI10NX+ts=">AAACEHicbVDLSgMxFL3js9ZX1aWbYBHcWGZE0GXFjcsW7APaoWTSjA3NY0gyQhkKfoPgVn/Dnbj1D/wLP8FM24VtvRA499xzOTcnSjgz1ve/vZXVtfWNzcJWcXtnd2+/dHDYNCrVhDaI4kq3I2woZ5I2LLOcthNNsYg4bUXD23zeeqTaMCXv7SihocAPksWMYOuoTte1VFqc1ce9Utmv+JNCyyCYgTLMqtYr/XT7iqTC7ROOjekEfmLDDGvLCKfjYjc1NMFk6Bw6DkosqAmzycljdOqYPoqVdk9aNGH/bmRYGDMSkVMKbAdmcZaT/806qY2vw4zJJLVUkqlRnHJkFcr/j/pMU2L5yAFMNHO3IjLAGhPrUppzMdZlZJzAnAsnVSaPKFgMZBk0LypBUAnql+XqzdM0rAIcwwmcQQBXUIU7qEEDCCh4gVd48569d+/D+5xKV7xZwEcwV97XL8/5nwg=</latexit><latexit sha1_base64="U7T8JL7YIE0MxapymYQI10NX+ts=">AAACEHicbVDLSgMxFL3js9ZX1aWbYBHcWGZE0GXFjcsW7APaoWTSjA3NY0gyQhkKfoPgVn/Dnbj1D/wLP8FM24VtvRA499xzOTcnSjgz1ve/vZXVtfWNzcJWcXtnd2+/dHDYNCrVhDaI4kq3I2woZ5I2LLOcthNNsYg4bUXD23zeeqTaMCXv7SihocAPksWMYOuoTte1VFqc1ce9Utmv+JNCyyCYgTLMqtYr/XT7iqTC7ROOjekEfmLDDGvLCKfjYjc1NMFk6Bw6DkosqAmzycljdOqYPoqVdk9aNGH/bmRYGDMSkVMKbAdmcZaT/806qY2vw4zJJLVUkqlRnHJkFcr/j/pMU2L5yAFMNHO3IjLAGhPrUppzMdZlZJzAnAsnVSaPKFgMZBk0LypBUAnql+XqzdM0rAIcwwmcQQBXUIU7qEEDCCh4gVd48569d+/D+5xKV7xZwEcwV97XL8/5nwg=</latexit><latexit sha1_base64="U7T8JL7YIE0MxapymYQI10NX+ts=">AAACEHicbVDLSgMxFL3js9ZX1aWbYBHcWGZE0GXFjcsW7APaoWTSjA3NY0gyQhkKfoPgVn/Dnbj1D/wLP8FM24VtvRA499xzOTcnSjgz1ve/vZXVtfWNzcJWcXtnd2+/dHDYNCrVhDaI4kq3I2woZ5I2LLOcthNNsYg4bUXD23zeeqTaMCXv7SihocAPksWMYOuoTte1VFqc1ce9Utmv+JNCyyCYgTLMqtYr/XT7iqTC7ROOjekEfmLDDGvLCKfjYjc1NMFk6Bw6DkosqAmzycljdOqYPoqVdk9aNGH/bmRYGDMSkVMKbAdmcZaT/806qY2vw4zJJLVUkqlRnHJkFcr/j/pMU2L5yAFMNHO3IjLAGhPrUppzMdZlZJzAnAsnVSaPKFgMZBk0LypBUAnql+XqzdM0rAIcwwmcQQBXUIU7qEEDCCh4gVd48569d+/D+5xKV7xZwEcwV97XL8/5nwg=</latexit><latexit sha1_base64="U7T8JL7YIE0MxapymYQI10NX+ts=">AAACEHicbVDLSgMxFL3js9ZX1aWbYBHcWGZE0GXFjcsW7APaoWTSjA3NY0gyQhkKfoPgVn/Dnbj1D/wLP8FM24VtvRA499xzOTcnSjgz1ve/vZXVtfWNzcJWcXtnd2+/dHDYNCrVhDaI4kq3I2woZ5I2LLOcthNNsYg4bUXD23zeeqTaMCXv7SihocAPksWMYOuoTte1VFqc1ce9Utmv+JNCyyCYgTLMqtYr/XT7iqTC7ROOjekEfmLDDGvLCKfjYjc1NMFk6Bw6DkosqAmzycljdOqYPoqVdk9aNGH/bmRYGDMSkVMKbAdmcZaT/806qY2vw4zJJLVUkqlRnHJkFcr/j/pMU2L5yAFMNHO3IjLAGhPrUppzMdZlZJzAnAsnVSaPKFgMZBk0LypBUAnql+XqzdM0rAIcwwmcQQBXUIU7qEEDCCh4gVd48569d+/D+5xKV7xZwEcwV97XL8/5nwg=</latexit>



! (" ; Z )
<latexit sha1_base64="VzBnNA+MS+yEpOVfDpk1cQpQCzE=">AAACF3icbVDLSgNBEJz1GeNr1aOXwSDEg2FXBAUvQS8eI5gHJiHMTmaTIbM7y3RvIIR8iOBVf8ObePXoX/gJTh4Hk1jQUFRV000FiZKAnvftrKyurW9sZray2zu7e/vuwWEFdGq4KHOttKkFDISSsSijRCVqiREsCpSoBr27sV/tCwNSx484SEQzYp1YhpIztFLLdRtKA+Qb2BXIbujTWcvNeQVvArpM/BnJkRlKLfen0dY8jUSMXDGAuu8l2Bwyg5IrMco2UhAJ4z3WEXVLYxYJaA4nn4/oqVXaNNTGTox0ov7dGLIIYBAFNhkx7MKiNxb/8+ophtfNoYyTFEXMp4fCVFHUdFwDbUsjOKqBJYwbaX+lvMsM42jLmrsCaKsCG4DzyEY1jGxF/mIhy6RyUfAtf7jMFW9nZWXIMTkheeKTK1Ik96REyoSTPnkhr+TNeXbenQ/ncxpdcWY7R2QOztcvuBSf/g==</latexit><latexit sha1_base64="VzBnNA+MS+yEpOVfDpk1cQpQCzE=">AAACF3icbVDLSgNBEJz1GeNr1aOXwSDEg2FXBAUvQS8eI5gHJiHMTmaTIbM7y3RvIIR8iOBVf8ObePXoX/gJTh4Hk1jQUFRV000FiZKAnvftrKyurW9sZray2zu7e/vuwWEFdGq4KHOttKkFDISSsSijRCVqiREsCpSoBr27sV/tCwNSx484SEQzYp1YhpIztFLLdRtKA+Qb2BXIbujTWcvNeQVvArpM/BnJkRlKLfen0dY8jUSMXDGAuu8l2Bwyg5IrMco2UhAJ4z3WEXVLYxYJaA4nn4/oqVXaNNTGTox0ov7dGLIIYBAFNhkx7MKiNxb/8+ophtfNoYyTFEXMp4fCVFHUdFwDbUsjOKqBJYwbaX+lvMsM42jLmrsCaKsCG4DzyEY1jGxF/mIhy6RyUfAtf7jMFW9nZWXIMTkheeKTK1Ik96REyoSTPnkhr+TNeXbenQ/ncxpdcWY7R2QOztcvuBSf/g==</latexit><latexit sha1_base64="VzBnNA+MS+yEpOVfDpk1cQpQCzE=">AAACF3icbVDLSgNBEJz1GeNr1aOXwSDEg2FXBAUvQS8eI5gHJiHMTmaTIbM7y3RvIIR8iOBVf8ObePXoX/gJTh4Hk1jQUFRV000FiZKAnvftrKyurW9sZray2zu7e/vuwWEFdGq4KHOttKkFDISSsSijRCVqiREsCpSoBr27sV/tCwNSx484SEQzYp1YhpIztFLLdRtKA+Qb2BXIbujTWcvNeQVvArpM/BnJkRlKLfen0dY8jUSMXDGAuu8l2Bwyg5IrMco2UhAJ4z3WEXVLYxYJaA4nn4/oqVXaNNTGTox0ov7dGLIIYBAFNhkx7MKiNxb/8+ophtfNoYyTFEXMp4fCVFHUdFwDbUsjOKqBJYwbaX+lvMsM42jLmrsCaKsCG4DzyEY1jGxF/mIhy6RyUfAtf7jMFW9nZWXIMTkheeKTK1Ik96REyoSTPnkhr+TNeXbenQ/ncxpdcWY7R2QOztcvuBSf/g==</latexit><latexit sha1_base64="VzBnNA+MS+yEpOVfDpk1cQpQCzE=">AAACF3icbVDLSgNBEJz1GeNr1aOXwSDEg2FXBAUvQS8eI5gHJiHMTmaTIbM7y3RvIIR8iOBVf8ObePXoX/gJTh4Hk1jQUFRV000FiZKAnvftrKyurW9sZray2zu7e/vuwWEFdGq4KHOttKkFDISSsSijRCVqiREsCpSoBr27sV/tCwNSx484SEQzYp1YhpIztFLLdRtKA+Qb2BXIbujTWcvNeQVvArpM/BnJkRlKLfen0dY8jUSMXDGAuu8l2Bwyg5IrMco2UhAJ4z3WEXVLYxYJaA4nn4/oqVXaNNTGTox0ov7dGLIIYBAFNhkx7MKiNxb/8+ophtfNoYyTFEXMp4fCVFHUdFwDbUsjOKqBJYwbaX+lvMsM42jLmrsCaKsCG4DzyEY1jGxF/mIhy6RyUfAtf7jMFW9nZWXIMTkheeKTK1Ik96REyoSTPnkhr+TNeXbenQ/ncxpdcWY7R2QOztcvuBSf/g==</latexit>

Subpopulations

P: base distribution

•     is a subpopulation of P if it’s a mixture component

subpopulationis aQ
<latexit sha1_base64="U7T8JL7YIE0MxapymYQI10NX+ts=">AAACEHicbVDLSgMxFL3js9ZX1aWbYBHcWGZE0GXFjcsW7APaoWTSjA3NY0gyQhkKfoPgVn/Dnbj1D/wLP8FM24VtvRA499xzOTcnSjgz1ve/vZXVtfWNzcJWcXtnd2+/dHDYNCrVhDaI4kq3I2woZ5I2LLOcthNNsYg4bUXD23zeeqTaMCXv7SihocAPksWMYOuoTte1VFqc1ce9Utmv+JNCyyCYgTLMqtYr/XT7iqTC7ROOjekEfmLDDGvLCKfjYjc1NMFk6Bw6DkosqAmzycljdOqYPoqVdk9aNGH/bmRYGDMSkVMKbAdmcZaT/806qY2vw4zJJLVUkqlRnHJkFcr/j/pMU2L5yAFMNHO3IjLAGhPrUppzMdZlZJzAnAsnVSaPKFgMZBk0LypBUAnql+XqzdM0rAIcwwmcQQBXUIU7qEEDCCh4gVd48569d+/D+5xKV7xZwEcwV97XL8/5nwg=</latexit><latexit sha1_base64="U7T8JL7YIE0MxapymYQI10NX+ts=">AAACEHicbVDLSgMxFL3js9ZX1aWbYBHcWGZE0GXFjcsW7APaoWTSjA3NY0gyQhkKfoPgVn/Dnbj1D/wLP8FM24VtvRA499xzOTcnSjgz1ve/vZXVtfWNzcJWcXtnd2+/dHDYNCrVhDaI4kq3I2woZ5I2LLOcthNNsYg4bUXD23zeeqTaMCXv7SihocAPksWMYOuoTte1VFqc1ce9Utmv+JNCyyCYgTLMqtYr/XT7iqTC7ROOjekEfmLDDGvLCKfjYjc1NMFk6Bw6DkosqAmzycljdOqYPoqVdk9aNGH/bmRYGDMSkVMKbAdmcZaT/806qY2vw4zJJLVUkqlRnHJkFcr/j/pMU2L5yAFMNHO3IjLAGhPrUppzMdZlZJzAnAsnVSaPKFgMZBk0LypBUAnql+XqzdM0rAIcwwmcQQBXUIU7qEEDCCh4gVd48569d+/D+5xKV7xZwEcwV97XL8/5nwg=</latexit><latexit sha1_base64="U7T8JL7YIE0MxapymYQI10NX+ts=">AAACEHicbVDLSgMxFL3js9ZX1aWbYBHcWGZE0GXFjcsW7APaoWTSjA3NY0gyQhkKfoPgVn/Dnbj1D/wLP8FM24VtvRA499xzOTcnSjgz1ve/vZXVtfWNzcJWcXtnd2+/dHDYNCrVhDaI4kq3I2woZ5I2LLOcthNNsYg4bUXD23zeeqTaMCXv7SihocAPksWMYOuoTte1VFqc1ce9Utmv+JNCyyCYgTLMqtYr/XT7iqTC7ROOjekEfmLDDGvLCKfjYjc1NMFk6Bw6DkosqAmzycljdOqYPoqVdk9aNGH/bmRYGDMSkVMKbAdmcZaT/806qY2vw4zJJLVUkqlRnHJkFcr/j/pMU2L5yAFMNHO3IjLAGhPrUppzMdZlZJzAnAsnVSaPKFgMZBk0LypBUAnql+XqzdM0rAIcwwmcQQBXUIU7qEEDCCh4gVd48569d+/D+5xKV7xZwEcwV97XL8/5nwg=</latexit><latexit sha1_base64="U7T8JL7YIE0MxapymYQI10NX+ts=">AAACEHicbVDLSgMxFL3js9ZX1aWbYBHcWGZE0GXFjcsW7APaoWTSjA3NY0gyQhkKfoPgVn/Dnbj1D/wLP8FM24VtvRA499xzOTcnSjgz1ve/vZXVtfWNzcJWcXtnd2+/dHDYNCrVhDaI4kq3I2woZ5I2LLOcthNNsYg4bUXD23zeeqTaMCXv7SihocAPksWMYOuoTte1VFqc1ce9Utmv+JNCyyCYgTLMqtYr/XT7iqTC7ROOjekEfmLDDGvLCKfjYjc1NMFk6Bw6DkosqAmzycljdOqYPoqVdk9aNGH/bmRYGDMSkVMKbAdmcZaT/806qY2vw4zJJLVUkqlRnHJkFcr/j/pMU2L5yAFMNHO3IjLAGhPrUppzMdZlZJzAnAsnVSaPKFgMZBk0LypBUAnql+XqzdM0rAIcwwmcQQBXUIU7qEEDCCh4gVd48569d+/D+5xKV7xZwEcwV97XL8/5nwg=</latexit>

Q
<latexit sha1_base64="U7T8JL7YIE0MxapymYQI10NX+ts=">AAACEHicbVDLSgMxFL3js9ZX1aWbYBHcWGZE0GXFjcsW7APaoWTSjA3NY0gyQhkKfoPgVn/Dnbj1D/wLP8FM24VtvRA499xzOTcnSjgz1ve/vZXVtfWNzcJWcXtnd2+/dHDYNCrVhDaI4kq3I2woZ5I2LLOcthNNsYg4bUXD23zeeqTaMCXv7SihocAPksWMYOuoTte1VFqc1ce9Utmv+JNCyyCYgTLMqtYr/XT7iqTC7ROOjekEfmLDDGvLCKfjYjc1NMFk6Bw6DkosqAmzycljdOqYPoqVdk9aNGH/bmRYGDMSkVMKbAdmcZaT/806qY2vw4zJJLVUkqlRnHJkFcr/j/pMU2L5yAFMNHO3IjLAGhPrUppzMdZlZJzAnAsnVSaPKFgMZBk0LypBUAnql+XqzdM0rAIcwwmcQQBXUIU7qEEDCCh4gVd48569d+/D+5xKV7xZwEcwV97XL8/5nwg=</latexit><latexit sha1_base64="U7T8JL7YIE0MxapymYQI10NX+ts=">AAACEHicbVDLSgMxFL3js9ZX1aWbYBHcWGZE0GXFjcsW7APaoWTSjA3NY0gyQhkKfoPgVn/Dnbj1D/wLP8FM24VtvRA499xzOTcnSjgz1ve/vZXVtfWNzcJWcXtnd2+/dHDYNCrVhDaI4kq3I2woZ5I2LLOcthNNsYg4bUXD23zeeqTaMCXv7SihocAPksWMYOuoTte1VFqc1ce9Utmv+JNCyyCYgTLMqtYr/XT7iqTC7ROOjekEfmLDDGvLCKfjYjc1NMFk6Bw6DkosqAmzycljdOqYPoqVdk9aNGH/bmRYGDMSkVMKbAdmcZaT/806qY2vw4zJJLVUkqlRnHJkFcr/j/pMU2L5yAFMNHO3IjLAGhPrUppzMdZlZJzAnAsnVSaPKFgMZBk0LypBUAnql+XqzdM0rAIcwwmcQQBXUIU7qEEDCCh4gVd48569d+/D+5xKV7xZwEcwV97XL8/5nwg=</latexit><latexit sha1_base64="U7T8JL7YIE0MxapymYQI10NX+ts=">AAACEHicbVDLSgMxFL3js9ZX1aWbYBHcWGZE0GXFjcsW7APaoWTSjA3NY0gyQhkKfoPgVn/Dnbj1D/wLP8FM24VtvRA499xzOTcnSjgz1ve/vZXVtfWNzcJWcXtnd2+/dHDYNCrVhDaI4kq3I2woZ5I2LLOcthNNsYg4bUXD23zeeqTaMCXv7SihocAPksWMYOuoTte1VFqc1ce9Utmv+JNCyyCYgTLMqtYr/XT7iqTC7ROOjekEfmLDDGvLCKfjYjc1NMFk6Bw6DkosqAmzycljdOqYPoqVdk9aNGH/bmRYGDMSkVMKbAdmcZaT/806qY2vw4zJJLVUkqlRnHJkFcr/j/pMU2L5yAFMNHO3IjLAGhPrUppzMdZlZJzAnAsnVSaPKFgMZBk0LypBUAnql+XqzdM0rAIcwwmcQQBXUIU7qEEDCCh4gVd48569d+/D+5xKV7xZwEcwV97XL8/5nwg=</latexit><latexit sha1_base64="U7T8JL7YIE0MxapymYQI10NX+ts=">AAACEHicbVDLSgMxFL3js9ZX1aWbYBHcWGZE0GXFjcsW7APaoWTSjA3NY0gyQhkKfoPgVn/Dnbj1D/wLP8FM24VtvRA499xzOTcnSjgz1ve/vZXVtfWNzcJWcXtnd2+/dHDYNCrVhDaI4kq3I2woZ5I2LLOcthNNsYg4bUXD23zeeqTaMCXv7SihocAPksWMYOuoTte1VFqc1ce9Utmv+JNCyyCYgTLMqtYr/XT7iqTC7ROOjekEfmLDDGvLCKfjYjc1NMFk6Bw6DkosqAmzycljdOqYPoqVdk9aNGH/bmRYGDMSkVMKbAdmcZaT/806qY2vw4zJJLVUkqlRnHJkFcr/j/pMU2L5yAFMNHO3IjLAGhPrUppzMdZlZJzAnAsnVSaPKFgMZBk0LypBUAnql+XqzdM0rAIcwwmcQQBXUIU7qEEDCCh4gVd48569d+/D+5xKV7xZwEcwV97XL8/5nwg=</latexit>

! proportion a " (0, 1], prob. Q!

s.t. P(á) = aQ + (1 # a)Q!
<latexit sha1_base64="EvTwDlKdaA27PaqE3uxZuEsqcRI="></latexit><latexit sha1_base64="EvTwDlKdaA27PaqE3uxZuEsqcRI="></latexit><latexit sha1_base64="EvTwDlKdaA27PaqE3uxZuEsqcRI="></latexit><latexit sha1_base64="EvTwDlKdaA27PaqE3uxZuEsqcRI="></latexit>

Q!
<latexit sha1_base64="6XlrGZe9ahhy+FNV3lt9bFt+7V4=">AAACEnicbZDLSgMxGIUz9VbrrerSTbCIbiwzIuiy4sZlC/YC7VAymUwbmsuYZIRhKPgQglt9DXfi1hfwLXwEM20XtvWHwOGcE/6fL4gZ1cZ1v53Cyura+kZxs7S1vbO7V94/aGmZKEyaWDKpOgHShFFBmoYaRjqxIogHjLSD0W2etx+J0lSKe5PGxOdoIGhEMTLW8nshUqOBQmnWOB33yxW36k4GLgtvJipgNvV++acXSpxwIgxmSOuu58bGz5AyFDMyLvUSTWKER2hAulYKxIn2s8nRY3hinRBGUtknDJy4f39kiGud8sA2OTJDvZjl5n9ZNzHRtZ9RESeGCDxdFCUMGglzAjCkimDDUisQVtTeCvEQKYSN5TS3RRtLSduCPue2KnWOyFsEsixaF1XPq3qNy0rt5mkKqwiOwDE4Ax64AjVwB+qgCTB4AC/gFbw5z8678+F8TqsFZwb4EMyN8/ULJx+fuw==</latexit><latexit sha1_base64="6XlrGZe9ahhy+FNV3lt9bFt+7V4=">AAACEnicbZDLSgMxGIUz9VbrrerSTbCIbiwzIuiy4sZlC/YC7VAymUwbmsuYZIRhKPgQglt9DXfi1hfwLXwEM20XtvWHwOGcE/6fL4gZ1cZ1v53Cyura+kZxs7S1vbO7V94/aGmZKEyaWDKpOgHShFFBmoYaRjqxIogHjLSD0W2etx+J0lSKe5PGxOdoIGhEMTLW8nshUqOBQmnWOB33yxW36k4GLgtvJipgNvV++acXSpxwIgxmSOuu58bGz5AyFDMyLvUSTWKER2hAulYKxIn2s8nRY3hinRBGUtknDJy4f39kiGud8sA2OTJDvZjl5n9ZNzHRtZ9RESeGCDxdFCUMGglzAjCkimDDUisQVtTeCvEQKYSN5TS3RRtLSduCPue2KnWOyFsEsixaF1XPq3qNy0rt5mkKqwiOwDE4Ax64AjVwB+qgCTB4AC/gFbw5z8678+F8TqsFZwb4EMyN8/ULJx+fuw==</latexit><latexit sha1_base64="6XlrGZe9ahhy+FNV3lt9bFt+7V4=">AAACEnicbZDLSgMxGIUz9VbrrerSTbCIbiwzIuiy4sZlC/YC7VAymUwbmsuYZIRhKPgQglt9DXfi1hfwLXwEM20XtvWHwOGcE/6fL4gZ1cZ1v53Cyura+kZxs7S1vbO7V94/aGmZKEyaWDKpOgHShFFBmoYaRjqxIogHjLSD0W2etx+J0lSKe5PGxOdoIGhEMTLW8nshUqOBQmnWOB33yxW36k4GLgtvJipgNvV++acXSpxwIgxmSOuu58bGz5AyFDMyLvUSTWKER2hAulYKxIn2s8nRY3hinRBGUtknDJy4f39kiGud8sA2OTJDvZjl5n9ZNzHRtZ9RESeGCDxdFCUMGglzAjCkimDDUisQVtTeCvEQKYSN5TS3RRtLSduCPue2KnWOyFsEsixaF1XPq3qNy0rt5mkKqwiOwDE4Ax64AjVwB+qgCTB4AC/gFbw5z8678+F8TqsFZwb4EMyN8/ULJx+fuw==</latexit><latexit sha1_base64="6XlrGZe9ahhy+FNV3lt9bFt+7V4=">AAACEnicbZDLSgMxGIUz9VbrrerSTbCIbiwzIuiy4sZlC/YC7VAymUwbmsuYZIRhKPgQglt9DXfi1hfwLXwEM20XtvWHwOGcE/6fL4gZ1cZ1v53Cyura+kZxs7S1vbO7V94/aGmZKEyaWDKpOgHShFFBmoYaRjqxIogHjLSD0W2etx+J0lSKe5PGxOdoIGhEMTLW8nshUqOBQmnWOB33yxW36k4GLgtvJipgNvV++acXSpxwIgxmSOuu58bGz5AyFDMyLvUSTWKER2hAulYKxIn2s8nRY3hinRBGUtknDJy4f39kiGud8sA2OTJDvZjl5n9ZNzHRtZ9RESeGCDxdFCUMGglzAjCkimDDUisQVtTeCvEQKYSN5TS3RRtLSduCPue2KnWOyFsEsixaF1XPq3qNy0rt5mkKqwiOwDE4Ax64AjVwB+qgCTB4AC/gFbw5z8678+F8TqsFZwb4EMyN8/ULJx+fuw==</latexit>

Q
<latexit sha1_base64="U7T8JL7YIE0MxapymYQI10NX+ts=">AAACEHicbVDLSgMxFL3js9ZX1aWbYBHcWGZE0GXFjcsW7APaoWTSjA3NY0gyQhkKfoPgVn/Dnbj1D/wLP8FM24VtvRA499xzOTcnSjgz1ve/vZXVtfWNzcJWcXtnd2+/dHDYNCrVhDaI4kq3I2woZ5I2LLOcthNNsYg4bUXD23zeeqTaMCXv7SihocAPksWMYOuoTte1VFqc1ce9Utmv+JNCyyCYgTLMqtYr/XT7iqTC7ROOjekEfmLDDGvLCKfjYjc1NMFk6Bw6DkosqAmzycljdOqYPoqVdk9aNGH/bmRYGDMSkVMKbAdmcZaT/806qY2vw4zJJLVUkqlRnHJkFcr/j/pMU2L5yAFMNHO3IjLAGhPrUppzMdZlZJzAnAsnVSaPKFgMZBk0LypBUAnql+XqzdM0rAIcwwmcQQBXUIU7qEEDCCh4gVd48569d+/D+5xKV7xZwEcwV97XL8/5nwg=</latexit><latexit sha1_base64="U7T8JL7YIE0MxapymYQI10NX+ts=">AAACEHicbVDLSgMxFL3js9ZX1aWbYBHcWGZE0GXFjcsW7APaoWTSjA3NY0gyQhkKfoPgVn/Dnbj1D/wLP8FM24VtvRA499xzOTcnSjgz1ve/vZXVtfWNzcJWcXtnd2+/dHDYNCrVhDaI4kq3I2woZ5I2LLOcthNNsYg4bUXD23zeeqTaMCXv7SihocAPksWMYOuoTte1VFqc1ce9Utmv+JNCyyCYgTLMqtYr/XT7iqTC7ROOjekEfmLDDGvLCKfjYjc1NMFk6Bw6DkosqAmzycljdOqYPoqVdk9aNGH/bmRYGDMSkVMKbAdmcZaT/806qY2vw4zJJLVUkqlRnHJkFcr/j/pMU2L5yAFMNHO3IjLAGhPrUppzMdZlZJzAnAsnVSaPKFgMZBk0LypBUAnql+XqzdM0rAIcwwmcQQBXUIU7qEEDCCh4gVd48569d+/D+5xKV7xZwEcwV97XL8/5nwg=</latexit><latexit sha1_base64="U7T8JL7YIE0MxapymYQI10NX+ts=">AAACEHicbVDLSgMxFL3js9ZX1aWbYBHcWGZE0GXFjcsW7APaoWTSjA3NY0gyQhkKfoPgVn/Dnbj1D/wLP8FM24VtvRA499xzOTcnSjgz1ve/vZXVtfWNzcJWcXtnd2+/dHDYNCrVhDaI4kq3I2woZ5I2LLOcthNNsYg4bUXD23zeeqTaMCXv7SihocAPksWMYOuoTte1VFqc1ce9Utmv+JNCyyCYgTLMqtYr/XT7iqTC7ROOjekEfmLDDGvLCKfjYjc1NMFk6Bw6DkosqAmzycljdOqYPoqVdk9aNGH/bmRYGDMSkVMKbAdmcZaT/806qY2vw4zJJLVUkqlRnHJkFcr/j/pMU2L5yAFMNHO3IjLAGhPrUppzMdZlZJzAnAsnVSaPKFgMZBk0LypBUAnql+XqzdM0rAIcwwmcQQBXUIU7qEEDCCh4gVd48569d+/D+5xKV7xZwEcwV97XL8/5nwg=</latexit><latexit sha1_base64="U7T8JL7YIE0MxapymYQI10NX+ts=">AAACEHicbVDLSgMxFL3js9ZX1aWbYBHcWGZE0GXFjcsW7APaoWTSjA3NY0gyQhkKfoPgVn/Dnbj1D/wLP8FM24VtvRA499xzOTcnSjgz1ve/vZXVtfWNzcJWcXtnd2+/dHDYNCrVhDaI4kq3I2woZ5I2LLOcthNNsYg4bUXD23zeeqTaMCXv7SihocAPksWMYOuoTte1VFqc1ce9Utmv+JNCyyCYgTLMqtYr/XT7iqTC7ROOjekEfmLDDGvLCKfjYjc1NMFk6Bw6DkosqAmzycljdOqYPoqVdk9aNGH/bmRYGDMSkVMKbAdmcZaT/806qY2vw4zJJLVUkqlRnHJkFcr/j/pMU2L5yAFMNHO3IjLAGhPrUppzMdZlZJzAnAsnVSaPKFgMZBk0LypBUAnql+XqzdM0rAIcwwmcQQBXUIU7qEEDCCh4gVd48569d+/D+5xKV7xZwEcwV97XL8/5nwg=</latexit>



Subpopulations
•     is a subpopulation of P if it’s a mixture component

subpopulationis aQ
<latexit sha1_base64="U7T8JL7YIE0MxapymYQI10NX+ts=">AAACEHicbVDLSgMxFL3js9ZX1aWbYBHcWGZE0GXFjcsW7APaoWTSjA3NY0gyQhkKfoPgVn/Dnbj1D/wLP8FM24VtvRA499xzOTcnSjgz1ve/vZXVtfWNzcJWcXtnd2+/dHDYNCrVhDaI4kq3I2woZ5I2LLOcthNNsYg4bUXD23zeeqTaMCXv7SihocAPksWMYOuoTte1VFqc1ce9Utmv+JNCyyCYgTLMqtYr/XT7iqTC7ROOjekEfmLDDGvLCKfjYjc1NMFk6Bw6DkosqAmzycljdOqYPoqVdk9aNGH/bmRYGDMSkVMKbAdmcZaT/806qY2vw4zJJLVUkqlRnHJkFcr/j/pMU2L5yAFMNHO3IjLAGhPrUppzMdZlZJzAnAsnVSaPKFgMZBk0LypBUAnql+XqzdM0rAIcwwmcQQBXUIU7qEEDCCh4gVd48569d+/D+5xKV7xZwEcwV97XL8/5nwg=</latexit><latexit sha1_base64="U7T8JL7YIE0MxapymYQI10NX+ts=">AAACEHicbVDLSgMxFL3js9ZX1aWbYBHcWGZE0GXFjcsW7APaoWTSjA3NY0gyQhkKfoPgVn/Dnbj1D/wLP8FM24VtvRA499xzOTcnSjgz1ve/vZXVtfWNzcJWcXtnd2+/dHDYNCrVhDaI4kq3I2woZ5I2LLOcthNNsYg4bUXD23zeeqTaMCXv7SihocAPksWMYOuoTte1VFqc1ce9Utmv+JNCyyCYgTLMqtYr/XT7iqTC7ROOjekEfmLDDGvLCKfjYjc1NMFk6Bw6DkosqAmzycljdOqYPoqVdk9aNGH/bmRYGDMSkVMKbAdmcZaT/806qY2vw4zJJLVUkqlRnHJkFcr/j/pMU2L5yAFMNHO3IjLAGhPrUppzMdZlZJzAnAsnVSaPKFgMZBk0LypBUAnql+XqzdM0rAIcwwmcQQBXUIU7qEEDCCh4gVd48569d+/D+5xKV7xZwEcwV97XL8/5nwg=</latexit><latexit sha1_base64="U7T8JL7YIE0MxapymYQI10NX+ts=">AAACEHicbVDLSgMxFL3js9ZX1aWbYBHcWGZE0GXFjcsW7APaoWTSjA3NY0gyQhkKfoPgVn/Dnbj1D/wLP8FM24VtvRA499xzOTcnSjgz1ve/vZXVtfWNzcJWcXtnd2+/dHDYNCrVhDaI4kq3I2woZ5I2LLOcthNNsYg4bUXD23zeeqTaMCXv7SihocAPksWMYOuoTte1VFqc1ce9Utmv+JNCyyCYgTLMqtYr/XT7iqTC7ROOjekEfmLDDGvLCKfjYjc1NMFk6Bw6DkosqAmzycljdOqYPoqVdk9aNGH/bmRYGDMSkVMKbAdmcZaT/806qY2vw4zJJLVUkqlRnHJkFcr/j/pMU2L5yAFMNHO3IjLAGhPrUppzMdZlZJzAnAsnVSaPKFgMZBk0LypBUAnql+XqzdM0rAIcwwmcQQBXUIU7qEEDCCh4gVd48569d+/D+5xKV7xZwEcwV97XL8/5nwg=</latexit><latexit sha1_base64="U7T8JL7YIE0MxapymYQI10NX+ts=">AAACEHicbVDLSgMxFL3js9ZX1aWbYBHcWGZE0GXFjcsW7APaoWTSjA3NY0gyQhkKfoPgVn/Dnbj1D/wLP8FM24VtvRA499xzOTcnSjgz1ve/vZXVtfWNzcJWcXtnd2+/dHDYNCrVhDaI4kq3I2woZ5I2LLOcthNNsYg4bUXD23zeeqTaMCXv7SihocAPksWMYOuoTte1VFqc1ce9Utmv+JNCyyCYgTLMqtYr/XT7iqTC7ROOjekEfmLDDGvLCKfjYjc1NMFk6Bw6DkosqAmzycljdOqYPoqVdk9aNGH/bmRYGDMSkVMKbAdmcZaT/806qY2vw4zJJLVUkqlRnHJkFcr/j/pMU2L5yAFMNHO3IjLAGhPrUppzMdZlZJzAnAsnVSaPKFgMZBk0LypBUAnql+XqzdM0rAIcwwmcQQBXUIU7qEEDCCh4gVd48569d+/D+5xKV7xZwEcwV97XL8/5nwg=</latexit>

Q
<latexit sha1_base64="U7T8JL7YIE0MxapymYQI10NX+ts=">AAACEHicbVDLSgMxFL3js9ZX1aWbYBHcWGZE0GXFjcsW7APaoWTSjA3NY0gyQhkKfoPgVn/Dnbj1D/wLP8FM24VtvRA499xzOTcnSjgz1ve/vZXVtfWNzcJWcXtnd2+/dHDYNCrVhDaI4kq3I2woZ5I2LLOcthNNsYg4bUXD23zeeqTaMCXv7SihocAPksWMYOuoTte1VFqc1ce9Utmv+JNCyyCYgTLMqtYr/XT7iqTC7ROOjekEfmLDDGvLCKfjYjc1NMFk6Bw6DkosqAmzycljdOqYPoqVdk9aNGH/bmRYGDMSkVMKbAdmcZaT/806qY2vw4zJJLVUkqlRnHJkFcr/j/pMU2L5yAFMNHO3IjLAGhPrUppzMdZlZJzAnAsnVSaPKFgMZBk0LypBUAnql+XqzdM0rAIcwwmcQQBXUIU7qEEDCCh4gVd48569d+/D+5xKV7xZwEcwV97XL8/5nwg=</latexit><latexit sha1_base64="U7T8JL7YIE0MxapymYQI10NX+ts=">AAACEHicbVDLSgMxFL3js9ZX1aWbYBHcWGZE0GXFjcsW7APaoWTSjA3NY0gyQhkKfoPgVn/Dnbj1D/wLP8FM24VtvRA499xzOTcnSjgz1ve/vZXVtfWNzcJWcXtnd2+/dHDYNCrVhDaI4kq3I2woZ5I2LLOcthNNsYg4bUXD23zeeqTaMCXv7SihocAPksWMYOuoTte1VFqc1ce9Utmv+JNCyyCYgTLMqtYr/XT7iqTC7ROOjekEfmLDDGvLCKfjYjc1NMFk6Bw6DkosqAmzycljdOqYPoqVdk9aNGH/bmRYGDMSkVMKbAdmcZaT/806qY2vw4zJJLVUkqlRnHJkFcr/j/pMU2L5yAFMNHO3IjLAGhPrUppzMdZlZJzAnAsnVSaPKFgMZBk0LypBUAnql+XqzdM0rAIcwwmcQQBXUIU7qEEDCCh4gVd48569d+/D+5xKV7xZwEcwV97XL8/5nwg=</latexit><latexit sha1_base64="U7T8JL7YIE0MxapymYQI10NX+ts=">AAACEHicbVDLSgMxFL3js9ZX1aWbYBHcWGZE0GXFjcsW7APaoWTSjA3NY0gyQhkKfoPgVn/Dnbj1D/wLP8FM24VtvRA499xzOTcnSjgz1ve/vZXVtfWNzcJWcXtnd2+/dHDYNCrVhDaI4kq3I2woZ5I2LLOcthNNsYg4bUXD23zeeqTaMCXv7SihocAPksWMYOuoTte1VFqc1ce9Utmv+JNCyyCYgTLMqtYr/XT7iqTC7ROOjekEfmLDDGvLCKfjYjc1NMFk6Bw6DkosqAmzycljdOqYPoqVdk9aNGH/bmRYGDMSkVMKbAdmcZaT/806qY2vw4zJJLVUkqlRnHJkFcr/j/pMU2L5yAFMNHO3IjLAGhPrUppzMdZlZJzAnAsnVSaPKFgMZBk0LypBUAnql+XqzdM0rAIcwwmcQQBXUIU7qEEDCCh4gVd48569d+/D+5xKV7xZwEcwV97XL8/5nwg=</latexit><latexit sha1_base64="U7T8JL7YIE0MxapymYQI10NX+ts=">AAACEHicbVDLSgMxFL3js9ZX1aWbYBHcWGZE0GXFjcsW7APaoWTSjA3NY0gyQhkKfoPgVn/Dnbj1D/wLP8FM24VtvRA499xzOTcnSjgz1ve/vZXVtfWNzcJWcXtnd2+/dHDYNCrVhDaI4kq3I2woZ5I2LLOcthNNsYg4bUXD23zeeqTaMCXv7SihocAPksWMYOuoTte1VFqc1ce9Utmv+JNCyyCYgTLMqtYr/XT7iqTC7ROOjekEfmLDDGvLCKfjYjc1NMFk6Bw6DkosqAmzycljdOqYPoqVdk9aNGH/bmRYGDMSkVMKbAdmcZaT/806qY2vw4zJJLVUkqlRnHJkFcr/j/pMU2L5yAFMNHO3IjLAGhPrUppzMdZlZJzAnAsnVSaPKFgMZBk0LypBUAnql+XqzdM0rAIcwwmcQQBXUIU7qEEDCCh4gVd48569d+/D+5xKV7xZwEcwV97XL8/5nwg=</latexit>

! proportion a " (0, 1], prob. Q!

s.t. P(á) = aQ + (1 # a)Q!
<latexit sha1_base64="EvTwDlKdaA27PaqE3uxZuEsqcRI="></latexit><latexit sha1_base64="EvTwDlKdaA27PaqE3uxZuEsqcRI="></latexit><latexit sha1_base64="EvTwDlKdaA27PaqE3uxZuEsqcRI="></latexit><latexit sha1_base64="EvTwDlKdaA27PaqE3uxZuEsqcRI="></latexit>

Notation

Q ! !
<latexit sha1_base64="dGmimO7HKucBAKBifyCBEJSYO5o=">AAACJ3icbVBPS8MwHE3nvzn/VT16CQ7Bi6MVQY8DPXjcwP2BtYw0TV1YktYkFUbp1e8ieNWv4U306DfwI5huPbjNHwQe771fXvKChFGlHefLqqysrq1vVDdrW9s7u3v2/kFXxanEpINjFst+gBRhVJCOppqRfiIJ4gEjvWB8Xei9RyIVjcWdniTE5+he0IhipA01tKFnCCI0yto59FSKMXmAniRh5iGWjFA+tOtOw5kOXAZuCeqgnNbQ/vHCGKfcXIoZUmrgOon2MyQ1xYzkNS9VJEF4bGIHBgrEifKz6U9yeGKYEEaxNEdoOGX/bmSIKzXhgXFypEdqUSvI/7RBqqMrP6MiSTUReBYUpQzqGBa1wJBKgjWbGICwpOatEI+QRFib8uZSlDbVKWNQZ9xYY1VU5C4Wsgy65w3Xbbjti3rzpiyrCo7AMTgFLrgETXALWqADMHgCL+AVvFnP1rv1YX3OrBWr3DkEc2N9/wIM0aef</latexit><latexit sha1_base64="dGmimO7HKucBAKBifyCBEJSYO5o=">AAACJ3icbVBPS8MwHE3nvzn/VT16CQ7Bi6MVQY8DPXjcwP2BtYw0TV1YktYkFUbp1e8ieNWv4U306DfwI5huPbjNHwQe771fXvKChFGlHefLqqysrq1vVDdrW9s7u3v2/kFXxanEpINjFst+gBRhVJCOppqRfiIJ4gEjvWB8Xei9RyIVjcWdniTE5+he0IhipA01tKFnCCI0yto59FSKMXmAniRh5iGWjFA+tOtOw5kOXAZuCeqgnNbQ/vHCGKfcXIoZUmrgOon2MyQ1xYzkNS9VJEF4bGIHBgrEifKz6U9yeGKYEEaxNEdoOGX/bmSIKzXhgXFypEdqUSvI/7RBqqMrP6MiSTUReBYUpQzqGBa1wJBKgjWbGICwpOatEI+QRFib8uZSlDbVKWNQZ9xYY1VU5C4Wsgy65w3Xbbjti3rzpiyrCo7AMTgFLrgETXALWqADMHgCL+AVvFnP1rv1YX3OrBWr3DkEc2N9/wIM0aef</latexit><latexit sha1_base64="dGmimO7HKucBAKBifyCBEJSYO5o=">AAACJ3icbVBPS8MwHE3nvzn/VT16CQ7Bi6MVQY8DPXjcwP2BtYw0TV1YktYkFUbp1e8ieNWv4U306DfwI5huPbjNHwQe771fXvKChFGlHefLqqysrq1vVDdrW9s7u3v2/kFXxanEpINjFst+gBRhVJCOppqRfiIJ4gEjvWB8Xei9RyIVjcWdniTE5+he0IhipA01tKFnCCI0yto59FSKMXmAniRh5iGWjFA+tOtOw5kOXAZuCeqgnNbQ/vHCGKfcXIoZUmrgOon2MyQ1xYzkNS9VJEF4bGIHBgrEifKz6U9yeGKYEEaxNEdoOGX/bmSIKzXhgXFypEdqUSvI/7RBqqMrP6MiSTUReBYUpQzqGBa1wJBKgjWbGICwpOatEI+QRFib8uZSlDbVKWNQZ9xYY1VU5C4Wsgy65w3Xbbjti3rzpiyrCo7AMTgFLrgETXALWqADMHgCL+AVvFnP1rv1YX3OrBWr3DkEc2N9/wIM0aef</latexit><latexit sha1_base64="dGmimO7HKucBAKBifyCBEJSYO5o=">AAACJ3icbVBPS8MwHE3nvzn/VT16CQ7Bi6MVQY8DPXjcwP2BtYw0TV1YktYkFUbp1e8ieNWv4U306DfwI5huPbjNHwQe771fXvKChFGlHefLqqysrq1vVDdrW9s7u3v2/kFXxanEpINjFst+gBRhVJCOppqRfiIJ4gEjvWB8Xei9RyIVjcWdniTE5+he0IhipA01tKFnCCI0yto59FSKMXmAniRh5iGWjFA+tOtOw5kOXAZuCeqgnNbQ/vHCGKfcXIoZUmrgOon2MyQ1xYzkNS9VJEF4bGIHBgrEifKz6U9yeGKYEEaxNEdoOGX/bmSIKzXhgXFypEdqUSvI/7RBqqMrP6MiSTUReBYUpQzqGBa1wJBKgjWbGICwpOatEI+QRFib8uZSlDbVKWNQZ9xYY1VU5C4Wsgy65w3Xbbjti3rzpiyrCo7AMTgFLrgETXALWqADMHgCL+AVvFnP1rv1YX3OrBWr3DkEc2N9/wIM0aef</latexit>

!

Q :
! probability Q!, and a " !

s.t. P = aQ + (1 # a)Q!

"

<latexit sha1_base64="Z88CETpdBBIr1H+7sJq6mIxvoxY="></latexit><latexit sha1_base64="Z88CETpdBBIr1H+7sJq6mIxvoxY="></latexit><latexit sha1_base64="Z88CETpdBBIr1H+7sJq6mIxvoxY="></latexit><latexit sha1_base64="Z88CETpdBBIr1H+7sJq6mIxvoxY="></latexit>

subpopulation with proportion larger than ! ! (0, 1]
<latexit sha1_base64="qDcu8JtBqUrLNMzX/g0+CcfktTY=">AAACHnicbVDLSsNAFJ3UV62vqAsXbgaL0IWWjAi6LOjCZQX7gCaUyWTSDp1MwsxEKCH/IrjV33AnbvUv/AQnbRa2emDgcM653DvHTzhT2nG+rMrK6tr6RnWztrW9s7tn7x90VZxKQjsk5rHs+1hRzgTtaKY57SeS4sjntOdPbgq/90ilYrF40NOEehEeCRYygrWRhvaRK2mQuZgnYwxdJmDDOYPIy4d23Wk6M8C/BJWkDkq0h/a3G8QkjajQhGOlBshJtJdhqRnhNK+5qaIJJhM8ogNDBY6o8rLZB3J4apQAhrE0T2g4U39PZDhSahr5JhlhPVbLXiH+5w1SHV57GRNJqqkg80VhyqGOYdEGDJikRPOpIZhIZm6FZIwlJtp0trBFadOYMgF1HplorIqK0HIhf0n3oolQE91f1lu3ZVlVcAxOQAMgcAVa4A60QQcQkINn8AJerSfrzXq3PubRilXOHIIFWJ8/MiuiSA==</latexit><latexit sha1_base64="qDcu8JtBqUrLNMzX/g0+CcfktTY=">AAACHnicbVDLSsNAFJ3UV62vqAsXbgaL0IWWjAi6LOjCZQX7gCaUyWTSDp1MwsxEKCH/IrjV33AnbvUv/AQnbRa2emDgcM653DvHTzhT2nG+rMrK6tr6RnWztrW9s7tn7x90VZxKQjsk5rHs+1hRzgTtaKY57SeS4sjntOdPbgq/90ilYrF40NOEehEeCRYygrWRhvaRK2mQuZgnYwxdJmDDOYPIy4d23Wk6M8C/BJWkDkq0h/a3G8QkjajQhGOlBshJtJdhqRnhNK+5qaIJJhM8ogNDBY6o8rLZB3J4apQAhrE0T2g4U39PZDhSahr5JhlhPVbLXiH+5w1SHV57GRNJqqkg80VhyqGOYdEGDJikRPOpIZhIZm6FZIwlJtp0trBFadOYMgF1HplorIqK0HIhf0n3oolQE91f1lu3ZVlVcAxOQAMgcAVa4A60QQcQkINn8AJerSfrzXq3PubRilXOHIIFWJ8/MiuiSA==</latexit><latexit sha1_base64="qDcu8JtBqUrLNMzX/g0+CcfktTY=">AAACHnicbVDLSsNAFJ3UV62vqAsXbgaL0IWWjAi6LOjCZQX7gCaUyWTSDp1MwsxEKCH/IrjV33AnbvUv/AQnbRa2emDgcM653DvHTzhT2nG+rMrK6tr6RnWztrW9s7tn7x90VZxKQjsk5rHs+1hRzgTtaKY57SeS4sjntOdPbgq/90ilYrF40NOEehEeCRYygrWRhvaRK2mQuZgnYwxdJmDDOYPIy4d23Wk6M8C/BJWkDkq0h/a3G8QkjajQhGOlBshJtJdhqRnhNK+5qaIJJhM8ogNDBY6o8rLZB3J4apQAhrE0T2g4U39PZDhSahr5JhlhPVbLXiH+5w1SHV57GRNJqqkg80VhyqGOYdEGDJikRPOpIZhIZm6FZIwlJtp0trBFadOYMgF1HplorIqK0HIhf0n3oolQE91f1lu3ZVlVcAxOQAMgcAVa4A60QQcQkINn8AJerSfrzXq3PubRilXOHIIFWJ8/MiuiSA==</latexit><latexit sha1_base64="qDcu8JtBqUrLNMzX/g0+CcfktTY=">AAACHnicbVDLSsNAFJ3UV62vqAsXbgaL0IWWjAi6LOjCZQX7gCaUyWTSDp1MwsxEKCH/IrjV33AnbvUv/AQnbRa2emDgcM653DvHTzhT2nG+rMrK6tr6RnWztrW9s7tn7x90VZxKQjsk5rHs+1hRzgTtaKY57SeS4sjntOdPbgq/90ilYrF40NOEehEeCRYygrWRhvaRK2mQuZgnYwxdJmDDOYPIy4d23Wk6M8C/BJWkDkq0h/a3G8QkjajQhGOlBshJtJdhqRnhNK+5qaIJJhM8ogNDBY6o8rLZB3J4apQAhrE0T2g4U39PZDhSahr5JhlhPVbLXiH+5w1SHV57GRNJqqkg80VhyqGOYdEGDJikRPOpIZhIZm6FZIwlJtp0trBFadOYMgF1HplorIqK0HIhf0n3oolQE91f1lu3ZVlVcAxOQAMgcAVa4A60QQcQkINn8AJerSfrzXq3PubRilXOHIIFWJ8/MiuiSA==</latexit>



Random minority proportions

worst-case over probability       on minority proportionPA
<latexit sha1_base64="WtS+gABWWJjalLHH0luZyCS5HkI=">AAACD3icbVDLSgMxFM34rPVVdekmWAQ3lhkRdNnixmUF+8B2KJn0tg3NY0gyQhkK/oLgVn/Dnbj1E/wLP8FM24VtPRA4nHPCvfdEMWfG+v63t7K6tr6xmdvKb+/s7u0XDg7rRiWaQo0qrnQzIgY4k1CzzHJoxhqIiDg0ouFN5jceQRum5L0dxRAK0pesxyixTnpoRzyBtNqpjDuFol/yJ8DLJJiRIpqh2in8tLuKJgKkpZwY0wr82IYp0ZZRDuN8OzEQEzokfWg5KokAE6aTjcf41Cld3FPaPWnxRP37IyXCmJGIXFIQOzCLXib+57US27sOUybjxIKk00G9hGOrcHY+7jIN1PKRI4Rq5nbFdEA0odaVNDfFWFeRcQFzLlxUmayiYLGQZVK/KAWO310Wy5WnaVk5dIxO0BkK0BUqo1tURTVEkUQv6BW9ec/eu/fhfU6jK96s4CM0B+/rF7Fmnmc=</latexit><latexit sha1_base64="WtS+gABWWJjalLHH0luZyCS5HkI=">AAACD3icbVDLSgMxFM34rPVVdekmWAQ3lhkRdNnixmUF+8B2KJn0tg3NY0gyQhkK/oLgVn/Dnbj1E/wLP8FM24VtPRA4nHPCvfdEMWfG+v63t7K6tr6xmdvKb+/s7u0XDg7rRiWaQo0qrnQzIgY4k1CzzHJoxhqIiDg0ouFN5jceQRum5L0dxRAK0pesxyixTnpoRzyBtNqpjDuFol/yJ8DLJJiRIpqh2in8tLuKJgKkpZwY0wr82IYp0ZZRDuN8OzEQEzokfWg5KokAE6aTjcf41Cld3FPaPWnxRP37IyXCmJGIXFIQOzCLXib+57US27sOUybjxIKk00G9hGOrcHY+7jIN1PKRI4Rq5nbFdEA0odaVNDfFWFeRcQFzLlxUmayiYLGQZVK/KAWO310Wy5WnaVk5dIxO0BkK0BUqo1tURTVEkUQv6BW9ec/eu/fhfU6jK96s4CM0B+/rF7Fmnmc=</latexit><latexit sha1_base64="WtS+gABWWJjalLHH0luZyCS5HkI=">AAACD3icbVDLSgMxFM34rPVVdekmWAQ3lhkRdNnixmUF+8B2KJn0tg3NY0gyQhkK/oLgVn/Dnbj1E/wLP8FM24VtPRA4nHPCvfdEMWfG+v63t7K6tr6xmdvKb+/s7u0XDg7rRiWaQo0qrnQzIgY4k1CzzHJoxhqIiDg0ouFN5jceQRum5L0dxRAK0pesxyixTnpoRzyBtNqpjDuFol/yJ8DLJJiRIpqh2in8tLuKJgKkpZwY0wr82IYp0ZZRDuN8OzEQEzokfWg5KokAE6aTjcf41Cld3FPaPWnxRP37IyXCmJGIXFIQOzCLXib+57US27sOUybjxIKk00G9hGOrcHY+7jIN1PKRI4Rq5nbFdEA0odaVNDfFWFeRcQFzLlxUmayiYLGQZVK/KAWO310Wy5WnaVk5dIxO0BkK0BUqo1tURTVEkUQv6BW9ec/eu/fhfU6jK96s4CM0B+/rF7Fmnmc=</latexit><latexit sha1_base64="WtS+gABWWJjalLHH0luZyCS5HkI=">AAACD3icbVDLSgMxFM34rPVVdekmWAQ3lhkRdNnixmUF+8B2KJn0tg3NY0gyQhkK/oLgVn/Dnbj1E/wLP8FM24VtPRA4nHPCvfdEMWfG+v63t7K6tr6xmdvKb+/s7u0XDg7rRiWaQo0qrnQzIgY4k1CzzHJoxhqIiDg0ouFN5jceQRum5L0dxRAK0pesxyixTnpoRzyBtNqpjDuFol/yJ8DLJJiRIpqh2in8tLuKJgKkpZwY0wr82IYp0ZZRDuN8OzEQEzokfWg5KokAE6aTjcf41Cld3FPaPWnxRP37IyXCmJGIXFIQOzCLXib+57US27sOUybjxIKk00G9hGOrcHY+7jIN1PKRI4Rq5nbFdEA0odaVNDfFWFeRcQFzLlxUmayiYLGQZVK/KAWO310Wy5WnaVk5dIxO0BkK0BUqo1tURTVEkUQv6BW9ec/eu/fhfU6jK96s4CM0B+/rF7Fmnmc=</latexit>

A
<latexit sha1_base64="0Wftv6WskB0KnGvPqlQ6hu6q/gI=">AAACDXicbVDLSgMxFM3UV62vqks3wSK4scyIoMsWNy4r2Ae0Q8mkt21oHkOSEcpQ8A8Et/ob7sSt3+Bf+Alm2i5s64HA4ZwT7r0nijkz1ve/vdza+sbmVn67sLO7t39QPDxqGJVoCnWquNKtiBjgTELdMsuhFWsgIuLQjEa3md98BG2Ykg92HEMoyECyPqPEOqnViXgCaXXSLZb8sj8FXiXBnJTQHLVu8afTUzQRIC3lxJh24Mc2TIm2jHKYFDqJgZjQERlA21FJBJgwne47wWdO6eG+0u5Ji6fq3x8pEcaMReSSgtihWfYy8T+vndj+TZgyGScWJJ0N6iccW4Wz43GPaaCWjx0hVDO3K6ZDogm1rqKFKca6gowLmAvhospkFQXLhaySxmU5cPz+qlSpPs3KyqMTdIrOUYCuUQXdoRqqI4o4ekGv6M179t69D+9zFs1584KP0QK8r19Cy52k</latexit><latexit sha1_base64="0Wftv6WskB0KnGvPqlQ6hu6q/gI=">AAACDXicbVDLSgMxFM3UV62vqks3wSK4scyIoMsWNy4r2Ae0Q8mkt21oHkOSEcpQ8A8Et/ob7sSt3+Bf+Alm2i5s64HA4ZwT7r0nijkz1ve/vdza+sbmVn67sLO7t39QPDxqGJVoCnWquNKtiBjgTELdMsuhFWsgIuLQjEa3md98BG2Ykg92HEMoyECyPqPEOqnViXgCaXXSLZb8sj8FXiXBnJTQHLVu8afTUzQRIC3lxJh24Mc2TIm2jHKYFDqJgZjQERlA21FJBJgwne47wWdO6eG+0u5Ji6fq3x8pEcaMReSSgtihWfYy8T+vndj+TZgyGScWJJ0N6iccW4Wz43GPaaCWjx0hVDO3K6ZDogm1rqKFKca6gowLmAvhospkFQXLhaySxmU5cPz+qlSpPs3KyqMTdIrOUYCuUQXdoRqqI4o4ekGv6M179t69D+9zFs1584KP0QK8r19Cy52k</latexit><latexit sha1_base64="0Wftv6WskB0KnGvPqlQ6hu6q/gI=">AAACDXicbVDLSgMxFM3UV62vqks3wSK4scyIoMsWNy4r2Ae0Q8mkt21oHkOSEcpQ8A8Et/ob7sSt3+Bf+Alm2i5s64HA4ZwT7r0nijkz1ve/vdza+sbmVn67sLO7t39QPDxqGJVoCnWquNKtiBjgTELdMsuhFWsgIuLQjEa3md98BG2Ykg92HEMoyECyPqPEOqnViXgCaXXSLZb8sj8FXiXBnJTQHLVu8afTUzQRIC3lxJh24Mc2TIm2jHKYFDqJgZjQERlA21FJBJgwne47wWdO6eG+0u5Ji6fq3x8pEcaMReSSgtihWfYy8T+vndj+TZgyGScWJJ0N6iccW4Wz43GPaaCWjx0hVDO3K6ZDogm1rqKFKca6gowLmAvhospkFQXLhaySxmU5cPz+qlSpPs3KyqMTdIrOUYCuUQXdoRqqI4o4ekGv6M179t69D+9zFs1584KP0QK8r19Cy52k</latexit><latexit sha1_base64="0Wftv6WskB0KnGvPqlQ6hu6q/gI=">AAACDXicbVDLSgMxFM3UV62vqks3wSK4scyIoMsWNy4r2Ae0Q8mkt21oHkOSEcpQ8A8Et/ob7sSt3+Bf+Alm2i5s64HA4ZwT7r0nijkz1ve/vdza+sbmVn67sLO7t39QPDxqGJVoCnWquNKtiBjgTELdMsuhFWsgIuLQjEa3md98BG2Ykg92HEMoyECyPqPEOqnViXgCaXXSLZb8sj8FXiXBnJTQHLVu8afTUzQRIC3lxJh24Mc2TIm2jHKYFDqJgZjQERlA21FJBJgwne47wWdO6eG+0u5Ji6fq3x8pEcaMReSSgtihWfYy8T+vndj+TZgyGScWJJ0N6iccW4Wz43GPaaCWjx0hVDO3K6ZDogm1rqKFKca6gowLmAvhospkFQXLhaySxmU5cPz+qlSpPs3KyqMTdIrOUYCuUQXdoRqqI4o4ekGv6M179t69D+9zFs1584KP0QK8r19Cy52k</latexit>

worst-case over subpopulation larger than A ! (0, 1]
<latexit sha1_base64="GXRGSMwjwPNgQV0hbciXIEp2BbE=">AAACGnicbZDLSgMxGIUzXmu9jXbpJliELrTMiKDLFjcuK9gLdIaSSdM2NJchyQjDMOCDCG71NdyJWze+hY9gelnY1h8Ch3NO+H++KGZUG8/7dtbWNza3tgs7xd29/YND9+i4pWWiMGliyaTqREgTRgVpGmoY6cSKIB4x0o7Gt5O8/UiUplI8mDQmIUdDQQcUI2OtnlsKIpaQrJ7DgApY8c6hH/bcslf1pgNXhT8XZTCfRs/9CfoSJ5wIgxnSuut7sQkzpAzFjOTFINEkRniMhqRrpUCc6DCbHp/DM+v04UAq+4SBU/fvjwxxrVMe2SZHZqSXs4n5X9ZNzOAmzKiIE0MEni0aJAwaCSckYJ8qgg1LrUBYUXsrxCOkEDaW18IWbSwtbQv6gtuq1LlF5C8DWRWty6rvV/37q3Kt/jSDVQAn4BRUgA+uQQ3cgQZoAgxS8AJewZvz7Lw7H87nrLrmzAGXwMI4X7/adKDp</latexit><latexit sha1_base64="GXRGSMwjwPNgQV0hbciXIEp2BbE=">AAACGnicbZDLSgMxGIUzXmu9jXbpJliELrTMiKDLFjcuK9gLdIaSSdM2NJchyQjDMOCDCG71NdyJWze+hY9gelnY1h8Ch3NO+H++KGZUG8/7dtbWNza3tgs7xd29/YND9+i4pWWiMGliyaTqREgTRgVpGmoY6cSKIB4x0o7Gt5O8/UiUplI8mDQmIUdDQQcUI2OtnlsKIpaQrJ7DgApY8c6hH/bcslf1pgNXhT8XZTCfRs/9CfoSJ5wIgxnSuut7sQkzpAzFjOTFINEkRniMhqRrpUCc6DCbHp/DM+v04UAq+4SBU/fvjwxxrVMe2SZHZqSXs4n5X9ZNzOAmzKiIE0MEni0aJAwaCSckYJ8qgg1LrUBYUXsrxCOkEDaW18IWbSwtbQv6gtuq1LlF5C8DWRWty6rvV/37q3Kt/jSDVQAn4BRUgA+uQQ3cgQZoAgxS8AJewZvz7Lw7H87nrLrmzAGXwMI4X7/adKDp</latexit><latexit sha1_base64="GXRGSMwjwPNgQV0hbciXIEp2BbE=">AAACGnicbZDLSgMxGIUzXmu9jXbpJliELrTMiKDLFjcuK9gLdIaSSdM2NJchyQjDMOCDCG71NdyJWze+hY9gelnY1h8Ch3NO+H++KGZUG8/7dtbWNza3tgs7xd29/YND9+i4pWWiMGliyaTqREgTRgVpGmoY6cSKIB4x0o7Gt5O8/UiUplI8mDQmIUdDQQcUI2OtnlsKIpaQrJ7DgApY8c6hH/bcslf1pgNXhT8XZTCfRs/9CfoSJ5wIgxnSuut7sQkzpAzFjOTFINEkRniMhqRrpUCc6DCbHp/DM+v04UAq+4SBU/fvjwxxrVMe2SZHZqSXs4n5X9ZNzOAmzKiIE0MEni0aJAwaCSckYJ8qgg1LrUBYUXsrxCOkEDaW18IWbSwtbQv6gtuq1LlF5C8DWRWty6rvV/37q3Kt/jSDVQAn4BRUgA+uQQ3cgQZoAgxS8AJewZvz7Lw7H87nrLrmzAGXwMI4X7/adKDp</latexit><latexit sha1_base64="GXRGSMwjwPNgQV0hbciXIEp2BbE=">AAACGnicbZDLSgMxGIUzXmu9jXbpJliELrTMiKDLFjcuK9gLdIaSSdM2NJchyQjDMOCDCG71NdyJWze+hY9gelnY1h8Ch3NO+H++KGZUG8/7dtbWNza3tgs7xd29/YND9+i4pWWiMGliyaTqREgTRgVpGmoY6cSKIB4x0o7Gt5O8/UiUplI8mDQmIUdDQQcUI2OtnlsKIpaQrJ7DgApY8c6hH/bcslf1pgNXhT8XZTCfRs/9CfoSJ5wIgxnSuut7sQkzpAzFjOTFINEkRniMhqRrpUCc6DCbHp/DM+v04UAq+4SBU/fvjwxxrVMe2SZHZqSXs4n5X9ZNzOAmzKiIE0MEni0aJAwaCSckYJ8qgg1LrUBYUXsrxCOkEDaW18IWbSwtbQv6gtuq1LlF5C8DWRWty6rvV/37q3Kt/jSDVQAn4BRUgA+uQQ3cgQZoAgxS8AJewZvz7Lw7H87nrLrmzAGXwMI4X7/adKDp</latexit>

• Worst-case loss over subpopulations larger than ! ! (0, 1]
<latexit sha1_base64="qDcu8JtBqUrLNMzX/g0+CcfktTY=">AAACHnicbVDLSsNAFJ3UV62vqAsXbgaL0IWWjAi6LOjCZQX7gCaUyWTSDp1MwsxEKCH/IrjV33AnbvUv/AQnbRa2emDgcM653DvHTzhT2nG+rMrK6tr6RnWztrW9s7tn7x90VZxKQjsk5rHs+1hRzgTtaKY57SeS4sjntOdPbgq/90ilYrF40NOEehEeCRYygrWRhvaRK2mQuZgnYwxdJmDDOYPIy4d23Wk6M8C/BJWkDkq0h/a3G8QkjajQhGOlBshJtJdhqRnhNK+5qaIJJhM8ogNDBY6o8rLZB3J4apQAhrE0T2g4U39PZDhSahr5JhlhPVbLXiH+5w1SHV57GRNJqqkg80VhyqGOYdEGDJikRPOpIZhIZm6FZIwlJtp0trBFadOYMgF1HplorIqK0HIhf0n3oolQE91f1lu3ZVlVcAxOQAMgcAVa4A60QQcQkINn8AJerSfrzXq3PubRilXOHIIFWJ8/MiuiSA==</latexit><latexit sha1_base64="qDcu8JtBqUrLNMzX/g0+CcfktTY=">AAACHnicbVDLSsNAFJ3UV62vqAsXbgaL0IWWjAi6LOjCZQX7gCaUyWTSDp1MwsxEKCH/IrjV33AnbvUv/AQnbRa2emDgcM653DvHTzhT2nG+rMrK6tr6RnWztrW9s7tn7x90VZxKQjsk5rHs+1hRzgTtaKY57SeS4sjntOdPbgq/90ilYrF40NOEehEeCRYygrWRhvaRK2mQuZgnYwxdJmDDOYPIy4d23Wk6M8C/BJWkDkq0h/a3G8QkjajQhGOlBshJtJdhqRnhNK+5qaIJJhM8ogNDBY6o8rLZB3J4apQAhrE0T2g4U39PZDhSahr5JhlhPVbLXiH+5w1SHV57GRNJqqkg80VhyqGOYdEGDJikRPOpIZhIZm6FZIwlJtp0trBFadOYMgF1HplorIqK0HIhf0n3oolQE91f1lu3ZVlVcAxOQAMgcAVa4A60QQcQkINn8AJerSfrzXq3PubRilXOHIIFWJ8/MiuiSA==</latexit><latexit sha1_base64="qDcu8JtBqUrLNMzX/g0+CcfktTY=">AAACHnicbVDLSsNAFJ3UV62vqAsXbgaL0IWWjAi6LOjCZQX7gCaUyWTSDp1MwsxEKCH/IrjV33AnbvUv/AQnbRa2emDgcM653DvHTzhT2nG+rMrK6tr6RnWztrW9s7tn7x90VZxKQjsk5rHs+1hRzgTtaKY57SeS4sjntOdPbgq/90ilYrF40NOEehEeCRYygrWRhvaRK2mQuZgnYwxdJmDDOYPIy4d23Wk6M8C/BJWkDkq0h/a3G8QkjajQhGOlBshJtJdhqRnhNK+5qaIJJhM8ogNDBY6o8rLZB3J4apQAhrE0T2g4U39PZDhSahr5JhlhPVbLXiH+5w1SHV57GRNJqqkg80VhyqGOYdEGDJikRPOpIZhIZm6FZIwlJtp0trBFadOYMgF1HplorIqK0HIhf0n3oolQE91f1lu3ZVlVcAxOQAMgcAVa4A60QQcQkINn8AJerSfrzXq3PubRilXOHIIFWJ8/MiuiSA==</latexit><latexit sha1_base64="qDcu8JtBqUrLNMzX/g0+CcfktTY=">AAACHnicbVDLSsNAFJ3UV62vqAsXbgaL0IWWjAi6LOjCZQX7gCaUyWTSDp1MwsxEKCH/IrjV33AnbvUv/AQnbRa2emDgcM653DvHTzhT2nG+rMrK6tr6RnWztrW9s7tn7x90VZxKQjsk5rHs+1hRzgTtaKY57SeS4sjntOdPbgq/90ilYrF40NOEehEeCRYygrWRhvaRK2mQuZgnYwxdJmDDOYPIy4d23Wk6M8C/BJWkDkq0h/a3G8QkjajQhGOlBshJtJdhqRnhNK+5qaIJJhM8ogNDBY6o8rLZB3J4apQAhrE0T2g4U39PZDhSahr5JhlhPVbLXiH+5w1SHV57GRNJqqkg80VhyqGOYdEGDJikRPOpIZhIZm6FZIwlJtp0trBFadOYMgF1HplorIqK0HIhf0n3oolQE91f1lu3ZVlVcAxOQAMgcAVa4A60QQcQkINn8AJerSfrzXq3PubRilXOHIIFWJ8/MiuiSA==</latexit>

sup
Q! !

EQ [! (" ; Z )]
<latexit sha1_base64="7/8rFXwp2nBc/Iq0hKbXVRl5NDk="></latexit><latexit sha1_base64="7/8rFXwp2nBc/Iq0hKbXVRl5NDk="></latexit><latexit sha1_base64="7/8rFXwp2nBc/Iq0hKbXVRl5NDk="></latexit><latexit sha1_base64="7/8rFXwp2nBc/Iq0hKbXVRl5NDk="></latexit>

• Let                be a random minority proportion


• Take another worst-case over 

sup
PA ! P A

EA " PA

!
sup
Q# A

EQ [! (" ; Z )]
"

<latexit sha1_base64="MBjtsGiCubSyW1u/EVldGkSyvT8="></latexit><latexit sha1_base64="MBjtsGiCubSyW1u/EVldGkSyvT8="></latexit><latexit sha1_base64="MBjtsGiCubSyW1u/EVldGkSyvT8="></latexit><latexit sha1_base64="MBjtsGiCubSyW1u/EVldGkSyvT8="></latexit>

A ! PA
<latexit sha1_base64="HwPKBvYCCOYt10MIJ7C0NzQRaYM=">AAACGHicbZDLSgMxGIUz9VbrbapLN8EiuLHMiKDLFjcuK9gLtMOQSTNtaC5DklHKUPA5BLf6Gu7ErTvfwkcw03ZhW38IHM454f/5ooRRbTzv2ymsrW9sbhW3Szu7e/sHbvmwpWWqMGliyaTqREgTRgVpGmoY6SSKIB4x0o5GN3nefiBKUynuzTghAUcDQWOKkbFW6JZ7EUtJVoc9TTlshPVJ6Fa8qjcduCr8uaiA+TRC96fXlzjlRBjMkNZd30tMkCFlKGZkUuqlmiQIj9CAdK0UiBMdZNPTJ/DUOn0YS2WfMHDq/v2RIa71mEe2yZEZ6uUsN//LuqmJr4OMiiQ1RODZojhl0EiYc4B9qgg2bGwFworaWyEeIoWwsbQWtmhjWWlb0OfcVqXOEfnLQFZF66Lq+1X/7rJSqz/NYBXBMTgBZ8AHV6AGbkEDNAEGj+AFvII359l5dz6cz1m14MwBH4GFcb5+AdOZoQU=</latexit><latexit sha1_base64="HwPKBvYCCOYt10MIJ7C0NzQRaYM=">AAACGHicbZDLSgMxGIUz9VbrbapLN8EiuLHMiKDLFjcuK9gLtMOQSTNtaC5DklHKUPA5BLf6Gu7ErTvfwkcw03ZhW38IHM454f/5ooRRbTzv2ymsrW9sbhW3Szu7e/sHbvmwpWWqMGliyaTqREgTRgVpGmoY6SSKIB4x0o5GN3nefiBKUynuzTghAUcDQWOKkbFW6JZ7EUtJVoc9TTlshPVJ6Fa8qjcduCr8uaiA+TRC96fXlzjlRBjMkNZd30tMkCFlKGZkUuqlmiQIj9CAdK0UiBMdZNPTJ/DUOn0YS2WfMHDq/v2RIa71mEe2yZEZ6uUsN//LuqmJr4OMiiQ1RODZojhl0EiYc4B9qgg2bGwFworaWyEeIoWwsbQWtmhjWWlb0OfcVqXOEfnLQFZF66Lq+1X/7rJSqz/NYBXBMTgBZ8AHV6AGbkEDNAEGj+AFvII359l5dz6cz1m14MwBH4GFcb5+AdOZoQU=</latexit><latexit sha1_base64="HwPKBvYCCOYt10MIJ7C0NzQRaYM=">AAACGHicbZDLSgMxGIUz9VbrbapLN8EiuLHMiKDLFjcuK9gLtMOQSTNtaC5DklHKUPA5BLf6Gu7ErTvfwkcw03ZhW38IHM454f/5ooRRbTzv2ymsrW9sbhW3Szu7e/sHbvmwpWWqMGliyaTqREgTRgVpGmoY6SSKIB4x0o5GN3nefiBKUynuzTghAUcDQWOKkbFW6JZ7EUtJVoc9TTlshPVJ6Fa8qjcduCr8uaiA+TRC96fXlzjlRBjMkNZd30tMkCFlKGZkUuqlmiQIj9CAdK0UiBMdZNPTJ/DUOn0YS2WfMHDq/v2RIa71mEe2yZEZ6uUsN//LuqmJr4OMiiQ1RODZojhl0EiYc4B9qgg2bGwFworaWyEeIoWwsbQWtmhjWWlb0OfcVqXOEfnLQFZF66Lq+1X/7rJSqz/NYBXBMTgBZ8AHV6AGbkEDNAEGj+AFvII359l5dz6cz1m14MwBH4GFcb5+AdOZoQU=</latexit><latexit sha1_base64="HwPKBvYCCOYt10MIJ7C0NzQRaYM=">AAACGHicbZDLSgMxGIUz9VbrbapLN8EiuLHMiKDLFjcuK9gLtMOQSTNtaC5DklHKUPA5BLf6Gu7ErTvfwkcw03ZhW38IHM454f/5ooRRbTzv2ymsrW9sbhW3Szu7e/sHbvmwpWWqMGliyaTqREgTRgVpGmoY6SSKIB4x0o5GN3nefiBKUynuzTghAUcDQWOKkbFW6JZ7EUtJVoc9TTlshPVJ6Fa8qjcduCr8uaiA+TRC96fXlzjlRBjMkNZd30tMkCFlKGZkUuqlmiQIj9CAdK0UiBMdZNPTJ/DUOn0YS2WfMHDq/v2RIa71mEe2yZEZ6uUsN//LuqmJr4OMiiQ1RODZojhl0EiYc4B9qgg2bGwFworaWyEeIoWwsbQWtmhjWWlb0OfcVqXOEfnLQFZF66Lq+1X/7rJSqz/NYBXBMTgBZ8AHV6AGbkEDNAEGj+AFvII359l5dz6cz1m14MwBH4GFcb5+AdOZoQU=</latexit>

PA ! PA
<latexit sha1_base64="taWdCZ9QBSDwsrM0AK1OzBwYXLE=">AAACHnicbZBNS8MwHMZTX+d8q3rw4CU4BC+OVgQ9bnjxWMG9wFpKmqVbWJKWJBVGKfhRBK/6NbyJV/0WfgTTbQe3+YfAw/M84Z/8opRRpR3n21pZXVvf2KxsVbd3dvf27YPDtkoyiUkLJyyR3QgpwqggLU01I91UEsQjRjrR6LbMO49EKpqIBz1OScDRQNCYYqSNFdrHfsQyknthE/pUQJ/j3CvCZhHaNafuTAYuC3cmamA2Xmj/+P0EZ5wIjRlSquc6qQ5yJDXFjBRVP1MkRXiEBqRnpECcqCCffKCAZ8bpwziR5ggNJ+7fGzniSo15ZJoc6aFazErzv6yX6fgmyKlIM00Eni6KMwZ1AksasE8lwZqNjUBYUvNWiIdIIqwNs7ktShtiyhTUBTfVRJWI3EUgy6J9WXfdunt/VWs0n6awKuAEnIJz4IJr0AB3wAMtgEEBXsAreLOerXfrw/qcVlesGeAjMDfW1y/Ad6Oi</latexit><latexit sha1_base64="taWdCZ9QBSDwsrM0AK1OzBwYXLE=">AAACHnicbZBNS8MwHMZTX+d8q3rw4CU4BC+OVgQ9bnjxWMG9wFpKmqVbWJKWJBVGKfhRBK/6NbyJV/0WfgTTbQe3+YfAw/M84Z/8opRRpR3n21pZXVvf2KxsVbd3dvf27YPDtkoyiUkLJyyR3QgpwqggLU01I91UEsQjRjrR6LbMO49EKpqIBz1OScDRQNCYYqSNFdrHfsQyknthE/pUQJ/j3CvCZhHaNafuTAYuC3cmamA2Xmj/+P0EZ5wIjRlSquc6qQ5yJDXFjBRVP1MkRXiEBqRnpECcqCCffKCAZ8bpwziR5ggNJ+7fGzniSo15ZJoc6aFazErzv6yX6fgmyKlIM00Eni6KMwZ1AksasE8lwZqNjUBYUvNWiIdIIqwNs7ktShtiyhTUBTfVRJWI3EUgy6J9WXfdunt/VWs0n6awKuAEnIJz4IJr0AB3wAMtgEEBXsAreLOerXfrw/qcVlesGeAjMDfW1y/Ad6Oi</latexit><latexit sha1_base64="taWdCZ9QBSDwsrM0AK1OzBwYXLE=">AAACHnicbZBNS8MwHMZTX+d8q3rw4CU4BC+OVgQ9bnjxWMG9wFpKmqVbWJKWJBVGKfhRBK/6NbyJV/0WfgTTbQe3+YfAw/M84Z/8opRRpR3n21pZXVvf2KxsVbd3dvf27YPDtkoyiUkLJyyR3QgpwqggLU01I91UEsQjRjrR6LbMO49EKpqIBz1OScDRQNCYYqSNFdrHfsQyknthE/pUQJ/j3CvCZhHaNafuTAYuC3cmamA2Xmj/+P0EZ5wIjRlSquc6qQ5yJDXFjBRVP1MkRXiEBqRnpECcqCCffKCAZ8bpwziR5ggNJ+7fGzniSo15ZJoc6aFazErzv6yX6fgmyKlIM00Eni6KMwZ1AksasE8lwZqNjUBYUvNWiIdIIqwNs7ktShtiyhTUBTfVRJWI3EUgy6J9WXfdunt/VWs0n6awKuAEnIJz4IJr0AB3wAMtgEEBXsAreLOerXfrw/qcVlesGeAjMDfW1y/Ad6Oi</latexit><latexit sha1_base64="taWdCZ9QBSDwsrM0AK1OzBwYXLE=">AAACHnicbZBNS8MwHMZTX+d8q3rw4CU4BC+OVgQ9bnjxWMG9wFpKmqVbWJKWJBVGKfhRBK/6NbyJV/0WfgTTbQe3+YfAw/M84Z/8opRRpR3n21pZXVvf2KxsVbd3dvf27YPDtkoyiUkLJyyR3QgpwqggLU01I91UEsQjRjrR6LbMO49EKpqIBz1OScDRQNCYYqSNFdrHfsQyknthE/pUQJ/j3CvCZhHaNafuTAYuC3cmamA2Xmj/+P0EZ5wIjRlSquc6qQ5yJDXFjBRVP1MkRXiEBqRnpECcqCCffKCAZ8bpwziR5ggNJ+7fGzniSo15ZJoc6aFazErzv6yX6fgmyKlIM00Eni6KMwZ1AksasE8lwZqNjUBYUvNWiIdIIqwNs7ktShtiyhTUBTfVRJWI3EUgy6J9WXfdunt/VWs0n6awKuAEnIJz4IJr0AB3wAMtgEEBXsAreLOerXfrw/qcVlesGeAjMDfW1y/Ad6Oi</latexit>

EA ! PA

!
sup
Q" A

EQ [! (" ; Z )]
"

<latexit sha1_base64="j97rAiCTusrZGcasX14hTgfFaKs="></latexit><latexit sha1_base64="j97rAiCTusrZGcasX14hTgfFaKs="></latexit><latexit sha1_base64="j97rAiCTusrZGcasX14hTgfFaKs="></latexit><latexit sha1_base64="j97rAiCTusrZGcasX14hTgfFaKs="></latexit>



Lemma:  There is      , a set of probabilities on        s.t.

P
<latexit sha1_base64="5KlGaWxIcj8iTmbgiQWDbwf/bno=">AAACF3icbVDLSsNAFJ3UV62vqEs3g0VwY0lE0GVBFy4r2Ac0oUymEzt0HmFmUighHyK41d9wJ25d+hd+gpM2C9t6YOBwzrlzLydKGNXG876dytr6xuZWdbu2s7u3f+AeHnW0TBUmbSyZVL0IacKoIG1DDSO9RBHEI0a60fi28LsTojSV4tFMExJy9CRoTDEyVhq4bmAFIgzKAo6zVp4P3LrX8GaAq8QvSR2UaA3cn2AoccrtJ5ghrfu+l5gwQ8pQzEheC1JNEoTHdk3fUoE40WE2uzyHZ1YZwlgq+4SBM/XvRIa41lMe2SRHZqSXvUL8z+unJr4JMyqS1BCB54vilEEjYVEDHFJFsGFTSxBW1N4K8QgphI0ta2GLNrYqbQP6gtuo1EVF/nIhq6Rz2fD9hv9wVW/elWVVwQk4BefAB9egCe5BC7QBBhPwAl7Bm/PsvDsfzuc8WnHKmWOwAOfrF3ffoRE=</latexit><latexit sha1_base64="5KlGaWxIcj8iTmbgiQWDbwf/bno=">AAACF3icbVDLSsNAFJ3UV62vqEs3g0VwY0lE0GVBFy4r2Ac0oUymEzt0HmFmUighHyK41d9wJ25d+hd+gpM2C9t6YOBwzrlzLydKGNXG876dytr6xuZWdbu2s7u3f+AeHnW0TBUmbSyZVL0IacKoIG1DDSO9RBHEI0a60fi28LsTojSV4tFMExJy9CRoTDEyVhq4bmAFIgzKAo6zVp4P3LrX8GaAq8QvSR2UaA3cn2AoccrtJ5ghrfu+l5gwQ8pQzEheC1JNEoTHdk3fUoE40WE2uzyHZ1YZwlgq+4SBM/XvRIa41lMe2SRHZqSXvUL8z+unJr4JMyqS1BCB54vilEEjYVEDHFJFsGFTSxBW1N4K8QgphI0ta2GLNrYqbQP6gtuo1EVF/nIhq6Rz2fD9hv9wVW/elWVVwQk4BefAB9egCe5BC7QBBhPwAl7Bm/PsvDsfzuc8WnHKmWOwAOfrF3ffoRE=</latexit><latexit sha1_base64="5KlGaWxIcj8iTmbgiQWDbwf/bno=">AAACF3icbVDLSsNAFJ3UV62vqEs3g0VwY0lE0GVBFy4r2Ac0oUymEzt0HmFmUighHyK41d9wJ25d+hd+gpM2C9t6YOBwzrlzLydKGNXG876dytr6xuZWdbu2s7u3f+AeHnW0TBUmbSyZVL0IacKoIG1DDSO9RBHEI0a60fi28LsTojSV4tFMExJy9CRoTDEyVhq4bmAFIgzKAo6zVp4P3LrX8GaAq8QvSR2UaA3cn2AoccrtJ5ghrfu+l5gwQ8pQzEheC1JNEoTHdk3fUoE40WE2uzyHZ1YZwlgq+4SBM/XvRIa41lMe2SRHZqSXvUL8z+unJr4JMyqS1BCB54vilEEjYVEDHFJFsGFTSxBW1N4K8QgphI0ta2GLNrYqbQP6gtuo1EVF/nIhq6Rz2fD9hv9wVW/elWVVwQk4BefAB9egCe5BC7QBBhPwAl7Bm/PsvDsfzuc8WnHKmWOwAOfrF3ffoRE=</latexit><latexit sha1_base64="5KlGaWxIcj8iTmbgiQWDbwf/bno=">AAACF3icbVDLSsNAFJ3UV62vqEs3g0VwY0lE0GVBFy4r2Ac0oUymEzt0HmFmUighHyK41d9wJ25d+hd+gpM2C9t6YOBwzrlzLydKGNXG876dytr6xuZWdbu2s7u3f+AeHnW0TBUmbSyZVL0IacKoIG1DDSO9RBHEI0a60fi28LsTojSV4tFMExJy9CRoTDEyVhq4bmAFIgzKAo6zVp4P3LrX8GaAq8QvSR2UaA3cn2AoccrtJ5ghrfu+l5gwQ8pQzEheC1JNEoTHdk3fUoE40WE2uzyHZ1YZwlgq+4SBM/XvRIa41lMe2SRHZqSXvUL8z+unJr4JMyqS1BCB54vilEEjYVEDHFJFsGFTSxBW1N4K8QgphI0ta2GLNrYqbQP6gtuo1EVF/nIhq6Rz2fD9hv9wVW/elWVVwQk4BefAB9egCe5BC7QBBhPwAl7Bm/PsvDsfzuc8WnHKmWOwAOfrF3ffoRE=</latexit>

Let       be a convex set of probability distributions.

PA
<latexit sha1_base64="39KPmsepRU1KtUhtVYMTRNeC6+I=">AAACFnicbZDLSgMxGIUz9VbrpaMu3QSL4MYyI4IuW9y4rGBboTMMmTRtQ5PMkItQhgEfQ3Crr+FO3Lr1LXwEM20XtvWHwOGcE/6fL04ZVdrzvp3S2vrG5lZ5u7Kzu7dfdQ8OOyoxEpM2TlgiH2KkCKOCtDXVjDykkiAeM9KNxzdF3n0kUtFE3OtJSkKOhoIOKEbaWpFbDWJmSBZwnLXyqJlHbs2re9OBq8KfixqYTytyf4J+gg0nQmOGlOr5XqrDDElNMSN5JTCKpAiP0ZD0rBSIExVm08NzeGqdPhwk0j6h4dT9+yNDXKkJj22TIz1Sy1lh/pf1jB5chxkVqdFE4NmigWFQJ7CgAPtUEqzZxAqEJbW3QjxCEmFtWS1sUdqSUragzrmtJqpA5C8DWRWdi7rv1/27y1qj+TSDVQbH4AScAR9cgQa4BS3QBhgY8AJewZvz7Lw7H87nrFpy5oCPwMI4X79+cKDv</latexit><latexit sha1_base64="39KPmsepRU1KtUhtVYMTRNeC6+I=">AAACFnicbZDLSgMxGIUz9VbrpaMu3QSL4MYyI4IuW9y4rGBboTMMmTRtQ5PMkItQhgEfQ3Crr+FO3Lr1LXwEM20XtvWHwOGcE/6fL04ZVdrzvp3S2vrG5lZ5u7Kzu7dfdQ8OOyoxEpM2TlgiH2KkCKOCtDXVjDykkiAeM9KNxzdF3n0kUtFE3OtJSkKOhoIOKEbaWpFbDWJmSBZwnLXyqJlHbs2re9OBq8KfixqYTytyf4J+gg0nQmOGlOr5XqrDDElNMSN5JTCKpAiP0ZD0rBSIExVm08NzeGqdPhwk0j6h4dT9+yNDXKkJj22TIz1Sy1lh/pf1jB5chxkVqdFE4NmigWFQJ7CgAPtUEqzZxAqEJbW3QjxCEmFtWS1sUdqSUragzrmtJqpA5C8DWRWdi7rv1/27y1qj+TSDVQbH4AScAR9cgQa4BS3QBhgY8AJewZvz7Lw7H87nrFpy5oCPwMI4X79+cKDv</latexit><latexit sha1_base64="39KPmsepRU1KtUhtVYMTRNeC6+I=">AAACFnicbZDLSgMxGIUz9VbrpaMu3QSL4MYyI4IuW9y4rGBboTMMmTRtQ5PMkItQhgEfQ3Crr+FO3Lr1LXwEM20XtvWHwOGcE/6fL04ZVdrzvp3S2vrG5lZ5u7Kzu7dfdQ8OOyoxEpM2TlgiH2KkCKOCtDXVjDykkiAeM9KNxzdF3n0kUtFE3OtJSkKOhoIOKEbaWpFbDWJmSBZwnLXyqJlHbs2re9OBq8KfixqYTytyf4J+gg0nQmOGlOr5XqrDDElNMSN5JTCKpAiP0ZD0rBSIExVm08NzeGqdPhwk0j6h4dT9+yNDXKkJj22TIz1Sy1lh/pf1jB5chxkVqdFE4NmigWFQJ7CgAPtUEqzZxAqEJbW3QjxCEmFtWS1sUdqSUragzrmtJqpA5C8DWRWdi7rv1/27y1qj+TSDVQbH4AScAR9cgQa4BS3QBhgY8AJewZvz7Lw7H87nrFpy5oCPwMI4X79+cKDv</latexit><latexit sha1_base64="39KPmsepRU1KtUhtVYMTRNeC6+I=">AAACFnicbZDLSgMxGIUz9VbrpaMu3QSL4MYyI4IuW9y4rGBboTMMmTRtQ5PMkItQhgEfQ3Crr+FO3Lr1LXwEM20XtvWHwOGcE/6fL04ZVdrzvp3S2vrG5lZ5u7Kzu7dfdQ8OOyoxEpM2TlgiH2KkCKOCtDXVjDykkiAeM9KNxzdF3n0kUtFE3OtJSkKOhoIOKEbaWpFbDWJmSBZwnLXyqJlHbs2re9OBq8KfixqYTytyf4J+gg0nQmOGlOr5XqrDDElNMSN5JTCKpAiP0ZD0rBSIExVm08NzeGqdPhwk0j6h4dT9+yNDXKkJj22TIz1Sy1lh/pf1jB5chxkVqdFE4NmigWFQJ7CgAPtUEqzZxAqEJbW3QjxCEmFtWS1sUdqSUragzrmtJqpA5C8DWRWdi7rv1/27y1qj+TSDVQbH4AScAR9cgQa4BS3QBhgY8AJewZvz7Lw7H87nrFpy5oCPwMI4X79+cKDv</latexit>

(0, 1]
<latexit sha1_base64="aYpyme6Y0Ls4nHyV9n0VXVt0a0M=">AAACC3icbVDLSgMxFL1TX7W+qi7dBIvQhZYZEXRZceOygn1AO5RMmmlj8xiSjFBKwR8Q3OpvuBO3foR/4SeYPha29UDgcM4J994TJZwZ6/vfXmZldW19I7uZ29re2d3L7x/UjEo1oVWiuNKNCBvKmaRVyyynjURTLCJO61H/ZuzXH6k2TMl7O0hoKHBXspgRbJ1UK/qnKAjb+YJf8idAyySYkQLMUGnnf1odRVJBpSUcG9MM/MSGQ6wtI5yOcq3U0ASTPu7SpqMSC2rC4WTbETpxSgfFSrsnLZqof38MsTBmICKXFNj2zKI3Fv/zmqmNr8Ihk0lqqSTTQXHKkVVofDrqME2J5QNHMNHM7YpID2tMrCtoboqxrh7jAuZMuKgyI1dRsFjIMqmdl4KgFNxdFMrXT9OysnAEx1CEAC6hDLdQgSoQeIAXeIU379l79z68z2k0480KPoQ5eF+/miibhg==</latexit><latexit sha1_base64="aYpyme6Y0Ls4nHyV9n0VXVt0a0M=">AAACC3icbVDLSgMxFL1TX7W+qi7dBIvQhZYZEXRZceOygn1AO5RMmmlj8xiSjFBKwR8Q3OpvuBO3foR/4SeYPha29UDgcM4J994TJZwZ6/vfXmZldW19I7uZ29re2d3L7x/UjEo1oVWiuNKNCBvKmaRVyyynjURTLCJO61H/ZuzXH6k2TMl7O0hoKHBXspgRbJ1UK/qnKAjb+YJf8idAyySYkQLMUGnnf1odRVJBpSUcG9MM/MSGQ6wtI5yOcq3U0ASTPu7SpqMSC2rC4WTbETpxSgfFSrsnLZqof38MsTBmICKXFNj2zKI3Fv/zmqmNr8Ihk0lqqSTTQXHKkVVofDrqME2J5QNHMNHM7YpID2tMrCtoboqxrh7jAuZMuKgyI1dRsFjIMqmdl4KgFNxdFMrXT9OysnAEx1CEAC6hDLdQgSoQeIAXeIU379l79z68z2k0480KPoQ5eF+/miibhg==</latexit><latexit sha1_base64="aYpyme6Y0Ls4nHyV9n0VXVt0a0M=">AAACC3icbVDLSgMxFL1TX7W+qi7dBIvQhZYZEXRZceOygn1AO5RMmmlj8xiSjFBKwR8Q3OpvuBO3foR/4SeYPha29UDgcM4J994TJZwZ6/vfXmZldW19I7uZ29re2d3L7x/UjEo1oVWiuNKNCBvKmaRVyyynjURTLCJO61H/ZuzXH6k2TMl7O0hoKHBXspgRbJ1UK/qnKAjb+YJf8idAyySYkQLMUGnnf1odRVJBpSUcG9MM/MSGQ6wtI5yOcq3U0ASTPu7SpqMSC2rC4WTbETpxSgfFSrsnLZqof38MsTBmICKXFNj2zKI3Fv/zmqmNr8Ihk0lqqSTTQXHKkVVofDrqME2J5QNHMNHM7YpID2tMrCtoboqxrh7jAuZMuKgyI1dRsFjIMqmdl4KgFNxdFMrXT9OysnAEx1CEAC6hDLdQgSoQeIAXeIU379l79z68z2k0480KPoQ5eF+/miibhg==</latexit><latexit sha1_base64="aYpyme6Y0Ls4nHyV9n0VXVt0a0M=">AAACC3icbVDLSgMxFL1TX7W+qi7dBIvQhZYZEXRZceOygn1AO5RMmmlj8xiSjFBKwR8Q3OpvuBO3foR/4SeYPha29UDgcM4J994TJZwZ6/vfXmZldW19I7uZ29re2d3L7x/UjEo1oVWiuNKNCBvKmaRVyyynjURTLCJO61H/ZuzXH6k2TMl7O0hoKHBXspgRbJ1UK/qnKAjb+YJf8idAyySYkQLMUGnnf1odRVJBpSUcG9MM/MSGQ6wtI5yOcq3U0ASTPu7SpqMSC2rC4WTbETpxSgfFSrsnLZqof38MsTBmICKXFNj2zKI3Fv/zmqmNr8Ihk0lqqSTTQXHKkVVofDrqME2J5QNHMNHM7YpID2tMrCtoboqxrh7jAuZMuKgyI1dRsFjIMqmdl4KgFNxdFMrXT9OysnAEx1CEAC6hDLdQgSoQeIAXeIU379l79z68z2k0480KPoQ5eF+/miibhg==</latexit>

See [Kusuoka 01, Pflug and Romisch 07]

DRO optimizes worst-case subpopulation loss!

sup
Q! P

EQ [! (" ; Z )] = sup
PA ! P A

EA " PA

!
sup
Q# A

EQ [! (" ; Z )]
"

<latexit sha1_base64="UjSDbB5tqlPhieWBk6Ho8r9c/Rk="></latexit><latexit sha1_base64="UjSDbB5tqlPhieWBk6Ho8r9c/Rk="></latexit><latexit sha1_base64="UjSDbB5tqlPhieWBk6Ho8r9c/Rk="></latexit><latexit sha1_base64="UjSDbB5tqlPhieWBk6Ho8r9c/Rk="></latexit>

DRO = worst-case subpopulations



Lemma: f-div DRO optimizes worst-case subpopulation

PA ,k ,! :=
!

PA :
"

EU ! Unif(0 ,1]
#
EA ! PA [A" 11 { A ! U} | U]

$k
%1

k
" ! k (" )" 1

&

<latexit sha1_base64="04noIp2odrrhgL+V5TLCcI6n0Do="></latexit><latexit sha1_base64="04noIp2odrrhgL+V5TLCcI6n0Do="></latexit><latexit sha1_base64="04noIp2odrrhgL+V5TLCcI6n0Do="></latexit><latexit sha1_base64="04noIp2odrrhgL+V5TLCcI6n0Do="></latexit>

See also [Dentcheva 10]

Back to f-divergences

f k (t) = ( k(k ! 1))! 1(tk ! 1)
<latexit sha1_base64="lMbUC3wQNyt1aN5e8a7RA1dvSaU="></latexit><latexit sha1_base64="lMbUC3wQNyt1aN5e8a7RA1dvSaU="></latexit><latexit sha1_base64="lMbUC3wQNyt1aN5e8a7RA1dvSaU="></latexit><latexit sha1_base64="lMbUC3wQNyt1aN5e8a7RA1dvSaU="></latexit>

for k ! (1, " )
<latexit sha1_base64="BMNWvNNaU9BBs0odSEbRlCGt2B8=">AAACJHicbVDLSgMxFM34rO9RlyIEi6CgZUYEXYngxqWCrUJbSia904bJZIbkjlCGrvwXwa3+hjtx4cZv8BPMtLNQ64GQwznncpMTpFIY9LwPZ2p6ZnZuvrKwuLS8srrmrm80TJJpDnWeyETfBcyAFArqKFDCXaqBxYGE2yC6KPzbe9BGJOoGBym0Y9ZTIhScoZU67nary3TU0wAqj2hLKLrnHxR3iIP9YcetejVvBDpJ/JJUSYmrjvvV6iY8i0Ehl8yYpu+l2M6ZRsElDBdbmYGU8Yj1oGmpYjGYdj76xpDuWqVLw0Tbo5CO1J8TOYuNGcSBTcYM++avV4j/ec0Mw9N2LlSaISg+XhRmkmJCi05oV2jgKAeWMK6FfSvlfaYZR9vcry0GbW/GBsxhbKOJKSry/xYySRpHNd+v+dfH1fOzsqwK2SI7ZI/45ISck0tyReqEkwfyRJ7Ji/PovDpvzvs4OuWUM5vkF5zPb5bApSE=</latexit><latexit sha1_base64="BMNWvNNaU9BBs0odSEbRlCGt2B8=">AAACJHicbVDLSgMxFM34rO9RlyIEi6CgZUYEXYngxqWCrUJbSia904bJZIbkjlCGrvwXwa3+hjtx4cZv8BPMtLNQ64GQwznncpMTpFIY9LwPZ2p6ZnZuvrKwuLS8srrmrm80TJJpDnWeyETfBcyAFArqKFDCXaqBxYGE2yC6KPzbe9BGJOoGBym0Y9ZTIhScoZU67nary3TU0wAqj2hLKLrnHxR3iIP9YcetejVvBDpJ/JJUSYmrjvvV6iY8i0Ehl8yYpu+l2M6ZRsElDBdbmYGU8Yj1oGmpYjGYdj76xpDuWqVLw0Tbo5CO1J8TOYuNGcSBTcYM++avV4j/ec0Mw9N2LlSaISg+XhRmkmJCi05oV2jgKAeWMK6FfSvlfaYZR9vcry0GbW/GBsxhbKOJKSry/xYySRpHNd+v+dfH1fOzsqwK2SI7ZI/45ISck0tyReqEkwfyRJ7Ji/PovDpvzvs4OuWUM5vkF5zPb5bApSE=</latexit><latexit sha1_base64="BMNWvNNaU9BBs0odSEbRlCGt2B8=">AAACJHicbVDLSgMxFM34rO9RlyIEi6CgZUYEXYngxqWCrUJbSia904bJZIbkjlCGrvwXwa3+hjtx4cZv8BPMtLNQ64GQwznncpMTpFIY9LwPZ2p6ZnZuvrKwuLS8srrmrm80TJJpDnWeyETfBcyAFArqKFDCXaqBxYGE2yC6KPzbe9BGJOoGBym0Y9ZTIhScoZU67nary3TU0wAqj2hLKLrnHxR3iIP9YcetejVvBDpJ/JJUSYmrjvvV6iY8i0Ehl8yYpu+l2M6ZRsElDBdbmYGU8Yj1oGmpYjGYdj76xpDuWqVLw0Tbo5CO1J8TOYuNGcSBTcYM++avV4j/ec0Mw9N2LlSaISg+XhRmkmJCi05oV2jgKAeWMK6FfSvlfaYZR9vcry0GbW/GBsxhbKOJKSry/xYySRpHNd+v+dfH1fOzsqwK2SI7ZI/45ISck0tyReqEkwfyRJ7Ji/PovDpvzvs4OuWUM5vkF5zPb5bApSE=</latexit><latexit sha1_base64="BMNWvNNaU9BBs0odSEbRlCGt2B8=">AAACJHicbVDLSgMxFM34rO9RlyIEi6CgZUYEXYngxqWCrUJbSia904bJZIbkjlCGrvwXwa3+hjtx4cZv8BPMtLNQ64GQwznncpMTpFIY9LwPZ2p6ZnZuvrKwuLS8srrmrm80TJJpDnWeyETfBcyAFArqKFDCXaqBxYGE2yC6KPzbe9BGJOoGBym0Y9ZTIhScoZU67nary3TU0wAqj2hLKLrnHxR3iIP9YcetejVvBDpJ/JJUSYmrjvvV6iY8i0Ehl8yYpu+l2M6ZRsElDBdbmYGU8Yj1oGmpYjGYdj76xpDuWqVLw0Tbo5CO1J8TOYuNGcSBTcYM++avV4j/ec0Mw9N2LlSaISg+XhRmkmJCi05oV2jgKAeWMK6FfSvlfaYZR9vcry0GbW/GBsxhbKOJKSry/xYySRpHNd+v+dfH1fOzsqwK2SI7ZI/45ISck0tyReqEkwfyRJ7Ji/PovDpvzvs4OuWUM5vkF5zPb5bApSE=</latexit>

sup
Q:D f k (Q|| Pobs ) ! !

EQ [! (" ; Z )] = sup
PA " P A , k , !

EA # PA

!
sup
Q$ A

EQ [! (" ; Z )]
"

<latexit sha1_base64="XqXvhnUxM8Qpw3ZmgiHReSnHiZI="></latexit><latexit sha1_base64="XqXvhnUxM8Qpw3ZmgiHReSnHiZI="></latexit><latexit sha1_base64="XqXvhnUxM8Qpw3ZmgiHReSnHiZI="></latexit><latexit sha1_base64="XqXvhnUxM8Qpw3ZmgiHReSnHiZI="></latexit>

where , and! k (" )! 1 := (1 + k(k ! 1)" )1/k
<latexit sha1_base64="tv9JIw+YvBqTyJjJ0HYywzfugRU="></latexit><latexit sha1_base64="tv9JIw+YvBqTyJjJ0HYywzfugRU="></latexit><latexit sha1_base64="tv9JIw+YvBqTyJjJ0HYywzfugRU="></latexit><latexit sha1_base64="tv9JIw+YvBqTyJjJ0HYywzfugRU="></latexit>

Set of random minority proportions lower bounded by  



Minority 
Subpopulation

Minority 
Subpopulationk

<latexit sha1_base64="8OYT1up2r4azsi8nOt+If2C6oug=">AAACEnicbVDLSsNAFJ3UV62vqks3g0VwY0lE0JUU3LisYFuhDWUyuWmHzkzizEQooX8huNXfcCdu/QH/wk9w0mZhWw9cOJxzLvdygoQzbVz32ymtrK6tb5Q3K1vbO7t71f2Dto5TRaFFYx6rh4Bo4ExCyzDD4SFRQETAoROMbnK/8wRKs1jem3ECviADySJGibGS3wuJGg0UgMxGk3615tbdKfAy8QpSQwWa/epPL4xpKkAayonWXc9NjJ8RZRjlMKn0Ug0JoSMygK6lkgjQfjZ9eoJPrBLiKFZ2pMFT9e9GRoTWYxHYpCBmqBe9XPzP66YmuvIzJpPUgKSzQ1HKsYlx3gAOmQJq+NgSQhWzv2I6JIpQY3uau6KNbUnbgD4TNhrrvCJvsZBl0j6ve17du7uoNa6LssroCB2jU+ShS9RAt6iJWoiiR/SCXtGb8+y8Ox/O5yxacoqdQzQH5+sXhK+fiQ==</latexit><latexit sha1_base64="8OYT1up2r4azsi8nOt+If2C6oug=">AAACEnicbVDLSsNAFJ3UV62vqks3g0VwY0lE0JUU3LisYFuhDWUyuWmHzkzizEQooX8huNXfcCdu/QH/wk9w0mZhWw9cOJxzLvdygoQzbVz32ymtrK6tb5Q3K1vbO7t71f2Dto5TRaFFYx6rh4Bo4ExCyzDD4SFRQETAoROMbnK/8wRKs1jem3ECviADySJGibGS3wuJGg0UgMxGk3615tbdKfAy8QpSQwWa/epPL4xpKkAayonWXc9NjJ8RZRjlMKn0Ug0JoSMygK6lkgjQfjZ9eoJPrBLiKFZ2pMFT9e9GRoTWYxHYpCBmqBe9XPzP66YmuvIzJpPUgKSzQ1HKsYlx3gAOmQJq+NgSQhWzv2I6JIpQY3uau6KNbUnbgD4TNhrrvCJvsZBl0j6ve17du7uoNa6LssroCB2jU+ShS9RAt6iJWoiiR/SCXtGb8+y8Ox/O5yxacoqdQzQH5+sXhK+fiQ==</latexit><latexit sha1_base64="8OYT1up2r4azsi8nOt+If2C6oug=">AAACEnicbVDLSsNAFJ3UV62vqks3g0VwY0lE0JUU3LisYFuhDWUyuWmHzkzizEQooX8huNXfcCdu/QH/wk9w0mZhWw9cOJxzLvdygoQzbVz32ymtrK6tb5Q3K1vbO7t71f2Dto5TRaFFYx6rh4Bo4ExCyzDD4SFRQETAoROMbnK/8wRKs1jem3ECviADySJGibGS3wuJGg0UgMxGk3615tbdKfAy8QpSQwWa/epPL4xpKkAayonWXc9NjJ8RZRjlMKn0Ug0JoSMygK6lkgjQfjZ9eoJPrBLiKFZ2pMFT9e9GRoTWYxHYpCBmqBe9XPzP66YmuvIzJpPUgKSzQ1HKsYlx3gAOmQJq+NgSQhWzv2I6JIpQY3uau6KNbUnbgD4TNhrrvCJvsZBl0j6ve17du7uoNa6LssroCB2jU+ShS9RAt6iJWoiiR/SCXtGb8+y8Ox/O5yxacoqdQzQH5+sXhK+fiQ==</latexit><latexit sha1_base64="8OYT1up2r4azsi8nOt+If2C6oug=">AAACEnicbVDLSsNAFJ3UV62vqks3g0VwY0lE0JUU3LisYFuhDWUyuWmHzkzizEQooX8huNXfcCdu/QH/wk9w0mZhWw9cOJxzLvdygoQzbVz32ymtrK6tb5Q3K1vbO7t71f2Dto5TRaFFYx6rh4Bo4ExCyzDD4SFRQETAoROMbnK/8wRKs1jem3ECviADySJGibGS3wuJGg0UgMxGk3615tbdKfAy8QpSQwWa/epPL4xpKkAayonWXc9NjJ8RZRjlMKn0Ug0JoSMygK6lkgjQfjZ9eoJPrBLiKFZ2pMFT9e9GRoTWYxHYpCBmqBe9XPzP66YmuvIzJpPUgKSzQ1HKsYlx3gAOmQJq+NgSQhWzv2I6JIpQY3uau6KNbUnbgD4TNhrrvCJvsZBl0j6ve17du7uoNa6LssroCB2jU+ShS9RAt6iJWoiiR/SCXtGb8+y8Ox/O5yxacoqdQzQH5+sXhK+fiQ==</latexit>

k
<latexit sha1_base64="8OYT1up2r4azsi8nOt+If2C6oug=">AAACEnicbVDLSsNAFJ3UV62vqks3g0VwY0lE0JUU3LisYFuhDWUyuWmHzkzizEQooX8huNXfcCdu/QH/wk9w0mZhWw9cOJxzLvdygoQzbVz32ymtrK6tb5Q3K1vbO7t71f2Dto5TRaFFYx6rh4Bo4ExCyzDD4SFRQETAoROMbnK/8wRKs1jem3ECviADySJGibGS3wuJGg0UgMxGk3615tbdKfAy8QpSQwWa/epPL4xpKkAayonWXc9NjJ8RZRjlMKn0Ug0JoSMygK6lkgjQfjZ9eoJPrBLiKFZ2pMFT9e9GRoTWYxHYpCBmqBe9XPzP66YmuvIzJpPUgKSzQ1HKsYlx3gAOmQJq+NgSQhWzv2I6JIpQY3uau6KNbUnbgD4TNhrrvCJvsZBl0j6ve17du7uoNa6LssroCB2jU+ShS9RAt6iJWoiiR/SCXtGb8+y8Ox/O5yxacoqdQzQH5+sXhK+fiQ==</latexit><latexit sha1_base64="8OYT1up2r4azsi8nOt+If2C6oug=">AAACEnicbVDLSsNAFJ3UV62vqks3g0VwY0lE0JUU3LisYFuhDWUyuWmHzkzizEQooX8huNXfcCdu/QH/wk9w0mZhWw9cOJxzLvdygoQzbVz32ymtrK6tb5Q3K1vbO7t71f2Dto5TRaFFYx6rh4Bo4ExCyzDD4SFRQETAoROMbnK/8wRKs1jem3ECviADySJGibGS3wuJGg0UgMxGk3615tbdKfAy8QpSQwWa/epPL4xpKkAayonWXc9NjJ8RZRjlMKn0Ug0JoSMygK6lkgjQfjZ9eoJPrBLiKFZ2pMFT9e9GRoTWYxHYpCBmqBe9XPzP66YmuvIzJpPUgKSzQ1HKsYlx3gAOmQJq+NgSQhWzv2I6JIpQY3uau6KNbUnbgD4TNhrrvCJvsZBl0j6ve17du7uoNa6LssroCB2jU+ShS9RAt6iJWoiiR/SCXtGb8+y8Ox/O5yxacoqdQzQH5+sXhK+fiQ==</latexit><latexit sha1_base64="8OYT1up2r4azsi8nOt+If2C6oug=">AAACEnicbVDLSsNAFJ3UV62vqks3g0VwY0lE0JUU3LisYFuhDWUyuWmHzkzizEQooX8huNXfcCdu/QH/wk9w0mZhWw9cOJxzLvdygoQzbVz32ymtrK6tb5Q3K1vbO7t71f2Dto5TRaFFYx6rh4Bo4ExCyzDD4SFRQETAoROMbnK/8wRKs1jem3ECviADySJGibGS3wuJGg0UgMxGk3615tbdKfAy8QpSQwWa/epPL4xpKkAayonWXc9NjJ8RZRjlMKn0Ug0JoSMygK6lkgjQfjZ9eoJPrBLiKFZ2pMFT9e9GRoTWYxHYpCBmqBe9XPzP66YmuvIzJpPUgKSzQ1HKsYlx3gAOmQJq+NgSQhWzv2I6JIpQY3uau6KNbUnbgD4TNhrrvCJvsZBl0j6ve17du7uoNa6LssroCB2jU+ShS9RAt6iJWoiiR/SCXtGb8+y8Ox/O5yxacoqdQzQH5+sXhK+fiQ==</latexit><latexit sha1_base64="8OYT1up2r4azsi8nOt+If2C6oug=">AAACEnicbVDLSsNAFJ3UV62vqks3g0VwY0lE0JUU3LisYFuhDWUyuWmHzkzizEQooX8huNXfcCdu/QH/wk9w0mZhWw9cOJxzLvdygoQzbVz32ymtrK6tb5Q3K1vbO7t71f2Dto5TRaFFYx6rh4Bo4ExCyzDD4SFRQETAoROMbnK/8wRKs1jem3ECviADySJGibGS3wuJGg0UgMxGk3615tbdKfAy8QpSQwWa/epPL4xpKkAayonWXc9NjJ8RZRjlMKn0Ug0JoSMygK6lkgjQfjZ9eoJPrBLiKFZ2pMFT9e9GRoTWYxHYpCBmqBe9XPzP66YmuvIzJpPUgKSzQ1HKsYlx3gAOmQJq+NgSQhWzv2I6JIpQY3uau6KNbUnbgD4TNhrrvCJvsZBl0j6ve17du7uoNa6LssroCB2jU+ShS9RAt6iJWoiiR/SCXtGb8+y8Ox/O5yxacoqdQzQH5+sXhK+fiQ==</latexit>

! (" )
<latexit sha1_base64="teI9eIVs443HqXRX8rosyTC/8Dw=">AAACGXicbVDLSsNAFJ3UV62vWJduBotQF5ZEBF0W3LiSCvYBTSiTyaQdOpMJMxOxhH6J4FZ/w524deVf+AlO2ixs64ELh3PO5V5OkDCqtON8W6W19Y3NrfJ2ZWd3b//APqx2lEglJm0smJC9ACnCaEzammpGeokkiAeMdIPxTe53H4lUVMQPepIQn6NhTCOKkTbSwK56koSZh1gyQnVPjsTZdGDXnIYzA1wlbkFqoEBrYP94ocApJ7HGDCnVd51E+xmSmmJGphUvVSRBeIyGpG9ojDhRfjb7fQpPjRLCSEgzsYYz9e9GhrhSEx6YJEd6pJa9XPzP66c6uvYzGiepJjGeH4pSBrWAeREwpJJgzSaGICyp+RXiEZIIa1PXwhWlTVnKBNQ5N1Gh8orc5UJWSeei4boN9/6y1rwryiqDY3AC6sAFV6AJbkELtAEGT+AFvII369l6tz6sz3m0ZBU7R2AB1tcvPMWhcQ==</latexit><latexit sha1_base64="teI9eIVs443HqXRX8rosyTC/8Dw=">AAACGXicbVDLSsNAFJ3UV62vWJduBotQF5ZEBF0W3LiSCvYBTSiTyaQdOpMJMxOxhH6J4FZ/w524deVf+AlO2ixs64ELh3PO5V5OkDCqtON8W6W19Y3NrfJ2ZWd3b//APqx2lEglJm0smJC9ACnCaEzammpGeokkiAeMdIPxTe53H4lUVMQPepIQn6NhTCOKkTbSwK56koSZh1gyQnVPjsTZdGDXnIYzA1wlbkFqoEBrYP94ocApJ7HGDCnVd51E+xmSmmJGphUvVSRBeIyGpG9ojDhRfjb7fQpPjRLCSEgzsYYz9e9GhrhSEx6YJEd6pJa9XPzP66c6uvYzGiepJjGeH4pSBrWAeREwpJJgzSaGICyp+RXiEZIIa1PXwhWlTVnKBNQ5N1Gh8orc5UJWSeei4boN9/6y1rwryiqDY3AC6sAFV6AJbkELtAEGT+AFvII369l6tz6sz3m0ZBU7R2AB1tcvPMWhcQ==</latexit><latexit sha1_base64="teI9eIVs443HqXRX8rosyTC/8Dw=">AAACGXicbVDLSsNAFJ3UV62vWJduBotQF5ZEBF0W3LiSCvYBTSiTyaQdOpMJMxOxhH6J4FZ/w524deVf+AlO2ixs64ELh3PO5V5OkDCqtON8W6W19Y3NrfJ2ZWd3b//APqx2lEglJm0smJC9ACnCaEzammpGeokkiAeMdIPxTe53H4lUVMQPepIQn6NhTCOKkTbSwK56koSZh1gyQnVPjsTZdGDXnIYzA1wlbkFqoEBrYP94ocApJ7HGDCnVd51E+xmSmmJGphUvVSRBeIyGpG9ojDhRfjb7fQpPjRLCSEgzsYYz9e9GhrhSEx6YJEd6pJa9XPzP66c6uvYzGiepJjGeH4pSBrWAeREwpJJgzSaGICyp+RXiEZIIa1PXwhWlTVnKBNQ5N1Gh8orc5UJWSeei4boN9/6y1rwryiqDY3AC6sAFV6AJbkELtAEGT+AFvII369l6tz6sz3m0ZBU7R2AB1tcvPMWhcQ==</latexit><latexit sha1_base64="teI9eIVs443HqXRX8rosyTC/8Dw=">AAACGXicbVDLSsNAFJ3UV62vWJduBotQF5ZEBF0W3LiSCvYBTSiTyaQdOpMJMxOxhH6J4FZ/w524deVf+AlO2ixs64ELh3PO5V5OkDCqtON8W6W19Y3NrfJ2ZWd3b//APqx2lEglJm0smJC9ACnCaEzammpGeokkiAeMdIPxTe53H4lUVMQPepIQn6NhTCOKkTbSwK56koSZh1gyQnVPjsTZdGDXnIYzA1wlbkFqoEBrYP94ocApJ7HGDCnVd51E+xmSmmJGphUvVSRBeIyGpG9ojDhRfjb7fQpPjRLCSEgzsYYz9e9GhrhSEx6YJEd6pJa9XPzP66c6uvYzGiepJjGeH4pSBrWAeREwpJJgzSaGICyp+RXiEZIIa1PXwhWlTVnKBNQ5N1Gh8orc5UJWSeei4boN9/6y1rwryiqDY3AC6sAFV6AJbkELtAEGT+AFvII369l6tz6sz3m0ZBU7R2AB1tcvPMWhcQ==</latexit>

! (" )
<latexit sha1_base64="teI9eIVs443HqXRX8rosyTC/8Dw=">AAACGXicbVDLSsNAFJ3UV62vWJduBotQF5ZEBF0W3LiSCvYBTSiTyaQdOpMJMxOxhH6J4FZ/w524deVf+AlO2ixs64ELh3PO5V5OkDCqtON8W6W19Y3NrfJ2ZWd3b//APqx2lEglJm0smJC9ACnCaEzammpGeokkiAeMdIPxTe53H4lUVMQPepIQn6NhTCOKkTbSwK56koSZh1gyQnVPjsTZdGDXnIYzA1wlbkFqoEBrYP94ocApJ7HGDCnVd51E+xmSmmJGphUvVSRBeIyGpG9ojDhRfjb7fQpPjRLCSEgzsYYz9e9GhrhSEx6YJEd6pJa9XPzP66c6uvYzGiepJjGeH4pSBrWAeREwpJJgzSaGICyp+RXiEZIIa1PXwhWlTVnKBNQ5N1Gh8orc5UJWSeei4boN9/6y1rwryiqDY3AC6sAFV6AJbkELtAEGT+AFvII369l6tz6sz3m0ZBU7R2AB1tcvPMWhcQ==</latexit><latexit sha1_base64="teI9eIVs443HqXRX8rosyTC/8Dw=">AAACGXicbVDLSsNAFJ3UV62vWJduBotQF5ZEBF0W3LiSCvYBTSiTyaQdOpMJMxOxhH6J4FZ/w524deVf+AlO2ixs64ELh3PO5V5OkDCqtON8W6W19Y3NrfJ2ZWd3b//APqx2lEglJm0smJC9ACnCaEzammpGeokkiAeMdIPxTe53H4lUVMQPepIQn6NhTCOKkTbSwK56koSZh1gyQnVPjsTZdGDXnIYzA1wlbkFqoEBrYP94ocApJ7HGDCnVd51E+xmSmmJGphUvVSRBeIyGpG9ojDhRfjb7fQpPjRLCSEgzsYYz9e9GhrhSEx6YJEd6pJa9XPzP66c6uvYzGiepJjGeH4pSBrWAeREwpJJgzSaGICyp+RXiEZIIa1PXwhWlTVnKBNQ5N1Gh8orc5UJWSeei4boN9/6y1rwryiqDY3AC6sAFV6AJbkELtAEGT+AFvII369l6tz6sz3m0ZBU7R2AB1tcvPMWhcQ==</latexit><latexit sha1_base64="teI9eIVs443HqXRX8rosyTC/8Dw=">AAACGXicbVDLSsNAFJ3UV62vWJduBotQF5ZEBF0W3LiSCvYBTSiTyaQdOpMJMxOxhH6J4FZ/w524deVf+AlO2ixs64ELh3PO5V5OkDCqtON8W6W19Y3NrfJ2ZWd3b//APqx2lEglJm0smJC9ACnCaEzammpGeokkiAeMdIPxTe53H4lUVMQPepIQn6NhTCOKkTbSwK56koSZh1gyQnVPjsTZdGDXnIYzA1wlbkFqoEBrYP94ocApJ7HGDCnVd51E+xmSmmJGphUvVSRBeIyGpG9ojDhRfjb7fQpPjRLCSEgzsYYz9e9GhrhSEx6YJEd6pJa9XPzP66c6uvYzGiepJjGeH4pSBrWAeREwpJJgzSaGICyp+RXiEZIIa1PXwhWlTVnKBNQ5N1Gh8orc5UJWSeei4boN9/6y1rwryiqDY3AC6sAFV6AJbkELtAEGT+AFvII369l6tz6sz3m0ZBU7R2AB1tcvPMWhcQ==</latexit><latexit sha1_base64="teI9eIVs443HqXRX8rosyTC/8Dw=">AAACGXicbVDLSsNAFJ3UV62vWJduBotQF5ZEBF0W3LiSCvYBTSiTyaQdOpMJMxOxhH6J4FZ/w524deVf+AlO2ixs64ELh3PO5V5OkDCqtON8W6W19Y3NrfJ2ZWd3b//APqx2lEglJm0smJC9ACnCaEzammpGeokkiAeMdIPxTe53H4lUVMQPepIQn6NhTCOKkTbSwK56koSZh1gyQnVPjsTZdGDXnIYzA1wlbkFqoEBrYP94ocApJ7HGDCnVd51E+xmSmmJGphUvVSRBeIyGpG9ojDhRfjb7fQpPjRLCSEgzsYYz9e9GhrhSEx6YJEd6pJa9XPzP66c6uvYzGiepJjGeH4pSBrWAeREwpJJgzSaGICyp+RXiEZIIa1PXwhWlTVnKBNQ5N1Gh8orc5UJWSeei4boN9/6y1rwryiqDY3AC6sAFV6AJbkELtAEGT+AFvII369l6tz6sz3m0ZBU7R2AB1tcvPMWhcQ==</latexit>

! (" )
<latexit sha1_base64="teI9eIVs443HqXRX8rosyTC/8Dw=">AAACGXicbVDLSsNAFJ3UV62vWJduBotQF5ZEBF0W3LiSCvYBTSiTyaQdOpMJMxOxhH6J4FZ/w524deVf+AlO2ixs64ELh3PO5V5OkDCqtON8W6W19Y3NrfJ2ZWd3b//APqx2lEglJm0smJC9ACnCaEzammpGeokkiAeMdIPxTe53H4lUVMQPepIQn6NhTCOKkTbSwK56koSZh1gyQnVPjsTZdGDXnIYzA1wlbkFqoEBrYP94ocApJ7HGDCnVd51E+xmSmmJGphUvVSRBeIyGpG9ojDhRfjb7fQpPjRLCSEgzsYYz9e9GhrhSEx6YJEd6pJa9XPzP66c6uvYzGiepJjGeH4pSBrWAeREwpJJgzSaGICyp+RXiEZIIa1PXwhWlTVnKBNQ5N1Gh8orc5UJWSeei4boN9/6y1rwryiqDY3AC6sAFV6AJbkELtAEGT+AFvII369l6tz6sz3m0ZBU7R2AB1tcvPMWhcQ==</latexit><latexit sha1_base64="teI9eIVs443HqXRX8rosyTC/8Dw=">AAACGXicbVDLSsNAFJ3UV62vWJduBotQF5ZEBF0W3LiSCvYBTSiTyaQdOpMJMxOxhH6J4FZ/w524deVf+AlO2ixs64ELh3PO5V5OkDCqtON8W6W19Y3NrfJ2ZWd3b//APqx2lEglJm0smJC9ACnCaEzammpGeokkiAeMdIPxTe53H4lUVMQPepIQn6NhTCOKkTbSwK56koSZh1gyQnVPjsTZdGDXnIYzA1wlbkFqoEBrYP94ocApJ7HGDCnVd51E+xmSmmJGphUvVSRBeIyGpG9ojDhRfjb7fQpPjRLCSEgzsYYz9e9GhrhSEx6YJEd6pJa9XPzP66c6uvYzGiepJjGeH4pSBrWAeREwpJJgzSaGICyp+RXiEZIIa1PXwhWlTVnKBNQ5N1Gh8orc5UJWSeei4boN9/6y1rwryiqDY3AC6sAFV6AJbkELtAEGT+AFvII369l6tz6sz3m0ZBU7R2AB1tcvPMWhcQ==</latexit><latexit sha1_base64="teI9eIVs443HqXRX8rosyTC/8Dw=">AAACGXicbVDLSsNAFJ3UV62vWJduBotQF5ZEBF0W3LiSCvYBTSiTyaQdOpMJMxOxhH6J4FZ/w524deVf+AlO2ixs64ELh3PO5V5OkDCqtON8W6W19Y3NrfJ2ZWd3b//APqx2lEglJm0smJC9ACnCaEzammpGeokkiAeMdIPxTe53H4lUVMQPepIQn6NhTCOKkTbSwK56koSZh1gyQnVPjsTZdGDXnIYzA1wlbkFqoEBrYP94ocApJ7HGDCnVd51E+xmSmmJGphUvVSRBeIyGpG9ojDhRfjb7fQpPjRLCSEgzsYYz9e9GhrhSEx6YJEd6pJa9XPzP66c6uvYzGiepJjGeH4pSBrWAeREwpJJgzSaGICyp+RXiEZIIa1PXwhWlTVnKBNQ5N1Gh8orc5UJWSeei4boN9/6y1rwryiqDY3AC6sAFV6AJbkELtAEGT+AFvII369l6tz6sz3m0ZBU7R2AB1tcvPMWhcQ==</latexit><latexit sha1_base64="teI9eIVs443HqXRX8rosyTC/8Dw=">AAACGXicbVDLSsNAFJ3UV62vWJduBotQF5ZEBF0W3LiSCvYBTSiTyaQdOpMJMxOxhH6J4FZ/w524deVf+AlO2ixs64ELh3PO5V5OkDCqtON8W6W19Y3NrfJ2ZWd3b//APqx2lEglJm0smJC9ACnCaEzammpGeokkiAeMdIPxTe53H4lUVMQPepIQn6NhTCOKkTbSwK56koSZh1gyQnVPjsTZdGDXnIYzA1wlbkFqoEBrYP94ocApJ7HGDCnVd51E+xmSmmJGphUvVSRBeIyGpG9ojDhRfjb7fQpPjRLCSEgzsYYz9e9GhrhSEx6YJEd6pJa9XPzP66c6uvYzGiepJjGeH4pSBrWAeREwpJJgzSaGICyp+RXiEZIIa1PXwhWlTVnKBNQ5N1Gh8orc5UJWSeei4boN9/6y1rwryiqDY3AC6sAFV6AJbkELtAEGT+AFvII369l6tz6sz3m0ZBU7R2AB1tcvPMWhcQ==</latexit>

k ! , ! (" ) !
<latexit sha1_base64="TLQYpaGixMtuEhsBuIZp75t4Du0="></latexit><latexit sha1_base64="TLQYpaGixMtuEhsBuIZp75t4Du0="></latexit><latexit sha1_base64="TLQYpaGixMtuEhsBuIZp75t4Du0="></latexit><latexit sha1_base64="TLQYpaGixMtuEhsBuIZp75t4Du0="></latexit>

More robustLess robust

Back to f-divergences

minimize
! ! !

!

sup
Q:D f k (Q|| Pobs ) " "

EQ [! (" ; Z )] = sup
PA ! P A , k , !

EA # PA

"
sup
Q$ A

EQ [! (" ; Z )]
#$

<latexit sha1_base64="p3bL8W8Q4qM8Q7s8sGzF238OFLk="></latexit><latexit sha1_base64="p3bL8W8Q4qM8Q7s8sGzF238OFLk="></latexit><latexit sha1_base64="p3bL8W8Q4qM8Q7s8sGzF238OFLk="></latexit><latexit sha1_base64="p3bL8W8Q4qM8Q7s8sGzF238OFLk="></latexit>

• Heuristically, tune    and         on some preliminary subpopulationk
<latexit sha1_base64="8OYT1up2r4azsi8nOt+If2C6oug=">AAACEnicbVDLSsNAFJ3UV62vqks3g0VwY0lE0JUU3LisYFuhDWUyuWmHzkzizEQooX8huNXfcCdu/QH/wk9w0mZhWw9cOJxzLvdygoQzbVz32ymtrK6tb5Q3K1vbO7t71f2Dto5TRaFFYx6rh4Bo4ExCyzDD4SFRQETAoROMbnK/8wRKs1jem3ECviADySJGibGS3wuJGg0UgMxGk3615tbdKfAy8QpSQwWa/epPL4xpKkAayonWXc9NjJ8RZRjlMKn0Ug0JoSMygK6lkgjQfjZ9eoJPrBLiKFZ2pMFT9e9GRoTWYxHYpCBmqBe9XPzP66YmuvIzJpPUgKSzQ1HKsYlx3gAOmQJq+NgSQhWzv2I6JIpQY3uau6KNbUnbgD4TNhrrvCJvsZBl0j6ve17du7uoNa6LssroCB2jU+ShS9RAt6iJWoiiR/SCXtGb8+y8Ox/O5yxacoqdQzQH5+sXhK+fiQ==</latexit><latexit sha1_base64="8OYT1up2r4azsi8nOt+If2C6oug=">AAACEnicbVDLSsNAFJ3UV62vqks3g0VwY0lE0JUU3LisYFuhDWUyuWmHzkzizEQooX8huNXfcCdu/QH/wk9w0mZhWw9cOJxzLvdygoQzbVz32ymtrK6tb5Q3K1vbO7t71f2Dto5TRaFFYx6rh4Bo4ExCyzDD4SFRQETAoROMbnK/8wRKs1jem3ECviADySJGibGS3wuJGg0UgMxGk3615tbdKfAy8QpSQwWa/epPL4xpKkAayonWXc9NjJ8RZRjlMKn0Ug0JoSMygK6lkgjQfjZ9eoJPrBLiKFZ2pMFT9e9GRoTWYxHYpCBmqBe9XPzP66YmuvIzJpPUgKSzQ1HKsYlx3gAOmQJq+NgSQhWzv2I6JIpQY3uau6KNbUnbgD4TNhrrvCJvsZBl0j6ve17du7uoNa6LssroCB2jU+ShS9RAt6iJWoiiR/SCXtGb8+y8Ox/O5yxacoqdQzQH5+sXhK+fiQ==</latexit><latexit sha1_base64="8OYT1up2r4azsi8nOt+If2C6oug=">AAACEnicbVDLSsNAFJ3UV62vqks3g0VwY0lE0JUU3LisYFuhDWUyuWmHzkzizEQooX8huNXfcCdu/QH/wk9w0mZhWw9cOJxzLvdygoQzbVz32ymtrK6tb5Q3K1vbO7t71f2Dto5TRaFFYx6rh4Bo4ExCyzDD4SFRQETAoROMbnK/8wRKs1jem3ECviADySJGibGS3wuJGg0UgMxGk3615tbdKfAy8QpSQwWa/epPL4xpKkAayonWXc9NjJ8RZRjlMKn0Ug0JoSMygK6lkgjQfjZ9eoJPrBLiKFZ2pMFT9e9GRoTWYxHYpCBmqBe9XPzP66YmuvIzJpPUgKSzQ1HKsYlx3gAOmQJq+NgSQhWzv2I6JIpQY3uau6KNbUnbgD4TNhrrvCJvsZBl0j6ve17du7uoNa6LssroCB2jU+ShS9RAt6iJWoiiR/SCXtGb8+y8Ox/O5yxacoqdQzQH5+sXhK+fiQ==</latexit><latexit sha1_base64="8OYT1up2r4azsi8nOt+If2C6oug=">AAACEnicbVDLSsNAFJ3UV62vqks3g0VwY0lE0JUU3LisYFuhDWUyuWmHzkzizEQooX8huNXfcCdu/QH/wk9w0mZhWw9cOJxzLvdygoQzbVz32ymtrK6tb5Q3K1vbO7t71f2Dto5TRaFFYx6rh4Bo4ExCyzDD4SFRQETAoROMbnK/8wRKs1jem3ECviADySJGibGS3wuJGg0UgMxGk3615tbdKfAy8QpSQwWa/epPL4xpKkAayonWXc9NjJ8RZRjlMKn0Ug0JoSMygK6lkgjQfjZ9eoJPrBLiKFZ2pMFT9e9GRoTWYxHYpCBmqBe9XPzP66YmuvIzJpPUgKSzQ1HKsYlx3gAOmQJq+NgSQhWzv2I6JIpQY3uau6KNbUnbgD4TNhrrvCJvsZBl0j6ve17du7uoNa6LssroCB2jU+ShS9RAt6iJWoiiR/SCXtGb8+y8Ox/O5yxacoqdQzQH5+sXhK+fiQ==</latexit>

! (" )
<latexit sha1_base64="teI9eIVs443HqXRX8rosyTC/8Dw=">AAACGXicbVDLSsNAFJ3UV62vWJduBotQF5ZEBF0W3LiSCvYBTSiTyaQdOpMJMxOxhH6J4FZ/w524deVf+AlO2ixs64ELh3PO5V5OkDCqtON8W6W19Y3NrfJ2ZWd3b//APqx2lEglJm0smJC9ACnCaEzammpGeokkiAeMdIPxTe53H4lUVMQPepIQn6NhTCOKkTbSwK56koSZh1gyQnVPjsTZdGDXnIYzA1wlbkFqoEBrYP94ocApJ7HGDCnVd51E+xmSmmJGphUvVSRBeIyGpG9ojDhRfjb7fQpPjRLCSEgzsYYz9e9GhrhSEx6YJEd6pJa9XPzP66c6uvYzGiepJjGeH4pSBrWAeREwpJJgzSaGICyp+RXiEZIIa1PXwhWlTVnKBNQ5N1Gh8orc5UJWSeei4boN9/6y1rwryiqDY3AC6sAFV6AJbkELtAEGT+AFvII369l6tz6sz3m0ZBU7R2AB1tcvPMWhcQ==</latexit><latexit sha1_base64="teI9eIVs443HqXRX8rosyTC/8Dw=">AAACGXicbVDLSsNAFJ3UV62vWJduBotQF5ZEBF0W3LiSCvYBTSiTyaQdOpMJMxOxhH6J4FZ/w524deVf+AlO2ixs64ELh3PO5V5OkDCqtON8W6W19Y3NrfJ2ZWd3b//APqx2lEglJm0smJC9ACnCaEzammpGeokkiAeMdIPxTe53H4lUVMQPepIQn6NhTCOKkTbSwK56koSZh1gyQnVPjsTZdGDXnIYzA1wlbkFqoEBrYP94ocApJ7HGDCnVd51E+xmSmmJGphUvVSRBeIyGpG9ojDhRfjb7fQpPjRLCSEgzsYYz9e9GhrhSEx6YJEd6pJa9XPzP66c6uvYzGiepJjGeH4pSBrWAeREwpJJgzSaGICyp+RXiEZIIa1PXwhWlTVnKBNQ5N1Gh8orc5UJWSeei4boN9/6y1rwryiqDY3AC6sAFV6AJbkELtAEGT+AFvII369l6tz6sz3m0ZBU7R2AB1tcvPMWhcQ==</latexit><latexit sha1_base64="teI9eIVs443HqXRX8rosyTC/8Dw=">AAACGXicbVDLSsNAFJ3UV62vWJduBotQF5ZEBF0W3LiSCvYBTSiTyaQdOpMJMxOxhH6J4FZ/w524deVf+AlO2ixs64ELh3PO5V5OkDCqtON8W6W19Y3NrfJ2ZWd3b//APqx2lEglJm0smJC9ACnCaEzammpGeokkiAeMdIPxTe53H4lUVMQPepIQn6NhTCOKkTbSwK56koSZh1gyQnVPjsTZdGDXnIYzA1wlbkFqoEBrYP94ocApJ7HGDCnVd51E+xmSmmJGphUvVSRBeIyGpG9ojDhRfjb7fQpPjRLCSEgzsYYz9e9GhrhSEx6YJEd6pJa9XPzP66c6uvYzGiepJjGeH4pSBrWAeREwpJJgzSaGICyp+RXiEZIIa1PXwhWlTVnKBNQ5N1Gh8orc5UJWSeei4boN9/6y1rwryiqDY3AC6sAFV6AJbkELtAEGT+AFvII369l6tz6sz3m0ZBU7R2AB1tcvPMWhcQ==</latexit><latexit sha1_base64="teI9eIVs443HqXRX8rosyTC/8Dw=">AAACGXicbVDLSsNAFJ3UV62vWJduBotQF5ZEBF0W3LiSCvYBTSiTyaQdOpMJMxOxhH6J4FZ/w524deVf+AlO2ixs64ELh3PO5V5OkDCqtON8W6W19Y3NrfJ2ZWd3b//APqx2lEglJm0smJC9ACnCaEzammpGeokkiAeMdIPxTe53H4lUVMQPepIQn6NhTCOKkTbSwK56koSZh1gyQnVPjsTZdGDXnIYzA1wlbkFqoEBrYP94ocApJ7HGDCnVd51E+xmSmmJGphUvVSRBeIyGpG9ojDhRfjb7fQpPjRLCSEgzsYYz9e9GhrhSEx6YJEd6pJa9XPzP66c6uvYzGiepJjGeH4pSBrWAeREwpJJgzSaGICyp+RXiEZIIa1PXwhWlTVnKBNQ5N1Gh8orc5UJWSeei4boN9/6y1rwryiqDY3AC6sAFV6AJbkELtAEGT+AFvII369l6tz6sz3m0ZBU7R2AB1tcvPMWhcQ==</latexit>

! k (" )! 1 := (1 + k(k ! 1)" )1/k
<latexit sha1_base64="tv9JIw+YvBqTyJjJ0HYywzfugRU="></latexit><latexit sha1_base64="tv9JIw+YvBqTyJjJ0HYywzfugRU="></latexit><latexit sha1_base64="tv9JIw+YvBqTyJjJ0HYywzfugRU="></latexit><latexit sha1_base64="tv9JIw+YvBqTyJjJ0HYywzfugRU="></latexit>

f k (t) = ( k(k ! 1))! 1(tk ! 1)
<latexit sha1_base64="lMbUC3wQNyt1aN5e8a7RA1dvSaU="></latexit><latexit sha1_base64="lMbUC3wQNyt1aN5e8a7RA1dvSaU="></latexit><latexit sha1_base64="lMbUC3wQNyt1aN5e8a7RA1dvSaU="></latexit><latexit sha1_base64="lMbUC3wQNyt1aN5e8a7RA1dvSaU="></latexit>

for k ! (1, " )
<latexit sha1_base64="BMNWvNNaU9BBs0odSEbRlCGt2B8=">AAACJHicbVDLSgMxFM34rO9RlyIEi6CgZUYEXYngxqWCrUJbSia904bJZIbkjlCGrvwXwa3+hjtx4cZv8BPMtLNQ64GQwznncpMTpFIY9LwPZ2p6ZnZuvrKwuLS8srrmrm80TJJpDnWeyETfBcyAFArqKFDCXaqBxYGE2yC6KPzbe9BGJOoGBym0Y9ZTIhScoZU67nary3TU0wAqj2hLKLrnHxR3iIP9YcetejVvBDpJ/JJUSYmrjvvV6iY8i0Ehl8yYpu+l2M6ZRsElDBdbmYGU8Yj1oGmpYjGYdj76xpDuWqVLw0Tbo5CO1J8TOYuNGcSBTcYM++avV4j/ec0Mw9N2LlSaISg+XhRmkmJCi05oV2jgKAeWMK6FfSvlfaYZR9vcry0GbW/GBsxhbKOJKSry/xYySRpHNd+v+dfH1fOzsqwK2SI7ZI/45ISck0tyReqEkwfyRJ7Ji/PovDpvzvs4OuWUM5vkF5zPb5bApSE=</latexit><latexit sha1_base64="BMNWvNNaU9BBs0odSEbRlCGt2B8=">AAACJHicbVDLSgMxFM34rO9RlyIEi6CgZUYEXYngxqWCrUJbSia904bJZIbkjlCGrvwXwa3+hjtx4cZv8BPMtLNQ64GQwznncpMTpFIY9LwPZ2p6ZnZuvrKwuLS8srrmrm80TJJpDnWeyETfBcyAFArqKFDCXaqBxYGE2yC6KPzbe9BGJOoGBym0Y9ZTIhScoZU67nary3TU0wAqj2hLKLrnHxR3iIP9YcetejVvBDpJ/JJUSYmrjvvV6iY8i0Ehl8yYpu+l2M6ZRsElDBdbmYGU8Yj1oGmpYjGYdj76xpDuWqVLw0Tbo5CO1J8TOYuNGcSBTcYM++avV4j/ec0Mw9N2LlSaISg+XhRmkmJCi05oV2jgKAeWMK6FfSvlfaYZR9vcry0GbW/GBsxhbKOJKSry/xYySRpHNd+v+dfH1fOzsqwK2SI7ZI/45ISck0tyReqEkwfyRJ7Ji/PovDpvzvs4OuWUM5vkF5zPb5bApSE=</latexit><latexit sha1_base64="BMNWvNNaU9BBs0odSEbRlCGt2B8=">AAACJHicbVDLSgMxFM34rO9RlyIEi6CgZUYEXYngxqWCrUJbSia904bJZIbkjlCGrvwXwa3+hjtx4cZv8BPMtLNQ64GQwznncpMTpFIY9LwPZ2p6ZnZuvrKwuLS8srrmrm80TJJpDnWeyETfBcyAFArqKFDCXaqBxYGE2yC6KPzbe9BGJOoGBym0Y9ZTIhScoZU67nary3TU0wAqj2hLKLrnHxR3iIP9YcetejVvBDpJ/JJUSYmrjvvV6iY8i0Ehl8yYpu+l2M6ZRsElDBdbmYGU8Yj1oGmpYjGYdj76xpDuWqVLw0Tbo5CO1J8TOYuNGcSBTcYM++avV4j/ec0Mw9N2LlSaISg+XhRmkmJCi05oV2jgKAeWMK6FfSvlfaYZR9vcry0GbW/GBsxhbKOJKSry/xYySRpHNd+v+dfH1fOzsqwK2SI7ZI/45ISck0tyReqEkwfyRJ7Ji/PovDpvzvs4OuWUM5vkF5zPb5bApSE=</latexit><latexit sha1_base64="BMNWvNNaU9BBs0odSEbRlCGt2B8=">AAACJHicbVDLSgMxFM34rO9RlyIEi6CgZUYEXYngxqWCrUJbSia904bJZIbkjlCGrvwXwa3+hjtx4cZv8BPMtLNQ64GQwznncpMTpFIY9LwPZ2p6ZnZuvrKwuLS8srrmrm80TJJpDnWeyETfBcyAFArqKFDCXaqBxYGE2yC6KPzbe9BGJOoGBym0Y9ZTIhScoZU67nary3TU0wAqj2hLKLrnHxR3iIP9YcetejVvBDpJ/JJUSYmrjvvV6iY8i0Ehl8yYpu+l2M6ZRsElDBdbmYGU8Yj1oGmpYjGYdj76xpDuWqVLw0Tbo5CO1J8TOYuNGcSBTcYM++avV4j/ec0Mw9N2LlSaISg+XhRmkmJCi05oV2jgKAeWMK6FfSvlfaYZR9vcry0GbW/GBsxhbKOJKSry/xYySRpHNd+v+dfH1fOzsqwK2SI7ZI/45ISck0tyReqEkwfyRJ7Ji/PovDpvzvs4OuWUM5vkF5zPb5bApSE=</latexit>



Worst case over distributionsDobs
<latexit sha1_base64="mzr1m5m0to/V5iJ6s/6rFr5HXzY=">AAACHXicbZDLSgMxGIUz9VbrbVRw4yZYBDeWGRF0WdGFywr2Ap1hyGTSNjSZDElGKOOAbyK41ddwJ27Ft/ARzLRd2NYfAodzTvh/vjBhVGnH+bZKS8srq2vl9crG5tb2jr2711IilZg0sWBCdkKkCKMxaWqqGekkkiAeMtIOh9dF3n4gUlER3+tRQnyO+jHtUYy0sQL7wJMkyjyOs5s8yDzJoQhVngd21ak544GLwp2KKphOI7B/vEjglJNYY4aU6rpOov0MSU0xI3nFSxVJEB6iPukaGSNOlJ+N78/hsXEi2BPSvFjDsfv3R4a4UiMemiZHeqDms8L8L+umunfpZzROUk1iPFnUSxnUAhYwYEQlwZqNjEBYUnMrxAMkEdYG2cwWpQ0wZQrqlJuqUAUidx7Iomid1Vy35t6dV+tXTxNYZXAIjsAJcMEFqINb0ABNgMEjeAGv4M16tt6tD+tzUi1ZU8D7YGasr19izKQS</latexit><latexit sha1_base64="mzr1m5m0to/V5iJ6s/6rFr5HXzY=">AAACHXicbZDLSgMxGIUz9VbrbVRw4yZYBDeWGRF0WdGFywr2Ap1hyGTSNjSZDElGKOOAbyK41ddwJ27Ft/ARzLRd2NYfAodzTvh/vjBhVGnH+bZKS8srq2vl9crG5tb2jr2711IilZg0sWBCdkKkCKMxaWqqGekkkiAeMtIOh9dF3n4gUlER3+tRQnyO+jHtUYy0sQL7wJMkyjyOs5s8yDzJoQhVngd21ak544GLwp2KKphOI7B/vEjglJNYY4aU6rpOov0MSU0xI3nFSxVJEB6iPukaGSNOlJ+N78/hsXEi2BPSvFjDsfv3R4a4UiMemiZHeqDms8L8L+umunfpZzROUk1iPFnUSxnUAhYwYEQlwZqNjEBYUnMrxAMkEdYG2cwWpQ0wZQrqlJuqUAUidx7Iomid1Vy35t6dV+tXTxNYZXAIjsAJcMEFqINb0ABNgMEjeAGv4M16tt6tD+tzUi1ZU8D7YGasr19izKQS</latexit><latexit sha1_base64="mzr1m5m0to/V5iJ6s/6rFr5HXzY=">AAACHXicbZDLSgMxGIUz9VbrbVRw4yZYBDeWGRF0WdGFywr2Ap1hyGTSNjSZDElGKOOAbyK41ddwJ27Ft/ARzLRd2NYfAodzTvh/vjBhVGnH+bZKS8srq2vl9crG5tb2jr2711IilZg0sWBCdkKkCKMxaWqqGekkkiAeMtIOh9dF3n4gUlER3+tRQnyO+jHtUYy0sQL7wJMkyjyOs5s8yDzJoQhVngd21ak544GLwp2KKphOI7B/vEjglJNYY4aU6rpOov0MSU0xI3nFSxVJEB6iPukaGSNOlJ+N78/hsXEi2BPSvFjDsfv3R4a4UiMemiZHeqDms8L8L+umunfpZzROUk1iPFnUSxnUAhYwYEQlwZqNjEBYUnMrxAMkEdYG2cwWpQ0wZQrqlJuqUAUidx7Iomid1Vy35t6dV+tXTxNYZXAIjsAJcMEFqINb0ABNgMEjeAGv4M16tt6tD+tzUi1ZU8D7YGasr19izKQS</latexit><latexit sha1_base64="mzr1m5m0to/V5iJ6s/6rFr5HXzY=">AAACHXicbZDLSgMxGIUz9VbrbVRw4yZYBDeWGRF0WdGFywr2Ap1hyGTSNjSZDElGKOOAbyK41ddwJ27Ft/ARzLRd2NYfAodzTvh/vjBhVGnH+bZKS8srq2vl9crG5tb2jr2711IilZg0sWBCdkKkCKMxaWqqGekkkiAeMtIOh9dF3n4gUlER3+tRQnyO+jHtUYy0sQL7wJMkyjyOs5s8yDzJoQhVngd21ak544GLwp2KKphOI7B/vEjglJNYY4aU6rpOov0MSU0xI3nFSxVJEB6iPukaGSNOlJ+N78/hsXEi2BPSvFjDsfv3R4a4UiMemiZHeqDms8L8L+umunfpZzROUk1iPFnUSxnUAhYwYEQlwZqNjEBYUnMrxAMkEdYG2cwWpQ0wZQrqlJuqUAUidx7Iomid1Vy35t6dV+tXTxNYZXAIjsAJcMEFqINb0ABNgMEjeAGv4M16tt6tD+tzUi1ZU8D7YGasr19izKQS</latexit>

Minimax (excess) risk

Best case over procedures

A principle: minimax

!! : Z n ! !
<latexit sha1_base64="Oz9Thqeaj8B+EgxCt7i6XMr0f5E="></latexit><latexit sha1_base64="Oz9Thqeaj8B+EgxCt7i6XMr0f5E="></latexit><latexit sha1_base64="Oz9Thqeaj8B+EgxCt7i6XMr0f5E="></latexit><latexit sha1_base64="Oz9Thqeaj8B+EgxCt7i6XMr0f5E="></latexit>

[Wald 39, von Neumann 28]:

1. We choose procedure   , nature chooses

2. Receive data      i.i.d. from       ,    makes decision

!!
<latexit sha1_base64="95oKg9zRDU0wrk/ST2K4nltQHR0=">AAACG3icbZDLSsNAFIYn9VbrLV52boJFcGNJRNBlxY3LCvYCTSmT6Wk7dJIJMydKDQVfRHCrr+FO3LrwLXwEJ20XtvXAwM///8M5fEEsuEbX/bZyS8srq2v59cLG5tb2jr27V9MyUQyqTAqpGgHVIHgEVeQooBEroGEgoB4MrrO8fg9Kcxnd4TCGVkh7Ee9yRtFYbfvAD0QCqf/Qp5j62Aeko1HbLroldzzOovCmokimU2nbP35HsiSECJmgWjc9N8ZWShVyJmBU8BMNMWUD2oOmkRENQbfS8fUj59g4HacrlXkROmP374+UhloPw8A0Q4p9PZ9l5n9ZM8HuZSvlUZwgRGyyqJsIB6WToXA6XAFDMTSCMsXNrQ7rU0UZGmAzWzQaXNoU9GloqlJniLx5IIuidlbyjL49L5avniaw8uSQHJET4pELUiY3pEKqhJFH8kJeyZv1bL1bH9bnpJqzpoD3ycxYX79HTKOG</latexit><latexit sha1_base64="95oKg9zRDU0wrk/ST2K4nltQHR0=">AAACG3icbZDLSsNAFIYn9VbrLV52boJFcGNJRNBlxY3LCvYCTSmT6Wk7dJIJMydKDQVfRHCrr+FO3LrwLXwEJ20XtvXAwM///8M5fEEsuEbX/bZyS8srq2v59cLG5tb2jr27V9MyUQyqTAqpGgHVIHgEVeQooBEroGEgoB4MrrO8fg9Kcxnd4TCGVkh7Ee9yRtFYbfvAD0QCqf/Qp5j62Aeko1HbLroldzzOovCmokimU2nbP35HsiSECJmgWjc9N8ZWShVyJmBU8BMNMWUD2oOmkRENQbfS8fUj59g4HacrlXkROmP374+UhloPw8A0Q4p9PZ9l5n9ZM8HuZSvlUZwgRGyyqJsIB6WToXA6XAFDMTSCMsXNrQ7rU0UZGmAzWzQaXNoU9GloqlJniLx5IIuidlbyjL49L5avniaw8uSQHJET4pELUiY3pEKqhJFH8kJeyZv1bL1bH9bnpJqzpoD3ycxYX79HTKOG</latexit><latexit sha1_base64="95oKg9zRDU0wrk/ST2K4nltQHR0=">AAACG3icbZDLSsNAFIYn9VbrLV52boJFcGNJRNBlxY3LCvYCTSmT6Wk7dJIJMydKDQVfRHCrr+FO3LrwLXwEJ20XtvXAwM///8M5fEEsuEbX/bZyS8srq2v59cLG5tb2jr27V9MyUQyqTAqpGgHVIHgEVeQooBEroGEgoB4MrrO8fg9Kcxnd4TCGVkh7Ee9yRtFYbfvAD0QCqf/Qp5j62Aeko1HbLroldzzOovCmokimU2nbP35HsiSECJmgWjc9N8ZWShVyJmBU8BMNMWUD2oOmkRENQbfS8fUj59g4HacrlXkROmP374+UhloPw8A0Q4p9PZ9l5n9ZM8HuZSvlUZwgRGyyqJsIB6WToXA6XAFDMTSCMsXNrQ7rU0UZGmAzWzQaXNoU9GloqlJniLx5IIuidlbyjL49L5avniaw8uSQHJET4pELUiY3pEKqhJFH8kJeyZv1bL1bH9bnpJqzpoD3ycxYX79HTKOG</latexit><latexit sha1_base64="95oKg9zRDU0wrk/ST2K4nltQHR0=">AAACG3icbZDLSsNAFIYn9VbrLV52boJFcGNJRNBlxY3LCvYCTSmT6Wk7dJIJMydKDQVfRHCrr+FO3LrwLXwEJ20XtvXAwM///8M5fEEsuEbX/bZyS8srq2v59cLG5tb2jr27V9MyUQyqTAqpGgHVIHgEVeQooBEroGEgoB4MrrO8fg9Kcxnd4TCGVkh7Ee9yRtFYbfvAD0QCqf/Qp5j62Aeko1HbLroldzzOovCmokimU2nbP35HsiSECJmgWjc9N8ZWShVyJmBU8BMNMWUD2oOmkRENQbfS8fUj59g4HacrlXkROmP374+UhloPw8A0Q4p9PZ9l5n9ZM8HuZSvlUZwgRGyyqJsIB6WToXA6XAFDMTSCMsXNrQ7rU0UZGmAzWzQaXNoU9GloqlJniLx5IIuidlbyjL49L5avniaw8uSQHJET4pELUiY3pEKqhJFH8kJeyZv1bL1bH9bnpJqzpoD3ycxYX79HTKOG</latexit>

!!
<latexit sha1_base64="95oKg9zRDU0wrk/ST2K4nltQHR0=">AAACG3icbZDLSsNAFIYn9VbrLV52boJFcGNJRNBlxY3LCvYCTSmT6Wk7dJIJMydKDQVfRHCrr+FO3LrwLXwEJ20XtvXAwM///8M5fEEsuEbX/bZyS8srq2v59cLG5tb2jr27V9MyUQyqTAqpGgHVIHgEVeQooBEroGEgoB4MrrO8fg9Kcxnd4TCGVkh7Ee9yRtFYbfvAD0QCqf/Qp5j62Aeko1HbLroldzzOovCmokimU2nbP35HsiSECJmgWjc9N8ZWShVyJmBU8BMNMWUD2oOmkRENQbfS8fUj59g4HacrlXkROmP374+UhloPw8A0Q4p9PZ9l5n9ZM8HuZSvlUZwgRGyyqJsIB6WToXA6XAFDMTSCMsXNrQ7rU0UZGmAzWzQaXNoU9GloqlJniLx5IIuidlbyjL49L5avniaw8uSQHJET4pELUiY3pEKqhJFH8kJeyZv1bL1bH9bnpJqzpoD3ycxYX79HTKOG</latexit><latexit sha1_base64="95oKg9zRDU0wrk/ST2K4nltQHR0=">AAACG3icbZDLSsNAFIYn9VbrLV52boJFcGNJRNBlxY3LCvYCTSmT6Wk7dJIJMydKDQVfRHCrr+FO3LrwLXwEJ20XtvXAwM///8M5fEEsuEbX/bZyS8srq2v59cLG5tb2jr27V9MyUQyqTAqpGgHVIHgEVeQooBEroGEgoB4MrrO8fg9Kcxnd4TCGVkh7Ee9yRtFYbfvAD0QCqf/Qp5j62Aeko1HbLroldzzOovCmokimU2nbP35HsiSECJmgWjc9N8ZWShVyJmBU8BMNMWUD2oOmkRENQbfS8fUj59g4HacrlXkROmP374+UhloPw8A0Q4p9PZ9l5n9ZM8HuZSvlUZwgRGyyqJsIB6WToXA6XAFDMTSCMsXNrQ7rU0UZGmAzWzQaXNoU9GloqlJniLx5IIuidlbyjL49L5avniaw8uSQHJET4pELUiY3pEKqhJFH8kJeyZv1bL1bH9bnpJqzpoD3ycxYX79HTKOG</latexit><latexit sha1_base64="95oKg9zRDU0wrk/ST2K4nltQHR0=">AAACG3icbZDLSsNAFIYn9VbrLV52boJFcGNJRNBlxY3LCvYCTSmT6Wk7dJIJMydKDQVfRHCrr+FO3LrwLXwEJ20XtvXAwM///8M5fEEsuEbX/bZyS8srq2v59cLG5tb2jr27V9MyUQyqTAqpGgHVIHgEVeQooBEroGEgoB4MrrO8fg9Kcxnd4TCGVkh7Ee9yRtFYbfvAD0QCqf/Qp5j62Aeko1HbLroldzzOovCmokimU2nbP35HsiSECJmgWjc9N8ZWShVyJmBU8BMNMWUD2oOmkRENQbfS8fUj59g4HacrlXkROmP374+UhloPw8A0Q4p9PZ9l5n9ZM8HuZSvlUZwgRGyyqJsIB6WToXA6XAFDMTSCMsXNrQ7rU0UZGmAzWzQaXNoU9GloqlJniLx5IIuidlbyjL49L5avniaw8uSQHJET4pELUiY3pEKqhJFH8kJeyZv1bL1bH9bnpJqzpoD3ycxYX79HTKOG</latexit><latexit sha1_base64="95oKg9zRDU0wrk/ST2K4nltQHR0=">AAACG3icbZDLSsNAFIYn9VbrLV52boJFcGNJRNBlxY3LCvYCTSmT6Wk7dJIJMydKDQVfRHCrr+FO3LrwLXwEJ20XtvXAwM///8M5fEEsuEbX/bZyS8srq2v59cLG5tb2jr27V9MyUQyqTAqpGgHVIHgEVeQooBEroGEgoB4MrrO8fg9Kcxnd4TCGVkh7Ee9yRtFYbfvAD0QCqf/Qp5j62Aeko1HbLroldzzOovCmokimU2nbP35HsiSECJmgWjc9N8ZWShVyJmBU8BMNMWUD2oOmkRENQbfS8fUj59g4HacrlXkROmP374+UhloPw8A0Q4p9PZ9l5n9ZM8HuZSvlUZwgRGyyqJsIB6WToXA6XAFDMTSCMsXNrQ7rU0UZGmAzWzQaXNoU9GloqlJniLx5IIuidlbyjL49L5avniaw8uSQHJET4pELUiY3pEKqhJFH8kJeyZv1bL1bH9bnpJqzpoD3ycxYX79HTKOG</latexit>

Pobs
<latexit sha1_base64="5J4YEv6lHaS2KohKTMcoI+JzW5Q=">AAACGHicbZDLSsNAGIUnXmu9pbp0M1gEN5ZEBF1W3LisYC/QhDCZTNqhM5kwM1FKCPgcglt9DXfi1p1v4SM4abuwrT8MHM45w//zhSmjSjvOt7Wyura+sVnZqm7v7O7t27WDjhKZxKSNBROyFyJFGE1IW1PNSC+VBPGQkW44uinz7gORiorkXo9T4nM0SGhMMdLGCuyaJ0mUt4LckxyKUBVFYNedhjMZuCzcmaiD2bQC+8eLBM44STRmSKm+66Taz5HUFDNSVL1MkRThERqQvpEJ4kT5+eT0Ap4YJ4KxkOYlGk7cvz9yxJUa89A0OdJDtZiV5n9ZP9PxlZ/TJM00SfB0UZwxqAUsOcCISoI1GxuBsKTmVoiHSCKsDa25LUobVsoU1Bk3VaFKRO4ikGXROW+4Rt9d1JvXT1NYFXAEjsEpcMElaIJb0AJtgMEjeAGv4M16tt6tD+tzWl2xZoAPwdxYX78VcKHH</latexit><latexit sha1_base64="5J4YEv6lHaS2KohKTMcoI+JzW5Q=">AAACGHicbZDLSsNAGIUnXmu9pbp0M1gEN5ZEBF1W3LisYC/QhDCZTNqhM5kwM1FKCPgcglt9DXfi1p1v4SM4abuwrT8MHM45w//zhSmjSjvOt7Wyura+sVnZqm7v7O7t27WDjhKZxKSNBROyFyJFGE1IW1PNSC+VBPGQkW44uinz7gORiorkXo9T4nM0SGhMMdLGCuyaJ0mUt4LckxyKUBVFYNedhjMZuCzcmaiD2bQC+8eLBM44STRmSKm+66Taz5HUFDNSVL1MkRThERqQvpEJ4kT5+eT0Ap4YJ4KxkOYlGk7cvz9yxJUa89A0OdJDtZiV5n9ZP9PxlZ/TJM00SfB0UZwxqAUsOcCISoI1GxuBsKTmVoiHSCKsDa25LUobVsoU1Bk3VaFKRO4ikGXROW+4Rt9d1JvXT1NYFXAEjsEpcMElaIJb0AJtgMEjeAGv4M16tt6tD+tzWl2xZoAPwdxYX78VcKHH</latexit><latexit sha1_base64="5J4YEv6lHaS2KohKTMcoI+JzW5Q=">AAACGHicbZDLSsNAGIUnXmu9pbp0M1gEN5ZEBF1W3LisYC/QhDCZTNqhM5kwM1FKCPgcglt9DXfi1p1v4SM4abuwrT8MHM45w//zhSmjSjvOt7Wyura+sVnZqm7v7O7t27WDjhKZxKSNBROyFyJFGE1IW1PNSC+VBPGQkW44uinz7gORiorkXo9T4nM0SGhMMdLGCuyaJ0mUt4LckxyKUBVFYNedhjMZuCzcmaiD2bQC+8eLBM44STRmSKm+66Taz5HUFDNSVL1MkRThERqQvpEJ4kT5+eT0Ap4YJ4KxkOYlGk7cvz9yxJUa89A0OdJDtZiV5n9ZP9PxlZ/TJM00SfB0UZwxqAUsOcCISoI1GxuBsKTmVoiHSCKsDa25LUobVsoU1Bk3VaFKRO4ikGXROW+4Rt9d1JvXT1NYFXAEjsEpcMElaIJb0AJtgMEjeAGv4M16tt6tD+tzWl2xZoAPwdxYX78VcKHH</latexit><latexit sha1_base64="5J4YEv6lHaS2KohKTMcoI+JzW5Q=">AAACGHicbZDLSsNAGIUnXmu9pbp0M1gEN5ZEBF1W3LisYC/QhDCZTNqhM5kwM1FKCPgcglt9DXfi1p1v4SM4abuwrT8MHM45w//zhSmjSjvOt7Wyura+sVnZqm7v7O7t27WDjhKZxKSNBROyFyJFGE1IW1PNSC+VBPGQkW44uinz7gORiorkXo9T4nM0SGhMMdLGCuyaJ0mUt4LckxyKUBVFYNedhjMZuCzcmaiD2bQC+8eLBM44STRmSKm+66Taz5HUFDNSVL1MkRThERqQvpEJ4kT5+eT0Ap4YJ4KxkOYlGk7cvz9yxJUa89A0OdJDtZiV5n9ZP9PxlZ/TJM00SfB0UZwxqAUsOcCISoI1GxuBsKTmVoiHSCKsDa25LUobVsoU1Bk3VaFKRO4ikGXROW+4Rt9d1JvXT1NYFXAEjsEpcMElaIJb0AJtgMEjeAGv4M16tt6tD+tzWl2xZoAPwdxYX78VcKHH</latexit>

Pobs
<latexit sha1_base64="5J4YEv6lHaS2KohKTMcoI+JzW5Q=">AAACGHicbZDLSsNAGIUnXmu9pbp0M1gEN5ZEBF1W3LisYC/QhDCZTNqhM5kwM1FKCPgcglt9DXfi1p1v4SM4abuwrT8MHM45w//zhSmjSjvOt7Wyura+sVnZqm7v7O7t27WDjhKZxKSNBROyFyJFGE1IW1PNSC+VBPGQkW44uinz7gORiorkXo9T4nM0SGhMMdLGCuyaJ0mUt4LckxyKUBVFYNedhjMZuCzcmaiD2bQC+8eLBM44STRmSKm+66Taz5HUFDNSVL1MkRThERqQvpEJ4kT5+eT0Ap4YJ4KxkOYlGk7cvz9yxJUa89A0OdJDtZiV5n9ZP9PxlZ/TJM00SfB0UZwxqAUsOcCISoI1GxuBsKTmVoiHSCKsDa25LUobVsoU1Bk3VaFKRO4ikGXROW+4Rt9d1JvXT1NYFXAEjsEpcMElaIJb0AJtgMEjeAGv4M16tt6tD+tzWl2xZoAPwdxYX78VcKHH</latexit><latexit sha1_base64="5J4YEv6lHaS2KohKTMcoI+JzW5Q=">AAACGHicbZDLSsNAGIUnXmu9pbp0M1gEN5ZEBF1W3LisYC/QhDCZTNqhM5kwM1FKCPgcglt9DXfi1p1v4SM4abuwrT8MHM45w//zhSmjSjvOt7Wyura+sVnZqm7v7O7t27WDjhKZxKSNBROyFyJFGE1IW1PNSC+VBPGQkW44uinz7gORiorkXo9T4nM0SGhMMdLGCuyaJ0mUt4LckxyKUBVFYNedhjMZuCzcmaiD2bQC+8eLBM44STRmSKm+66Taz5HUFDNSVL1MkRThERqQvpEJ4kT5+eT0Ap4YJ4KxkOYlGk7cvz9yxJUa89A0OdJDtZiV5n9ZP9PxlZ/TJM00SfB0UZwxqAUsOcCISoI1GxuBsKTmVoiHSCKsDa25LUobVsoU1Bk3VaFKRO4ikGXROW+4Rt9d1JvXT1NYFXAEjsEpcMElaIJb0AJtgMEjeAGv4M16tt6tD+tzWl2xZoAPwdxYX78VcKHH</latexit><latexit sha1_base64="5J4YEv6lHaS2KohKTMcoI+JzW5Q=">AAACGHicbZDLSsNAGIUnXmu9pbp0M1gEN5ZEBF1W3LisYC/QhDCZTNqhM5kwM1FKCPgcglt9DXfi1p1v4SM4abuwrT8MHM45w//zhSmjSjvOt7Wyura+sVnZqm7v7O7t27WDjhKZxKSNBROyFyJFGE1IW1PNSC+VBPGQkW44uinz7gORiorkXo9T4nM0SGhMMdLGCuyaJ0mUt4LckxyKUBVFYNedhjMZuCzcmaiD2bQC+8eLBM44STRmSKm+66Taz5HUFDNSVL1MkRThERqQvpEJ4kT5+eT0Ap4YJ4KxkOYlGk7cvz9yxJUa89A0OdJDtZiV5n9ZP9PxlZ/TJM00SfB0UZwxqAUsOcCISoI1GxuBsKTmVoiHSCKsDa25LUobVsoU1Bk3VaFKRO4ikGXROW+4Rt9d1JvXT1NYFXAEjsEpcMElaIJb0AJtgMEjeAGv4M16tt6tD+tzWl2xZoAPwdxYX78VcKHH</latexit><latexit sha1_base64="5J4YEv6lHaS2KohKTMcoI+JzW5Q=">AAACGHicbZDLSsNAGIUnXmu9pbp0M1gEN5ZEBF1W3LisYC/QhDCZTNqhM5kwM1FKCPgcglt9DXfi1p1v4SM4abuwrT8MHM45w//zhSmjSjvOt7Wyura+sVnZqm7v7O7t27WDjhKZxKSNBROyFyJFGE1IW1PNSC+VBPGQkW44uinz7gORiorkXo9T4nM0SGhMMdLGCuyaJ0mUt4LckxyKUBVFYNedhjMZuCzcmaiD2bQC+8eLBM44STRmSKm+66Taz5HUFDNSVL1MkRThERqQvpEJ4kT5+eT0Ap4YJ4KxkOYlGk7cvz9yxJUa89A0OdJDtZiV5n9ZP9PxlZ/TJM00SfB0UZwxqAUsOcCISoI1GxuBsKTmVoiHSCKsDa25LUobVsoU1Bk3VaFKRO4ikGXROW+4Rt9d1JvXT1NYFXAEjsEpcMElaIJb0AJtgMEjeAGv4M16tt6tD+tzWl2xZoAPwdxYX78VcKHH</latexit>

Z i
<latexit sha1_base64="m7AJ0mJZHkuKVJZ4MIL/t3ITQsQ=">AAACCHicbVDLSgMxFL3js9ZX1aWbYBHcWGZE0GXFjcuK9oHtUDJppg3NY0gyQhkKrgW3+hvuxK1/4V/4CaaPhW09EDicc8K990QJZ8b6/re3tLyyurae28hvbm3v7Bb29mtGpZrQKlFc6UaEDeVM0qplltNGoikWEaf1qH898uuPVBum5L0dJDQUuCtZzAi2Trp7aLN2oeiX/DHQIgmmpAhTVNqFn1ZHkVRQaQnHxjQDP7FhhrVlhNNhvpUammDSx13adFRiQU2YjVcdomOndFCstHvSorH690eGhTEDEbmkwLZn5r2R+J/XTG18GWZMJqmlkkwGxSlHVqHR3ajDNCWWDxzBRDO3KyI9rDGxrp2ZKca6bowLmFPhosoMXUXBfCGLpHZWChy/PS+Wr54mZeXgEI7gBAK4gDLcQAWqQKALL/AKb96z9+59eJ+T6JI3LfgAZuB9/QIPNJtX</latexit><latexit sha1_base64="m7AJ0mJZHkuKVJZ4MIL/t3ITQsQ=">AAACCHicbVDLSgMxFL3js9ZX1aWbYBHcWGZE0GXFjcuK9oHtUDJppg3NY0gyQhkKrgW3+hvuxK1/4V/4CaaPhW09EDicc8K990QJZ8b6/re3tLyyurae28hvbm3v7Bb29mtGpZrQKlFc6UaEDeVM0qplltNGoikWEaf1qH898uuPVBum5L0dJDQUuCtZzAi2Trp7aLN2oeiX/DHQIgmmpAhTVNqFn1ZHkVRQaQnHxjQDP7FhhrVlhNNhvpUammDSx13adFRiQU2YjVcdomOndFCstHvSorH690eGhTEDEbmkwLZn5r2R+J/XTG18GWZMJqmlkkwGxSlHVqHR3ajDNCWWDxzBRDO3KyI9rDGxrp2ZKca6bowLmFPhosoMXUXBfCGLpHZWChy/PS+Wr54mZeXgEI7gBAK4gDLcQAWqQKALL/AKb96z9+59eJ+T6JI3LfgAZuB9/QIPNJtX</latexit><latexit sha1_base64="m7AJ0mJZHkuKVJZ4MIL/t3ITQsQ=">AAACCHicbVDLSgMxFL3js9ZX1aWbYBHcWGZE0GXFjcuK9oHtUDJppg3NY0gyQhkKrgW3+hvuxK1/4V/4CaaPhW09EDicc8K990QJZ8b6/re3tLyyurae28hvbm3v7Bb29mtGpZrQKlFc6UaEDeVM0qplltNGoikWEaf1qH898uuPVBum5L0dJDQUuCtZzAi2Trp7aLN2oeiX/DHQIgmmpAhTVNqFn1ZHkVRQaQnHxjQDP7FhhrVlhNNhvpUammDSx13adFRiQU2YjVcdomOndFCstHvSorH690eGhTEDEbmkwLZn5r2R+J/XTG18GWZMJqmlkkwGxSlHVqHR3ajDNCWWDxzBRDO3KyI9rDGxrp2ZKca6bowLmFPhosoMXUXBfCGLpHZWChy/PS+Wr54mZeXgEI7gBAK4gDLcQAWqQKALL/AKb96z9+59eJ+T6JI3LfgAZuB9/QIPNJtX</latexit><latexit sha1_base64="m7AJ0mJZHkuKVJZ4MIL/t3ITQsQ=">AAACCHicbVDLSgMxFL3js9ZX1aWbYBHcWGZE0GXFjcuK9oHtUDJppg3NY0gyQhkKrgW3+hvuxK1/4V/4CaaPhW09EDicc8K990QJZ8b6/re3tLyyurae28hvbm3v7Bb29mtGpZrQKlFc6UaEDeVM0qplltNGoikWEaf1qH898uuPVBum5L0dJDQUuCtZzAi2Trp7aLN2oeiX/DHQIgmmpAhTVNqFn1ZHkVRQaQnHxjQDP7FhhrVlhNNhvpUammDSx13adFRiQU2YjVcdomOndFCstHvSorH690eGhTEDEbmkwLZn5r2R+J/XTG18GWZMJqmlkkwGxSlHVqHR3ajDNCWWDxzBRDO3KyI9rDGxrp2ZKca6bowLmFPhosoMXUXBfCGLpHZWChy/PS+Wr54mZeXgEI7gBAK4gDLcQAWqQKALL/AKb96z9+59eJ+T6JI3LfgAZuB9/QIPNJtX</latexit>

Define R k, ! (! ; P) := sup
Q:D f k (Q|| P ) ! !

EQ ["(! ; Z )]
<latexit sha1_base64="cPuaVFMNYMEpOQePbYn4BEeyUKc="></latexit><latexit sha1_base64="cPuaVFMNYMEpOQePbYn4BEeyUKc="></latexit><latexit sha1_base64="cPuaVFMNYMEpOQePbYn4BEeyUKc="></latexit><latexit sha1_base64="cPuaVFMNYMEpOQePbYn4BEeyUKc="></latexit>

min
!!

max
Pobs ! D obs

!
EPobs [R k, " ( "! (Z n

1 ); Pobs)] ! min
! ! !

R k, " (! ; Pobs)
#

<latexit sha1_base64="XeUhBpRgTZKu6pF31sinNsXwwXQ="></latexit><latexit sha1_base64="XeUhBpRgTZKu6pF31sinNsXwwXQ="></latexit><latexit sha1_base64="XeUhBpRgTZKu6pF31sinNsXwwXQ="></latexit><latexit sha1_base64="XeUhBpRgTZKu6pF31sinNsXwwXQ="></latexit>



Main result

Two pronged approach 

1. Convergence guarantee: find good procedure 

2. Lower bound: show no procedure can do better

Worst case over distributionsDobs
<latexit sha1_base64="mzr1m5m0to/V5iJ6s/6rFr5HXzY=">AAACHXicbZDLSgMxGIUz9VbrbVRw4yZYBDeWGRF0WdGFywr2Ap1hyGTSNjSZDElGKOOAbyK41ddwJ27Ft/ARzLRd2NYfAodzTvh/vjBhVGnH+bZKS8srq2vl9crG5tb2jr2711IilZg0sWBCdkKkCKMxaWqqGekkkiAeMtIOh9dF3n4gUlER3+tRQnyO+jHtUYy0sQL7wJMkyjyOs5s8yDzJoQhVngd21ak544GLwp2KKphOI7B/vEjglJNYY4aU6rpOov0MSU0xI3nFSxVJEB6iPukaGSNOlJ+N78/hsXEi2BPSvFjDsfv3R4a4UiMemiZHeqDms8L8L+umunfpZzROUk1iPFnUSxnUAhYwYEQlwZqNjEBYUnMrxAMkEdYG2cwWpQ0wZQrqlJuqUAUidx7Iomid1Vy35t6dV+tXTxNYZXAIjsAJcMEFqINb0ABNgMEjeAGv4M16tt6tD+tzUi1ZU8D7YGasr19izKQS</latexit><latexit sha1_base64="mzr1m5m0to/V5iJ6s/6rFr5HXzY=">AAACHXicbZDLSgMxGIUz9VbrbVRw4yZYBDeWGRF0WdGFywr2Ap1hyGTSNjSZDElGKOOAbyK41ddwJ27Ft/ARzLRd2NYfAodzTvh/vjBhVGnH+bZKS8srq2vl9crG5tb2jr2711IilZg0sWBCdkKkCKMxaWqqGekkkiAeMtIOh9dF3n4gUlER3+tRQnyO+jHtUYy0sQL7wJMkyjyOs5s8yDzJoQhVngd21ak544GLwp2KKphOI7B/vEjglJNYY4aU6rpOov0MSU0xI3nFSxVJEB6iPukaGSNOlJ+N78/hsXEi2BPSvFjDsfv3R4a4UiMemiZHeqDms8L8L+umunfpZzROUk1iPFnUSxnUAhYwYEQlwZqNjEBYUnMrxAMkEdYG2cwWpQ0wZQrqlJuqUAUidx7Iomid1Vy35t6dV+tXTxNYZXAIjsAJcMEFqINb0ABNgMEjeAGv4M16tt6tD+tzUi1ZU8D7YGasr19izKQS</latexit><latexit sha1_base64="mzr1m5m0to/V5iJ6s/6rFr5HXzY=">AAACHXicbZDLSgMxGIUz9VbrbVRw4yZYBDeWGRF0WdGFywr2Ap1hyGTSNjSZDElGKOOAbyK41ddwJ27Ft/ARzLRd2NYfAodzTvh/vjBhVGnH+bZKS8srq2vl9crG5tb2jr2711IilZg0sWBCdkKkCKMxaWqqGekkkiAeMtIOh9dF3n4gUlER3+tRQnyO+jHtUYy0sQL7wJMkyjyOs5s8yDzJoQhVngd21ak544GLwp2KKphOI7B/vEjglJNYY4aU6rpOov0MSU0xI3nFSxVJEB6iPukaGSNOlJ+N78/hsXEi2BPSvFjDsfv3R4a4UiMemiZHeqDms8L8L+umunfpZzROUk1iPFnUSxnUAhYwYEQlwZqNjEBYUnMrxAMkEdYG2cwWpQ0wZQrqlJuqUAUidx7Iomid1Vy35t6dV+tXTxNYZXAIjsAJcMEFqINb0ABNgMEjeAGv4M16tt6tD+tzUi1ZU8D7YGasr19izKQS</latexit><latexit sha1_base64="mzr1m5m0to/V5iJ6s/6rFr5HXzY=">AAACHXicbZDLSgMxGIUz9VbrbVRw4yZYBDeWGRF0WdGFywr2Ap1hyGTSNjSZDElGKOOAbyK41ddwJ27Ft/ARzLRd2NYfAodzTvh/vjBhVGnH+bZKS8srq2vl9crG5tb2jr2711IilZg0sWBCdkKkCKMxaWqqGekkkiAeMtIOh9dF3n4gUlER3+tRQnyO+jHtUYy0sQL7wJMkyjyOs5s8yDzJoQhVngd21ak544GLwp2KKphOI7B/vEjglJNYY4aU6rpOov0MSU0xI3nFSxVJEB6iPukaGSNOlJ+N78/hsXEi2BPSvFjDsfv3R4a4UiMemiZHeqDms8L8L+umunfpZzROUk1iPFnUSxnUAhYwYEQlwZqNjEBYUnMrxAMkEdYG2cwWpQ0wZQrqlJuqUAUidx7Iomid1Vy35t6dV+tXTxNYZXAIjsAJcMEFqINb0ABNgMEjeAGv4M16tt6tD+tzUi1ZU8D7YGasr19izKQS</latexit>

Best case over procedures!! : Z n ! !
<latexit sha1_base64="Oz9Thqeaj8B+EgxCt7i6XMr0f5E="></latexit><latexit sha1_base64="Oz9Thqeaj8B+EgxCt7i6XMr0f5E="></latexit><latexit sha1_base64="Oz9Thqeaj8B+EgxCt7i6XMr0f5E="></latexit><latexit sha1_base64="Oz9Thqeaj8B+EgxCt7i6XMr0f5E="></latexit>

: parametric          k ! [2, " )
<latexit sha1_base64="yQLQLovVH14wgDFtbeu+/xV7aPI=">AAACGHicbZDLSsNAFIYn9VbrLdWlm8EiKGhJiqDLihuXFewF2lAm00k7dDIJMydKCQWfQ3Crr+FO3LrzLXwEJ20XtvXAMD//+Q/n8Pmx4Boc59vKrayurW/kNwtb2zu7e3Zxv6GjRFFWp5GIVMsnmgkuWR04CNaKFSOhL1jTH95k/eYDU5pH8h5GMfNC0pc84JSAsbp2cYg7XOJ25Sz7Axiddu2SU3YmhZeFOxMlNKta1/7p9CKahEwCFUTrtuvE4KVEAaeCjQudRLOY0CHps7aRkoRMe+nk9DE+Nk4PB5EyTwKeuH8nUhJqPQp9kwwJDPRiLzP/67UTCK68lMs4ASbpdFGQCAwRzjjgHleMghgZQaji5lZMB0QRCobW3BYNhpU2AX0emmikxwaRuwhkWTQqZdctu3cXper10xRWHh2iI3SCXHSJqugW1VAdUfSIXtArerOerXfrw/qcRnPWDPABmivr6xeyJqBZ</latexit><latexit sha1_base64="yQLQLovVH14wgDFtbeu+/xV7aPI=">AAACGHicbZDLSsNAFIYn9VbrLdWlm8EiKGhJiqDLihuXFewF2lAm00k7dDIJMydKCQWfQ3Crr+FO3LrzLXwEJ20XtvXAMD//+Q/n8Pmx4Boc59vKrayurW/kNwtb2zu7e3Zxv6GjRFFWp5GIVMsnmgkuWR04CNaKFSOhL1jTH95k/eYDU5pH8h5GMfNC0pc84JSAsbp2cYg7XOJ25Sz7Axiddu2SU3YmhZeFOxMlNKta1/7p9CKahEwCFUTrtuvE4KVEAaeCjQudRLOY0CHps7aRkoRMe+nk9DE+Nk4PB5EyTwKeuH8nUhJqPQp9kwwJDPRiLzP/67UTCK68lMs4ASbpdFGQCAwRzjjgHleMghgZQaji5lZMB0QRCobW3BYNhpU2AX0emmikxwaRuwhkWTQqZdctu3cXper10xRWHh2iI3SCXHSJqugW1VAdUfSIXtArerOerXfrw/qcRnPWDPABmivr6xeyJqBZ</latexit><latexit sha1_base64="yQLQLovVH14wgDFtbeu+/xV7aPI=">AAACGHicbZDLSsNAFIYn9VbrLdWlm8EiKGhJiqDLihuXFewF2lAm00k7dDIJMydKCQWfQ3Crr+FO3LrzLXwEJ20XtvXAMD//+Q/n8Pmx4Boc59vKrayurW/kNwtb2zu7e3Zxv6GjRFFWp5GIVMsnmgkuWR04CNaKFSOhL1jTH95k/eYDU5pH8h5GMfNC0pc84JSAsbp2cYg7XOJ25Sz7Axiddu2SU3YmhZeFOxMlNKta1/7p9CKahEwCFUTrtuvE4KVEAaeCjQudRLOY0CHps7aRkoRMe+nk9DE+Nk4PB5EyTwKeuH8nUhJqPQp9kwwJDPRiLzP/67UTCK68lMs4ASbpdFGQCAwRzjjgHleMghgZQaji5lZMB0QRCobW3BYNhpU2AX0emmikxwaRuwhkWTQqZdctu3cXper10xRWHh2iI3SCXHSJqugW1VAdUfSIXtArerOerXfrw/qcRnPWDPABmivr6xeyJqBZ</latexit><latexit sha1_base64="yQLQLovVH14wgDFtbeu+/xV7aPI=">AAACGHicbZDLSsNAFIYn9VbrLdWlm8EiKGhJiqDLihuXFewF2lAm00k7dDIJMydKCQWfQ3Crr+FO3LrzLXwEJ20XtvXAMD//+Q/n8Pmx4Boc59vKrayurW/kNwtb2zu7e3Zxv6GjRFFWp5GIVMsnmgkuWR04CNaKFSOhL1jTH95k/eYDU5pH8h5GMfNC0pc84JSAsbp2cYg7XOJ25Sz7Axiddu2SU3YmhZeFOxMlNKta1/7p9CKahEwCFUTrtuvE4KVEAaeCjQudRLOY0CHps7aRkoRMe+nk9DE+Nk4PB5EyTwKeuH8nUhJqPQp9kwwJDPRiLzP/67UTCK68lMs4ASbpdFGQCAwRzjjgHleMghgZQaji5lZMB0QRCobW3BYNhpU2AX0emmikxwaRuwhkWTQqZdctu3cXper10xRWHh2iI3SCXHSJqugW1VAdUfSIXtArerOerXfrw/qcRnPWDPABmivr6xeyJqBZ</latexit>

: slower k ! (1, 2)
<latexit sha1_base64="O5Xpo+NM33XIQiyqH63Er99LhOM=">AAACEXicbZDLSgMxGIUzXmu9VV26CRahgpZJEXRZceOygr1AZyiZNNOG5jIkGaEMBd9BcKuv4U7c+gS+hY9gelnY1h8Ch3NO+H++KOHMWN//9lZW19Y3NnNb+e2d3b39wsFhw6hUE1oniivdirChnElat8xy2ko0xSLitBkNbsd585Fqw5R8sMOEhgL3JIsZwdZZwQAGTMISOoeVs06h6Jf9ycBlgWaiCGZT6xR+gq4iqaDSEo6NaSM/sWGGtWWE01E+SA1NMBngHm07KbGgJswmN4/gqXO6MFbaPWnhxP37I8PCmKGIXFNg2zeL2dj8L2unNr4OMyaT1FJJpovilEOr4BgA7DJNieVDJzDRzN0KSR9rTKzDNLfFWAfJuIK5EK6qzMghQotAlkWjUkaojO4vi9WbpymsHDgGJ6AEELgCVXAHaqAOCEjAC3gFb96z9+59eJ/T6oo3A3wE5sb7+gVDxp1u</latexit><latexit sha1_base64="O5Xpo+NM33XIQiyqH63Er99LhOM=">AAACEXicbZDLSgMxGIUzXmu9VV26CRahgpZJEXRZceOygr1AZyiZNNOG5jIkGaEMBd9BcKuv4U7c+gS+hY9gelnY1h8Ch3NO+H++KOHMWN//9lZW19Y3NnNb+e2d3b39wsFhw6hUE1oniivdirChnElat8xy2ko0xSLitBkNbsd585Fqw5R8sMOEhgL3JIsZwdZZwQAGTMISOoeVs06h6Jf9ycBlgWaiCGZT6xR+gq4iqaDSEo6NaSM/sWGGtWWE01E+SA1NMBngHm07KbGgJswmN4/gqXO6MFbaPWnhxP37I8PCmKGIXFNg2zeL2dj8L2unNr4OMyaT1FJJpovilEOr4BgA7DJNieVDJzDRzN0KSR9rTKzDNLfFWAfJuIK5EK6qzMghQotAlkWjUkaojO4vi9WbpymsHDgGJ6AEELgCVXAHaqAOCEjAC3gFb96z9+59eJ/T6oo3A3wE5sb7+gVDxp1u</latexit><latexit sha1_base64="O5Xpo+NM33XIQiyqH63Er99LhOM=">AAACEXicbZDLSgMxGIUzXmu9VV26CRahgpZJEXRZceOygr1AZyiZNNOG5jIkGaEMBd9BcKuv4U7c+gS+hY9gelnY1h8Ch3NO+H++KOHMWN//9lZW19Y3NnNb+e2d3b39wsFhw6hUE1oniivdirChnElat8xy2ko0xSLitBkNbsd585Fqw5R8sMOEhgL3JIsZwdZZwQAGTMISOoeVs06h6Jf9ycBlgWaiCGZT6xR+gq4iqaDSEo6NaSM/sWGGtWWE01E+SA1NMBngHm07KbGgJswmN4/gqXO6MFbaPWnhxP37I8PCmKGIXFNg2zeL2dj8L2unNr4OMyaT1FJJpovilEOr4BgA7DJNieVDJzDRzN0KSR9rTKzDNLfFWAfJuIK5EK6qzMghQotAlkWjUkaojO4vi9WbpymsHDgGJ6AEELgCVXAHaqAOCEjAC3gFb96z9+59eJ/T6oo3A3wE5sb7+gVDxp1u</latexit><latexit sha1_base64="O5Xpo+NM33XIQiyqH63Er99LhOM=">AAACEXicbZDLSgMxGIUzXmu9VV26CRahgpZJEXRZceOygr1AZyiZNNOG5jIkGaEMBd9BcKuv4U7c+gS+hY9gelnY1h8Ch3NO+H++KOHMWN//9lZW19Y3NnNb+e2d3b39wsFhw6hUE1oniivdirChnElat8xy2ko0xSLitBkNbsd585Fqw5R8sMOEhgL3JIsZwdZZwQAGTMISOoeVs06h6Jf9ycBlgWaiCGZT6xR+gq4iqaDSEo6NaSM/sWGGtWWE01E+SA1NMBngHm07KbGgJswmN4/gqXO6MFbaPWnhxP37I8PCmKGIXFNg2zeL2dj8L2unNr4OMyaT1FJJpovilEOr4BgA7DJNieVDJzDRzN0KSR9rTKzDNLfFWAfJuIK5EK6qzMghQotAlkWjUkaojO4vi9WbpymsHDgGJ6AEELgCVXAHaqAOCEjAC3gFb96z9+59eJ/T6oo3A3wE5sb7+gVDxp1u</latexit>

k! = k/ (k ! 1)
<latexit sha1_base64="D+hwrYXZN2QTULqgZYB+Zeyyqbk=">AAACFnicbZDLSgMxGIUz9VbrpaMu3QSLUIXWGRF0I1TcuKxgL9AOQybNtGEyyZBkhDIUfAzBrb6GO3Hr1rfwEUwvC9v6Q+Bwzgn/zxckjCrtON9WbmV1bX0jv1nY2t7ZLdp7+00lUolJAwsmZDtAijDKSUNTzUg7kQTFASOtILod561HIhUV/EEPE+LFqM9pSDHSxvLtYuSfwmsYwTNYjiruiW+XnKozGbgs3JkogdnUffun2xM4jQnXmCGlOq6TaC9DUlPMyKjQTRVJEI5Qn3SM5Cgmyssmh4/gsXF6MBTSPK7hxP37I0OxUsM4MM0Y6YFazMbmf1kn1eGVl1GepJpwPF0UpgxqAccUYI9KgjUbGoGwpOZWiAdIIqwNq7ktShtSyhRUJTZVoUYGkbsIZFk0z6uuW3XvL0q1m6cprDw4BEegDFxwCWrgDtRBA2CQghfwCt6sZ+vd+rA+p9WcNQN8AObG+voFEjueRA==</latexit><latexit sha1_base64="D+hwrYXZN2QTULqgZYB+Zeyyqbk=">AAACFnicbZDLSgMxGIUz9VbrpaMu3QSLUIXWGRF0I1TcuKxgL9AOQybNtGEyyZBkhDIUfAzBrb6GO3Hr1rfwEUwvC9v6Q+Bwzgn/zxckjCrtON9WbmV1bX0jv1nY2t7ZLdp7+00lUolJAwsmZDtAijDKSUNTzUg7kQTFASOtILod561HIhUV/EEPE+LFqM9pSDHSxvLtYuSfwmsYwTNYjiruiW+XnKozGbgs3JkogdnUffun2xM4jQnXmCGlOq6TaC9DUlPMyKjQTRVJEI5Qn3SM5Cgmyssmh4/gsXF6MBTSPK7hxP37I0OxUsM4MM0Y6YFazMbmf1kn1eGVl1GepJpwPF0UpgxqAccUYI9KgjUbGoGwpOZWiAdIIqwNq7ktShtSyhRUJTZVoUYGkbsIZFk0z6uuW3XvL0q1m6cprDw4BEegDFxwCWrgDtRBA2CQghfwCt6sZ+vd+rA+p9WcNQN8AObG+voFEjueRA==</latexit><latexit sha1_base64="D+hwrYXZN2QTULqgZYB+Zeyyqbk=">AAACFnicbZDLSgMxGIUz9VbrpaMu3QSLUIXWGRF0I1TcuKxgL9AOQybNtGEyyZBkhDIUfAzBrb6GO3Hr1rfwEUwvC9v6Q+Bwzgn/zxckjCrtON9WbmV1bX0jv1nY2t7ZLdp7+00lUolJAwsmZDtAijDKSUNTzUg7kQTFASOtILod561HIhUV/EEPE+LFqM9pSDHSxvLtYuSfwmsYwTNYjiruiW+XnKozGbgs3JkogdnUffun2xM4jQnXmCGlOq6TaC9DUlPMyKjQTRVJEI5Qn3SM5Cgmyssmh4/gsXF6MBTSPK7hxP37I0OxUsM4MM0Y6YFazMbmf1kn1eGVl1GepJpwPF0UpgxqAccUYI9KgjUbGoGwpOZWiAdIIqwNq7ktShtSyhRUJTZVoUYGkbsIZFk0z6uuW3XvL0q1m6cprDw4BEegDFxwCWrgDtRBA2CQghfwCt6sZ+vd+rA+p9WcNQN8AObG+voFEjueRA==</latexit><latexit sha1_base64="D+hwrYXZN2QTULqgZYB+Zeyyqbk=">AAACFnicbZDLSgMxGIUz9VbrpaMu3QSLUIXWGRF0I1TcuKxgL9AOQybNtGEyyZBkhDIUfAzBrb6GO3Hr1rfwEUwvC9v6Q+Bwzgn/zxckjCrtON9WbmV1bX0jv1nY2t7ZLdp7+00lUolJAwsmZDtAijDKSUNTzUg7kQTFASOtILod561HIhUV/EEPE+LFqM9pSDHSxvLtYuSfwmsYwTNYjiruiW+XnKozGbgs3JkogdnUffun2xM4jQnXmCGlOq6TaC9DUlPMyKjQTRVJEI5Qn3SM5Cgmyssmh4/gsXF6MBTSPK7hxP37I0OxUsM4MM0Y6YFazMbmf1kn1eGVl1GepJpwPF0UpgxqAccUYI9KgjUbGoGwpOZWiAdIIqwNq7ktShtSyhRUJTZVoUYGkbsIZFk0z6uuW3XvL0q1m6cprDw4BEegDFxwCWrgDtRBA2CQghfwCt6sZ+vd+rA+p9WcNQN8AObG+voFEjueRA==</latexit>

where                         .

min
!!

max
Pobs ! D obs

!
EPobs [R k, " ( "! (Z n

1 ); Pobs)] ! min
! ! !
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" n! 1
k" # 2

<latexit sha1_base64="+YkadYUxE3B0WZJ58eakiMTrnEM="></latexit><latexit sha1_base64="+YkadYUxE3B0WZJ58eakiMTrnEM="></latexit><latexit sha1_base64="+YkadYUxE3B0WZJ58eakiMTrnEM="></latexit><latexit sha1_base64="+YkadYUxE3B0WZJ58eakiMTrnEM="></latexit>

Theorem (Duchi & Namkoong Õ20)



Fine-grained recognition
• Task: classify image of dog to breed (120 classes)

• Kernel features

Stanford Dogs Dataset [Khosla et al. ’11]

No underrepresentation: 
same number of images per class



ERM error rate

Hard Easy

BIG gap in performance even  
when no underrepresentation



1.0 (ERM) .99 .90 .60 .20 .07

st
an

da
rd

 d
ev

ia
tio

n 
of

 c
la

ss
-w

is
e 

er
ro

r
Variation in error over 120 class

Lower bound on minority proportion ! 2(" ) := (1 + 2 " )! 1/ 2
<latexit sha1_base64="+yAYXEFF0miHdoXKva+tLyasIZQ="></latexit><latexit sha1_base64="+yAYXEFF0miHdoXKva+tLyasIZQ="></latexit><latexit sha1_base64="+yAYXEFF0miHdoXKva+tLyasIZQ="></latexit><latexit sha1_base64="+yAYXEFF0miHdoXKva+tLyasIZQ="></latexit>

f 2(t) ! t2 " 1
<latexit sha1_base64="fZkxHmz/DaEV/QWItnNgFQvCoLY=">AAACHXicbVDLSsNAFJ3UV62vqODGzWAR6qIlKaIuC25cVrAPaGOYTCft0EkmzNyIpfZbBLf6G+7ErfgXfoLTx8K2HrhwOOdc7uUEieAaHOfbyqysrq1vZDdzW9s7u3v2/kFdy1RRVqNSSNUMiGaCx6wGHARrJoqRKBCsEfSvx37jgSnNZXwHg4R5EenGPOSUgJF8+yj0ywU4w22SJEo+Yrgv4yJ2fTvvlJwJ8DJxZySPZqj69k+7I2kasRioIFq3XCcBb0gUcCrYKNdONUsI7ZMuaxkak4hpbzj5f4RPjdLBoVRmYsAT9e/GkERaD6LAJCMCPb3ojcX/vFYK4ZU35HGSAovp9FCYCgwSj8vAHa4YBTEwhFDFza+Y9ogiFExlc1c0mMK0CehiZKJSj0xF7mIhy6ReLrluyb09z1cuZmVl0TE6QQXkoktUQTeoimqIoif0gl7Rm/VsvVsf1uc0mrFmO4doDtbXL1CYoS4=</latexit><latexit sha1_base64="fZkxHmz/DaEV/QWItnNgFQvCoLY=">AAACHXicbVDLSsNAFJ3UV62vqODGzWAR6qIlKaIuC25cVrAPaGOYTCft0EkmzNyIpfZbBLf6G+7ErfgXfoLTx8K2HrhwOOdc7uUEieAaHOfbyqysrq1vZDdzW9s7u3v2/kFdy1RRVqNSSNUMiGaCx6wGHARrJoqRKBCsEfSvx37jgSnNZXwHg4R5EenGPOSUgJF8+yj0ywU4w22SJEo+Yrgv4yJ2fTvvlJwJ8DJxZySPZqj69k+7I2kasRioIFq3XCcBb0gUcCrYKNdONUsI7ZMuaxkak4hpbzj5f4RPjdLBoVRmYsAT9e/GkERaD6LAJCMCPb3ojcX/vFYK4ZU35HGSAovp9FCYCgwSj8vAHa4YBTEwhFDFza+Y9ogiFExlc1c0mMK0CehiZKJSj0xF7mIhy6ReLrluyb09z1cuZmVl0TE6QQXkoktUQTeoimqIoif0gl7Rm/VsvVsf1uc0mrFmO4doDtbXL1CYoS4=</latexit><latexit sha1_base64="fZkxHmz/DaEV/QWItnNgFQvCoLY=">AAACHXicbVDLSsNAFJ3UV62vqODGzWAR6qIlKaIuC25cVrAPaGOYTCft0EkmzNyIpfZbBLf6G+7ErfgXfoLTx8K2HrhwOOdc7uUEieAaHOfbyqysrq1vZDdzW9s7u3v2/kFdy1RRVqNSSNUMiGaCx6wGHARrJoqRKBCsEfSvx37jgSnNZXwHg4R5EenGPOSUgJF8+yj0ywU4w22SJEo+Yrgv4yJ2fTvvlJwJ8DJxZySPZqj69k+7I2kasRioIFq3XCcBb0gUcCrYKNdONUsI7ZMuaxkak4hpbzj5f4RPjdLBoVRmYsAT9e/GkERaD6LAJCMCPb3ojcX/vFYK4ZU35HGSAovp9FCYCgwSj8vAHa4YBTEwhFDFza+Y9ogiFExlc1c0mMK0CehiZKJSj0xF7mIhy6ReLrluyb09z1cuZmVl0TE6QQXkoktUQTeoimqIoif0gl7Rm/VsvVsf1uc0mrFmO4doDtbXL1CYoS4=</latexit><latexit sha1_base64="fZkxHmz/DaEV/QWItnNgFQvCoLY=">AAACHXicbVDLSsNAFJ3UV62vqODGzWAR6qIlKaIuC25cVrAPaGOYTCft0EkmzNyIpfZbBLf6G+7ErfgXfoLTx8K2HrhwOOdc7uUEieAaHOfbyqysrq1vZDdzW9s7u3v2/kFdy1RRVqNSSNUMiGaCx6wGHARrJoqRKBCsEfSvx37jgSnNZXwHg4R5EenGPOSUgJF8+yj0ywU4w22SJEo+Yrgv4yJ2fTvvlJwJ8DJxZySPZqj69k+7I2kasRioIFq3XCcBb0gUcCrYKNdONUsI7ZMuaxkak4hpbzj5f4RPjdLBoVRmYsAT9e/GkERaD6LAJCMCPb3ojcX/vFYK4ZU35HGSAovp9FCYCgwSj8vAHa4YBTEwhFDFza+Y9ogiFExlc1c0mMK0CehiZKJSj0xF7mIhy6ReLrluyb09z1cuZmVl0TE6QQXkoktUQTeoimqIoif0gl7Rm/VsvVsf1uc0mrFmO4doDtbXL1CYoS4=</latexit>



Guarantee uniform performance across dog breedsTakeaway:

! = .99
<latexit sha1_base64="q7cV5qYhwlx90h2DfJMmqhNuVug=">AAACEXicbVBLSgNBFOyJvxh/UZduGoPgxjAjgmYhBNy4jGA+kBlCT6cnadI/unuEMOQUglu9hjtx6wm8hUewk8zCJBY8KKrq8R4VK0aN9f1vr7C2vrG5Vdwu7ezu7R+UD49aRqYakyaWTOpOjAxhVJCmpZaRjtIE8ZiRdjy6m/rtJ6INleLRjhWJOBoImlCMrJPCEDE1RPAWVmu1XrniV/0Z4CoJclIBORq98k/YlzjlRFjMkDHdwFc2ypC2FDMyKYWpIQrhERqQrqMCcWKibPbzBJ45pQ8Tqd0IC2fq340McWPGPHZJjuzQLHtT8T+vm9rkJsqoUKklAs8PJSmDVsJpAbBPNcGWjR1BWFP3K8RDpBG2rqaFK8a6kowLmAvuotJMXEXBciGrpHVZDRx/uKrUa3lZRXACTsE5CMA1qIN70ABNgIECL+AVvHnP3rv34X3OowUv3zkGC/C+fgEmDZ2G</latexit><latexit sha1_base64="q7cV5qYhwlx90h2DfJMmqhNuVug=">AAACEXicbVBLSgNBFOyJvxh/UZduGoPgxjAjgmYhBNy4jGA+kBlCT6cnadI/unuEMOQUglu9hjtx6wm8hUewk8zCJBY8KKrq8R4VK0aN9f1vr7C2vrG5Vdwu7ezu7R+UD49aRqYakyaWTOpOjAxhVJCmpZaRjtIE8ZiRdjy6m/rtJ6INleLRjhWJOBoImlCMrJPCEDE1RPAWVmu1XrniV/0Z4CoJclIBORq98k/YlzjlRFjMkDHdwFc2ypC2FDMyKYWpIQrhERqQrqMCcWKibPbzBJ45pQ8Tqd0IC2fq340McWPGPHZJjuzQLHtT8T+vm9rkJsqoUKklAs8PJSmDVsJpAbBPNcGWjR1BWFP3K8RDpBG2rqaFK8a6kowLmAvuotJMXEXBciGrpHVZDRx/uKrUa3lZRXACTsE5CMA1qIN70ABNgIECL+AVvHnP3rv34X3OowUv3zkGC/C+fgEmDZ2G</latexit><latexit sha1_base64="q7cV5qYhwlx90h2DfJMmqhNuVug=">AAACEXicbVBLSgNBFOyJvxh/UZduGoPgxjAjgmYhBNy4jGA+kBlCT6cnadI/unuEMOQUglu9hjtx6wm8hUewk8zCJBY8KKrq8R4VK0aN9f1vr7C2vrG5Vdwu7ezu7R+UD49aRqYakyaWTOpOjAxhVJCmpZaRjtIE8ZiRdjy6m/rtJ6INleLRjhWJOBoImlCMrJPCEDE1RPAWVmu1XrniV/0Z4CoJclIBORq98k/YlzjlRFjMkDHdwFc2ypC2FDMyKYWpIQrhERqQrqMCcWKibPbzBJ45pQ8Tqd0IC2fq340McWPGPHZJjuzQLHtT8T+vm9rkJsqoUKklAs8PJSmDVsJpAbBPNcGWjR1BWFP3K8RDpBG2rqaFK8a6kowLmAvuotJMXEXBciGrpHVZDRx/uKrUa3lZRXACTsE5CMA1qIN70ABNgIECL+AVvHnP3rv34X3OowUv3zkGC/C+fgEmDZ2G</latexit><latexit sha1_base64="q7cV5qYhwlx90h2DfJMmqhNuVug=">AAACEXicbVBLSgNBFOyJvxh/UZduGoPgxjAjgmYhBNy4jGA+kBlCT6cnadI/unuEMOQUglu9hjtx6wm8hUewk8zCJBY8KKrq8R4VK0aN9f1vr7C2vrG5Vdwu7ezu7R+UD49aRqYakyaWTOpOjAxhVJCmpZaRjtIE8ZiRdjy6m/rtJ6INleLRjhWJOBoImlCMrJPCEDE1RPAWVmu1XrniV/0Z4CoJclIBORq98k/YlzjlRFjMkDHdwFc2ypC2FDMyKYWpIQrhERqQrqMCcWKibPbzBJ45pQ8Tqd0IC2fq340McWPGPHZJjuzQLHtT8T+vm9rkJsqoUKklAs8PJSmDVsJpAbBPNcGWjR1BWFP3K8RDpBG2rqaFK8a6kowLmAvuotJMXEXBciGrpHVZDRx/uKrUa3lZRXACTsE5CMA1qIN70ABNgIECL+AVvHnP3rv34X3OowUv3zkGC/C+fgEmDZ2G</latexit>

! = .90
<latexit sha1_base64="Juf151MKjS7kJ22Aqju1OvhbWok=">AAACEnicbVBLSgNBFHzjN8Zf1KWbxiC4McyIoFkIATcuI5gPJEPo6XSSJv0Zu3uEMOQWglu9hjtx6wW8hUewk8zCJBY8KKrq8R4VxZwZ6/vf3srq2vrGZm4rv72zu7dfODisG5VoQmtEcaWbETaUM0lrlllOm7GmWEScNqLh7cRvPFFtmJIPdhTTUOC+ZD1GsHVS2MY8HmB0g0plP98pFP2SPwVaJkFGipCh2in8tLuKJIJKSzg2phX4sQ1TrC0jnI7z7cTQGJMh7tOWoxILasJ0+vQYnTqli3pKu5EWTdW/GykWxoxE5JIC24FZ9Cbif14rsb3rMGUyTiyVZHaol3BkFZo0gLpMU2L5yBFMNHO/IjLAGhPrepq7YqxrybiAORcuqszYVRQsFrJM6helwPH7y2KlnJWVg2M4gTMI4AoqcAdVqAGBR3iBV3jznr1378P7nEVXvGznCObgff0CUD2dkQ==</latexit><latexit sha1_base64="Juf151MKjS7kJ22Aqju1OvhbWok=">AAACEnicbVBLSgNBFHzjN8Zf1KWbxiC4McyIoFkIATcuI5gPJEPo6XSSJv0Zu3uEMOQWglu9hjtx6wW8hUewk8zCJBY8KKrq8R4VxZwZ6/vf3srq2vrGZm4rv72zu7dfODisG5VoQmtEcaWbETaUM0lrlllOm7GmWEScNqLh7cRvPFFtmJIPdhTTUOC+ZD1GsHVS2MY8HmB0g0plP98pFP2SPwVaJkFGipCh2in8tLuKJIJKSzg2phX4sQ1TrC0jnI7z7cTQGJMh7tOWoxILasJ0+vQYnTqli3pKu5EWTdW/GykWxoxE5JIC24FZ9Cbif14rsb3rMGUyTiyVZHaol3BkFZo0gLpMU2L5yBFMNHO/IjLAGhPrepq7YqxrybiAORcuqszYVRQsFrJM6helwPH7y2KlnJWVg2M4gTMI4AoqcAdVqAGBR3iBV3jznr1378P7nEVXvGznCObgff0CUD2dkQ==</latexit><latexit sha1_base64="Juf151MKjS7kJ22Aqju1OvhbWok=">AAACEnicbVBLSgNBFHzjN8Zf1KWbxiC4McyIoFkIATcuI5gPJEPo6XSSJv0Zu3uEMOQWglu9hjtx6wW8hUewk8zCJBY8KKrq8R4VxZwZ6/vf3srq2vrGZm4rv72zu7dfODisG5VoQmtEcaWbETaUM0lrlllOm7GmWEScNqLh7cRvPFFtmJIPdhTTUOC+ZD1GsHVS2MY8HmB0g0plP98pFP2SPwVaJkFGipCh2in8tLuKJIJKSzg2phX4sQ1TrC0jnI7z7cTQGJMh7tOWoxILasJ0+vQYnTqli3pKu5EWTdW/GykWxoxE5JIC24FZ9Cbif14rsb3rMGUyTiyVZHaol3BkFZo0gLpMU2L5yBFMNHO/IjLAGhPrepq7YqxrybiAORcuqszYVRQsFrJM6helwPH7y2KlnJWVg2M4gTMI4AoqcAdVqAGBR3iBV3jznr1378P7nEVXvGznCObgff0CUD2dkQ==</latexit><latexit sha1_base64="Juf151MKjS7kJ22Aqju1OvhbWok=">AAACEnicbVBLSgNBFHzjN8Zf1KWbxiC4McyIoFkIATcuI5gPJEPo6XSSJv0Zu3uEMOQWglu9hjtx6wW8hUewk8zCJBY8KKrq8R4VxZwZ6/vf3srq2vrGZm4rv72zu7dfODisG5VoQmtEcaWbETaUM0lrlllOm7GmWEScNqLh7cRvPFFtmJIPdhTTUOC+ZD1GsHVS2MY8HmB0g0plP98pFP2SPwVaJkFGipCh2in8tLuKJIJKSzg2phX4sQ1TrC0jnI7z7cTQGJMh7tOWoxILasJ0+vQYnTqli3pKu5EWTdW/GykWxoxE5JIC24FZ9Cbif14rsb3rMGUyTiyVZHaol3BkFZo0gLpMU2L5yBFMNHO/IjLAGhPrepq7YqxrybiAORcuqszYVRQsFrJM6helwPH7y2KlnJWVg2M4gTMI4AoqcAdVqAGBR3iBV3jznr1378P7nEVXvGznCObgff0CUD2dkQ==</latexit>

! = .60
<latexit sha1_base64="OyVw6ZLrc06cHCxa/LbkYfBkrXA=">AAACEnicbVDJSgNBFOxxjXGLevTSGAQvhhkRl4MQ8OIxglkgGUJPpydp0svY/UYIIX8heNXf8CZe/QH/wk+wk8zBJBY8KKrq8R4VJYJb8P1vb2l5ZXVtPbeR39za3tkt7O3XrE4NZVWqhTaNiFgmuGJV4CBYIzGMyEiwetS/Hfv1J2Ys1+oBBgkLJekqHnNKwElhi4ikR/ANLl34+Xah6Jf8CfAiCTJSRBkq7cJPq6NpKpkCKoi1zcBPIBwSA5wKNsq3UssSQvuky5qOKiKZDYeTp0f42CkdHGvjRgGeqH83hkRaO5CRS0oCPTvvjcX/vGYK8VU45CpJgSk6PRSnAoPG4wZwhxtGQQwcIdRw9yumPWIIBdfTzBULriXrAvZUuqi2I1dRMF/IIqmdlQLH78+L5eusrBw6REfoBAXoEpXRHaqgKqLoEb2gV/TmPXvv3of3OY0uednOAZqB9/ULS1Gdjg==</latexit><latexit sha1_base64="OyVw6ZLrc06cHCxa/LbkYfBkrXA=">AAACEnicbVDJSgNBFOxxjXGLevTSGAQvhhkRl4MQ8OIxglkgGUJPpydp0svY/UYIIX8heNXf8CZe/QH/wk+wk8zBJBY8KKrq8R4VJYJb8P1vb2l5ZXVtPbeR39za3tkt7O3XrE4NZVWqhTaNiFgmuGJV4CBYIzGMyEiwetS/Hfv1J2Ys1+oBBgkLJekqHnNKwElhi4ikR/ANLl34+Xah6Jf8CfAiCTJSRBkq7cJPq6NpKpkCKoi1zcBPIBwSA5wKNsq3UssSQvuky5qOKiKZDYeTp0f42CkdHGvjRgGeqH83hkRaO5CRS0oCPTvvjcX/vGYK8VU45CpJgSk6PRSnAoPG4wZwhxtGQQwcIdRw9yumPWIIBdfTzBULriXrAvZUuqi2I1dRMF/IIqmdlQLH78+L5eusrBw6REfoBAXoEpXRHaqgKqLoEb2gV/TmPXvv3of3OY0uednOAZqB9/ULS1Gdjg==</latexit><latexit sha1_base64="OyVw6ZLrc06cHCxa/LbkYfBkrXA=">AAACEnicbVDJSgNBFOxxjXGLevTSGAQvhhkRl4MQ8OIxglkgGUJPpydp0svY/UYIIX8heNXf8CZe/QH/wk+wk8zBJBY8KKrq8R4VJYJb8P1vb2l5ZXVtPbeR39za3tkt7O3XrE4NZVWqhTaNiFgmuGJV4CBYIzGMyEiwetS/Hfv1J2Ys1+oBBgkLJekqHnNKwElhi4ikR/ANLl34+Xah6Jf8CfAiCTJSRBkq7cJPq6NpKpkCKoi1zcBPIBwSA5wKNsq3UssSQvuky5qOKiKZDYeTp0f42CkdHGvjRgGeqH83hkRaO5CRS0oCPTvvjcX/vGYK8VU45CpJgSk6PRSnAoPG4wZwhxtGQQwcIdRw9yumPWIIBdfTzBULriXrAvZUuqi2I1dRMF/IIqmdlQLH78+L5eusrBw6REfoBAXoEpXRHaqgKqLoEb2gV/TmPXvv3of3OY0uednOAZqB9/ULS1Gdjg==</latexit><latexit sha1_base64="OyVw6ZLrc06cHCxa/LbkYfBkrXA=">AAACEnicbVDJSgNBFOxxjXGLevTSGAQvhhkRl4MQ8OIxglkgGUJPpydp0svY/UYIIX8heNXf8CZe/QH/wk+wk8zBJBY8KKrq8R4VJYJb8P1vb2l5ZXVtPbeR39za3tkt7O3XrE4NZVWqhTaNiFgmuGJV4CBYIzGMyEiwetS/Hfv1J2Ys1+oBBgkLJekqHnNKwElhi4ikR/ANLl34+Xah6Jf8CfAiCTJSRBkq7cJPq6NpKpkCKoi1zcBPIBwSA5wKNsq3UssSQvuky5qOKiKZDYeTp0f42CkdHGvjRgGeqH83hkRaO5CRS0oCPTvvjcX/vGYK8VU45CpJgSk6PRSnAoPG4wZwhxtGQQwcIdRw9yumPWIIBdfTzBULriXrAvZUuqi2I1dRMF/IIqmdlQLH78+L5eusrBw6REfoBAXoEpXRHaqgKqLoEb2gV/TmPXvv3of3OY0uednOAZqB9/ULS1Gdjg==</latexit>

! = .20
<latexit sha1_base64="BR5tuePpbD+9Vmxzf0u5VSChtMk=">AAACEnicbVBLSgNBFOzxG+Mv6tJNYxDcGGaCoC6EgBuXEcwHkiG86fQkTfozdvcIIeQWglu9hjtx6wW8hUewk8zCJBY8KKrq8R4VJZwZ6/vf3srq2vrGZm4rv72zu7dfODisG5VqQmtEcaWbERjKmaQ1yyynzURTEBGnjWhwO/EbT1QbpuSDHSY0FNCTLGYErJPCNvCkD/gGl8p+vlMo+iV/CrxMgowUUYZqp/DT7iqSCiot4WBMK/ATG45AW0Y4HefbqaEJkAH0aMtRCYKacDR9eoxPndLFsdJupMVT9e/GCIQxQxG5pADbN4veRPzPa6U2vgpHTCappZLMDsUpx1bhSQO4yzQllg8dAaKZ+xWTPmgg1vU0d8VY15JxAXMuXFSZsasoWCxkmdTLpcDx+4ti5TorK4eO0Qk6QwG6RBV0h6qohgh6RC/oFb15z9679+F9zqIrXrZzhObgff0CRMGdig==</latexit><latexit sha1_base64="BR5tuePpbD+9Vmxzf0u5VSChtMk=">AAACEnicbVBLSgNBFOzxG+Mv6tJNYxDcGGaCoC6EgBuXEcwHkiG86fQkTfozdvcIIeQWglu9hjtx6wW8hUewk8zCJBY8KKrq8R4VJZwZ6/vf3srq2vrGZm4rv72zu7dfODisG5VqQmtEcaWbERjKmaQ1yyynzURTEBGnjWhwO/EbT1QbpuSDHSY0FNCTLGYErJPCNvCkD/gGl8p+vlMo+iV/CrxMgowUUYZqp/DT7iqSCiot4WBMK/ATG45AW0Y4HefbqaEJkAH0aMtRCYKacDR9eoxPndLFsdJupMVT9e/GCIQxQxG5pADbN4veRPzPa6U2vgpHTCappZLMDsUpx1bhSQO4yzQllg8dAaKZ+xWTPmgg1vU0d8VY15JxAXMuXFSZsasoWCxkmdTLpcDx+4ti5TorK4eO0Qk6QwG6RBV0h6qohgh6RC/oFb15z9679+F9zqIrXrZzhObgff0CRMGdig==</latexit><latexit sha1_base64="BR5tuePpbD+9Vmxzf0u5VSChtMk=">AAACEnicbVBLSgNBFOzxG+Mv6tJNYxDcGGaCoC6EgBuXEcwHkiG86fQkTfozdvcIIeQWglu9hjtx6wW8hUewk8zCJBY8KKrq8R4VJZwZ6/vf3srq2vrGZm4rv72zu7dfODisG5VqQmtEcaWbERjKmaQ1yyynzURTEBGnjWhwO/EbT1QbpuSDHSY0FNCTLGYErJPCNvCkD/gGl8p+vlMo+iV/CrxMgowUUYZqp/DT7iqSCiot4WBMK/ATG45AW0Y4HefbqaEJkAH0aMtRCYKacDR9eoxPndLFsdJupMVT9e/GCIQxQxG5pADbN4veRPzPa6U2vgpHTCappZLMDsUpx1bhSQO4yzQllg8dAaKZ+xWTPmgg1vU0d8VY15JxAXMuXFSZsasoWCxkmdTLpcDx+4ti5TorK4eO0Qk6QwG6RBV0h6qohgh6RC/oFb15z9679+F9zqIrXrZzhObgff0CRMGdig==</latexit><latexit sha1_base64="BR5tuePpbD+9Vmxzf0u5VSChtMk=">AAACEnicbVBLSgNBFOzxG+Mv6tJNYxDcGGaCoC6EgBuXEcwHkiG86fQkTfozdvcIIeQWglu9hjtx6wW8hUewk8zCJBY8KKrq8R4VJZwZ6/vf3srq2vrGZm4rv72zu7dfODisG5VqQmtEcaWbERjKmaQ1yyynzURTEBGnjWhwO/EbT1QbpuSDHSY0FNCTLGYErJPCNvCkD/gGl8p+vlMo+iV/CrxMgowUUYZqp/DT7iqSCiot4WBMK/ATG45AW0Y4HefbqaEJkAH0aMtRCYKacDR9eoxPndLFsdJupMVT9e/GCIQxQxG5pADbN4veRPzPa6U2vgpHTCappZLMDsUpx1bhSQO4yzQllg8dAaKZ+xWTPmgg1vU0d8VY15JxAXMuXFSZsasoWCxkmdTLpcDx+4ti5TorK4eO0Qk6QwG6RBV0h6qohgh6RC/oFb15z9679+F9zqIrXrZzhObgff0CRMGdig==</latexit>

! = .07
<latexit sha1_base64="DYKYzhshkKmsvR26FOriwTDi6S8=">AAACEnicbVBLSgNBFOzxG+Mv6tJNYxDcGGZEiC6EgBuXEcwHkiG86XSSJv0Zu3uEMOQWglu9hjtx6wW8hUewk8zCJBY8KKrq8R4VxZwZ6/vf3srq2vrGZm4rv72zu7dfODisG5VoQmtEcaWbERjKmaQ1yyynzVhTEBGnjWh4O/EbT1QbpuSDHcU0FNCXrMcIWCeFbeDxAPANLvnlfKdQ9Ev+FHiZBBkpogzVTuGn3VUkEVRawsGYVuDHNkxBW0Y4HefbiaExkCH0actRCYKaMJ0+PcanTunintJupMVT9e9GCsKYkYhcUoAdmEVvIv7ntRLbuwpTJuPEUklmh3oJx1bhSQO4yzQllo8cAaKZ+xWTAWgg1vU0d8VY15JxAXMuXFSZsasoWCxkmdQvSoHj95fFynVWVg4doxN0hgJURhV0h6qohgh6RC/oFb15z9679+F9zqIrXrZzhObgff0CTO6djw==</latexit><latexit sha1_base64="DYKYzhshkKmsvR26FOriwTDi6S8=">AAACEnicbVBLSgNBFOzxG+Mv6tJNYxDcGGZEiC6EgBuXEcwHkiG86XSSJv0Zu3uEMOQWglu9hjtx6wW8hUewk8zCJBY8KKrq8R4VxZwZ6/vf3srq2vrGZm4rv72zu7dfODisG5VoQmtEcaWbERjKmaQ1yyynzVhTEBGnjWh4O/EbT1QbpuSDHcU0FNCXrMcIWCeFbeDxAPANLvnlfKdQ9Ev+FHiZBBkpogzVTuGn3VUkEVRawsGYVuDHNkxBW0Y4HefbiaExkCH0actRCYKaMJ0+PcanTunintJupMVT9e9GCsKYkYhcUoAdmEVvIv7ntRLbuwpTJuPEUklmh3oJx1bhSQO4yzQllo8cAaKZ+xWTAWgg1vU0d8VY15JxAXMuXFSZsasoWCxkmdQvSoHj95fFynVWVg4doxN0hgJURhV0h6qohgh6RC/oFb15z9679+F9zqIrXrZzhObgff0CTO6djw==</latexit><latexit sha1_base64="DYKYzhshkKmsvR26FOriwTDi6S8=">AAACEnicbVBLSgNBFOzxG+Mv6tJNYxDcGGZEiC6EgBuXEcwHkiG86XSSJv0Zu3uEMOQWglu9hjtx6wW8hUewk8zCJBY8KKrq8R4VxZwZ6/vf3srq2vrGZm4rv72zu7dfODisG5VoQmtEcaWbERjKmaQ1yyynzVhTEBGnjWh4O/EbT1QbpuSDHcU0FNCXrMcIWCeFbeDxAPANLvnlfKdQ9Ev+FHiZBBkpogzVTuGn3VUkEVRawsGYVuDHNkxBW0Y4HefbiaExkCH0actRCYKaMJ0+PcanTunintJupMVT9e9GCsKYkYhcUoAdmEVvIv7ntRLbuwpTJuPEUklmh3oJx1bhSQO4yzQllo8cAaKZ+xWTAWgg1vU0d8VY15JxAXMuXFSZsasoWCxkmdQvSoHj95fFynVWVg4doxN0hgJURhV0h6qohgh6RC/oFb15z9679+F9zqIrXrZzhObgff0CTO6djw==</latexit><latexit sha1_base64="DYKYzhshkKmsvR26FOriwTDi6S8=">AAACEnicbVBLSgNBFOzxG+Mv6tJNYxDcGGZEiC6EgBuXEcwHkiG86XSSJv0Zu3uEMOQWglu9hjtx6wW8hUewk8zCJBY8KKrq8R4VxZwZ6/vf3srq2vrGZm4rv72zu7dfODisG5VoQmtEcaWbERjKmaQ1yyynzVhTEBGnjWh4O/EbT1QbpuSDHcU0FNCXrMcIWCeFbeDxAPANLvnlfKdQ9Ev+FHiZBBkpogzVTuGn3VUkEVRawsGYVuDHNkxBW0Y4HefbiaExkCH0actRCYKaMJ0+PcanTunintJupMVT9e9GCsKYkYhcUoAdmEVvIv7ntRLbuwpTJuPEUklmh3oJx1bhSQO4yzQllo8cAaKZ+xWTAWgg1vU0d8VY15JxAXMuXFSZsasoWCxkmdQvSoHj95fFynVWVg4doxN0hgJURhV0h6qohgh6RC/oFb15z9679+F9zqIrXrZzhObgff0CTO6djw==</latexit>

ERM
<latexit sha1_base64="2/IITHhdqgwaSXglzq1DX7A/NAA=">AAACD3icbVBLSgNBFOzxG+Mv6tLNYBDcGGZE0JUERHAjRDEfTIbQ0+lJmvRn6H4jhiGHENzqNdyJW4/gLTyCPUkWJrGgoaiqx3tdYcyZAc/7dhYWl5ZXVnNr+fWNza3tws5uzahEE1oliivdCLGhnElaBQacNmJNsQg5rYf9y8yvP1JtmJL3MIhpIHBXsogRDFZ6aIlQPaVXdzfDdqHolbwR3HniT0gRTVBpF35aHUUSQSUQjo1p+l4MQYo1MMLpMN9KDI0x6eMubVoqsaAmSEcXD91Dq3TcSGn7JLgj9e9EioUxAxHapMDQM7NeJv7nNROIzoOUyTgBKsl4UZRwF5Sbfd/tME0J8IElmGhmb3VJD2tMwJY0tcWArcjYgDkWNqpMVpE/W8g8qZ2UfMtvT4vli0lZObSPDtAR8tEZKqNrVEFVRJBEL+gVvTnPzrvz4XyOowvOZGYPTcH5+gWN4Z3m</latexit><latexit sha1_base64="2/IITHhdqgwaSXglzq1DX7A/NAA=">AAACD3icbVBLSgNBFOzxG+Mv6tLNYBDcGGZE0JUERHAjRDEfTIbQ0+lJmvRn6H4jhiGHENzqNdyJW4/gLTyCPUkWJrGgoaiqx3tdYcyZAc/7dhYWl5ZXVnNr+fWNza3tws5uzahEE1oliivdCLGhnElaBQacNmJNsQg5rYf9y8yvP1JtmJL3MIhpIHBXsogRDFZ6aIlQPaVXdzfDdqHolbwR3HniT0gRTVBpF35aHUUSQSUQjo1p+l4MQYo1MMLpMN9KDI0x6eMubVoqsaAmSEcXD91Dq3TcSGn7JLgj9e9EioUxAxHapMDQM7NeJv7nNROIzoOUyTgBKsl4UZRwF5Sbfd/tME0J8IElmGhmb3VJD2tMwJY0tcWArcjYgDkWNqpMVpE/W8g8qZ2UfMtvT4vli0lZObSPDtAR8tEZKqNrVEFVRJBEL+gVvTnPzrvz4XyOowvOZGYPTcH5+gWN4Z3m</latexit><latexit sha1_base64="2/IITHhdqgwaSXglzq1DX7A/NAA=">AAACD3icbVBLSgNBFOzxG+Mv6tLNYBDcGGZE0JUERHAjRDEfTIbQ0+lJmvRn6H4jhiGHENzqNdyJW4/gLTyCPUkWJrGgoaiqx3tdYcyZAc/7dhYWl5ZXVnNr+fWNza3tws5uzahEE1oliivdCLGhnElaBQacNmJNsQg5rYf9y8yvP1JtmJL3MIhpIHBXsogRDFZ6aIlQPaVXdzfDdqHolbwR3HniT0gRTVBpF35aHUUSQSUQjo1p+l4MQYo1MMLpMN9KDI0x6eMubVoqsaAmSEcXD91Dq3TcSGn7JLgj9e9EioUxAxHapMDQM7NeJv7nNROIzoOUyTgBKsl4UZRwF5Sbfd/tME0J8IElmGhmb3VJD2tMwJY0tcWArcjYgDkWNqpMVpE/W8g8qZ2UfMtvT4vli0lZObSPDtAR8tEZKqNrVEFVRJBEL+gVvTnPzrvz4XyOowvOZGYPTcH5+gWN4Z3m</latexit><latexit sha1_base64="2/IITHhdqgwaSXglzq1DX7A/NAA=">AAACD3icbVBLSgNBFOzxG+Mv6tLNYBDcGGZE0JUERHAjRDEfTIbQ0+lJmvRn6H4jhiGHENzqNdyJW4/gLTyCPUkWJrGgoaiqx3tdYcyZAc/7dhYWl5ZXVnNr+fWNza3tws5uzahEE1oliivdCLGhnElaBQacNmJNsQg5rYf9y8yvP1JtmJL3MIhpIHBXsogRDFZ6aIlQPaVXdzfDdqHolbwR3HniT0gRTVBpF35aHUUSQSUQjo1p+l4MQYo1MMLpMN9KDI0x6eMubVoqsaAmSEcXD91Dq3TcSGn7JLgj9e9EioUxAxHapMDQM7NeJv7nNROIzoOUyTgBKsl4UZRwF5Sbfd/tME0J8IElmGhmb3VJD2tMwJY0tcWArcjYgDkWNqpMVpE/W8g8qZ2UfMtvT4vli0lZObSPDtAR8tEZKqNrVEFVRJBEL+gVvTnPzrvz4XyOowvOZGYPTcH5+gWN4Z3m</latexit>

Worst x-classes

Lower bound on minority proportion ! 2(" ) := (1 + 2 " )! 1/ 2
<latexit sha1_base64="+yAYXEFF0miHdoXKva+tLyasIZQ="></latexit><latexit sha1_base64="+yAYXEFF0miHdoXKva+tLyasIZQ="></latexit><latexit sha1_base64="+yAYXEFF0miHdoXKva+tLyasIZQ="></latexit><latexit sha1_base64="+yAYXEFF0miHdoXKva+tLyasIZQ="></latexit>
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Problem: Degradation over time

Repeated loss minimization



Problem: Degradation over time
Small disparities can amplify to exacerbate subpopulation performance
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• Predictive policing [Ensign et al. ’18]


• Credit markets [Fuster et al. ’18]


• Recommenders [Ekstrand et al. ’18]

ÒTheoremÓ (HSN LÕ18)
1) ERM is unstable
2) minimizing                   controls latent minority proportions    
over time

R p,! (! ; P t
obs)

<latexit sha1_base64="T0q4WFOD7lIOS5qZ/wCsb+ZmHsE="></latexit><latexit sha1_base64="T0q4WFOD7lIOS5qZ/wCsb+ZmHsE="></latexit><latexit sha1_base64="T0q4WFOD7lIOS5qZ/wCsb+ZmHsE="></latexit><latexit sha1_base64="T0q4WFOD7lIOS5qZ/wCsb+ZmHsE="></latexit>

Under general user retention dynamics, 

Toy Example



Experiment: Auto-complete
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Experiment: Auto-complete



Experiment: Auto-complete
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AAE Test set SAE Test set

User retention for each group

Retention for both groups
Amazon Mechanical Turk

Experiment: Auto-complete



Mitigating Disparity Amplification

Control minority proportion         uniform performance over time Takeaway:



Covariate shift

Notation

QX ! !
<latexit sha1_base64="jFIbucShT3ql1DIrzd+OaoNBWzY=">AAACKXicbVBPS8MwHE39O+e/qkcvYUPw4minoMeBHjxu4P7AWkqapi4saWuSCqP07ncRvOrX8KZe/QJ+BNOtB7f5g8DjvffLS56fMCqVZX0aK6tr6xubla3q9s7u3r55cNiTcSow6eKYxWLgI0kYjUhXUcXIIBEEcZ+Rvj++LvT+IxGSxtGdmiTE5eg+oiHFSGnKM2uOJkikUNbxBjl0ZIoxeYCOIEHmIJaMUO6ZdathTQcuA7sEdVBO2zN/nCDGKdfXYoakHNpWotwMCUUxI3nVSSVJEB7r4KGGEeJEutn0Lzk80UwAw1joEyk4Zf9uZIhLOeG+dnKkRnJRK8j/tGGqwis3o1GSKhLhWVCYMqhiWBQDAyoIVmyiAcKC6rdCPEICYaXrm0uRSpcntUGecW2NZVGRvVjIMug1G/Z5o9m5qLduyrIq4BjUwCmwwSVogVvQBl2AwRN4Aa/gzXg23o0P42tmXTHKnSMwN8b3L5uLqG0=</latexit>

!

QX :
! probability Q!

X , and a " !

s.t. PX = aQX + (1 # a)Q!
X

"

<latexit sha1_base64="EdlFoad/L2aaSLtqvhGsFMEdO+Y="></latexit>

subpopulation over X with proportion larger than ! ! (0, 1]
<latexit sha1_base64="qDcu8JtBqUrLNMzX/g0+CcfktTY=">AAACHnicbVDLSsNAFJ3UV62vqAsXbgaL0IWWjAi6LOjCZQX7gCaUyWTSDp1MwsxEKCH/IrjV33AnbvUv/AQnbRa2emDgcM653DvHTzhT2nG+rMrK6tr6RnWztrW9s7tn7x90VZxKQjsk5rHs+1hRzgTtaKY57SeS4sjntOdPbgq/90ilYrF40NOEehEeCRYygrWRhvaRK2mQuZgnYwxdJmDDOYPIy4d23Wk6M8C/BJWkDkq0h/a3G8QkjajQhGOlBshJtJdhqRnhNK+5qaIJJhM8ogNDBY6o8rLZB3J4apQAhrE0T2g4U39PZDhSahr5JhlhPVbLXiH+5w1SHV57GRNJqqkg80VhyqGOYdEGDJikRPOpIZhIZm6FZIwlJtp0trBFadOYMgF1HplorIqK0HIhf0n3oolQE91f1lu3ZVlVcAxOQAMgcAVa4A60QQcQkINn8AJerSfrzXq3PubRilXOHIIFWJ8/MiuiSA==</latexit><latexit sha1_base64="qDcu8JtBqUrLNMzX/g0+CcfktTY=">AAACHnicbVDLSsNAFJ3UV62vqAsXbgaL0IWWjAi6LOjCZQX7gCaUyWTSDp1MwsxEKCH/IrjV33AnbvUv/AQnbRa2emDgcM653DvHTzhT2nG+rMrK6tr6RnWztrW9s7tn7x90VZxKQjsk5rHs+1hRzgTtaKY57SeS4sjntOdPbgq/90ilYrF40NOEehEeCRYygrWRhvaRK2mQuZgnYwxdJmDDOYPIy4d23Wk6M8C/BJWkDkq0h/a3G8QkjajQhGOlBshJtJdhqRnhNK+5qaIJJhM8ogNDBY6o8rLZB3J4apQAhrE0T2g4U39PZDhSahr5JhlhPVbLXiH+5w1SHV57GRNJqqkg80VhyqGOYdEGDJikRPOpIZhIZm6FZIwlJtp0trBFadOYMgF1HplorIqK0HIhf0n3oolQE91f1lu3ZVlVcAxOQAMgcAVa4A60QQcQkINn8AJerSfrzXq3PubRilXOHIIFWJ8/MiuiSA==</latexit><latexit sha1_base64="qDcu8JtBqUrLNMzX/g0+CcfktTY=">AAACHnicbVDLSsNAFJ3UV62vqAsXbgaL0IWWjAi6LOjCZQX7gCaUyWTSDp1MwsxEKCH/IrjV33AnbvUv/AQnbRa2emDgcM653DvHTzhT2nG+rMrK6tr6RnWztrW9s7tn7x90VZxKQjsk5rHs+1hRzgTtaKY57SeS4sjntOdPbgq/90ilYrF40NOEehEeCRYygrWRhvaRK2mQuZgnYwxdJmDDOYPIy4d23Wk6M8C/BJWkDkq0h/a3G8QkjajQhGOlBshJtJdhqRnhNK+5qaIJJhM8ogNDBY6o8rLZB3J4apQAhrE0T2g4U39PZDhSahr5JhlhPVbLXiH+5w1SHV57GRNJqqkg80VhyqGOYdEGDJikRPOpIZhIZm6FZIwlJtp0trBFadOYMgF1HplorIqK0HIhf0n3oolQE91f1lu3ZVlVcAxOQAMgcAVa4A60QQcQkINn8AJerSfrzXq3PubRilXOHIIFWJ8/MiuiSA==</latexit><latexit sha1_base64="qDcu8JtBqUrLNMzX/g0+CcfktTY=">AAACHnicbVDLSsNAFJ3UV62vqAsXbgaL0IWWjAi6LOjCZQX7gCaUyWTSDp1MwsxEKCH/IrjV33AnbvUv/AQnbRa2emDgcM653DvHTzhT2nG+rMrK6tr6RnWztrW9s7tn7x90VZxKQjsk5rHs+1hRzgTtaKY57SeS4sjntOdPbgq/90ilYrF40NOEehEeCRYygrWRhvaRK2mQuZgnYwxdJmDDOYPIy4d23Wk6M8C/BJWkDkq0h/a3G8QkjajQhGOlBshJtJdhqRnhNK+5qaIJJhM8ogNDBY6o8rLZB3J4apQAhrE0T2g4U39PZDhSahr5JhlhPVbLXiH+5w1SHV57GRNJqqkg80VhyqGOYdEGDJikRPOpIZhIZm6FZIwlJtp0trBFadOYMgF1HplorIqK0HIhf0n3oolQE91f1lu3ZVlVcAxOQAMgcAVa4A60QQcQkINn8AJerSfrzXq3PubRilXOHIIFWJ8/MiuiSA==</latexit>

sup
Q X ! !

!

EQ X " PY | X [! (" ; X, Y )] = EQ X [! c(" ; X )]

"

<latexit sha1_base64="D/7cZG4tAy3S/oT6bDsgKSs+yZA="></latexit>

! c(" ; X ) := EPY | X [! (" ; X, Y ) | X ]
<latexit sha1_base64="JoujAiWcHxfbjmY5+EqEGzMW8fg="></latexit>

• Conditional distribution             fixed


• Only consider subpopulations of marginal

PY |X

<latexit sha1_base64="GVuoOIf6C65cyLlSp6YJrVMGTBM=">AAACDHicbVDLSgMxFM34rPVVdekmWAQ3lhkpqLuKG5cV7EPaoWTSTBuaSYbkjlDGgl8guNXfcCdu/Qf/wk8w03ZhWw8EDueccO89QSy4Adf9dpaWV1bX1nMb+c2t7Z3dwt5+3ahEU1ajSijdDIhhgktWAw6CNWPNSBQI1ggG15nfeGDacCXvYBgzPyI9yUNOCVipUe2k94/NUadQdEvuGHiReFNSRFNUO4WfdlfRJGISqCDGtDw3Bj8lGjgVbJRvJ4bFhA5Ij7UslSRixk/H647wsVW6OFTaPgl4rP79kZLImGEU2GREoG/mvUz8z2slEF74KZdxAkzSyaAwERgUzm7HXa4ZBTG0hFDN7a6Y9okmFGxDM1MM2H6MDZjTyEaVySry5gtZJPWzklcuXd6Wi5Wrp0lZOXSIjtAJ8tA5qqAbVEU1RNEAvaBX9OY8O+/Oh/M5iS4504IP0Aycr19y9p09</latexit>

PX

<latexit sha1_base64="w17p7XN7UISoR16Xj4fDQaR3tnc=">AAACCHicbVDLSgMxFL1TX7W+qi7dBIvgxjIjBXVXceOyon1AO5RMmraheQxJRihDwbXgVn/Dnbj1L/wLP8H0sbCtBwKHc064954o5sxY3//2Miura+sb2c3c1vbO7l5+/6BmVKIJrRLFlW5E2FDOJK1aZjltxJpiEXFajwY3Y7/+SLVhSj7YYUxDgXuSdRnB1kn3lXajnS/4RX8CtEyCGSnADJV2/qfVUSQRVFrCsTHNwI9tmGJtGeF0lGslhsaYDHCPNh2VWFATppNVR+jEKR3UVdo9adFE/fsjxcKYoYhcUmDbN4veWPzPaya2exmmTMaJpZJMB3UTjqxC47tRh2lKLB86golmbldE+lhjYl07c1OMdd0YFzBnwkWVGbmKgsVClkntvBiUild3pUL5+mlaVhaO4BhOIYALKMMtVKAKBHrwAq/w5j17796H9zmNZrxZwYcwB+/rF+bZm0g=</latexit>



worst-case loss over subpopulations in X larger than ! ! (0, 1]
<latexit sha1_base64="qDcu8JtBqUrLNMzX/g0+CcfktTY=">AAACHnicbVDLSsNAFJ3UV62vqAsXbgaL0IWWjAi6LOjCZQX7gCaUyWTSDp1MwsxEKCH/IrjV33AnbvUv/AQnbRa2emDgcM653DvHTzhT2nG+rMrK6tr6RnWztrW9s7tn7x90VZxKQjsk5rHs+1hRzgTtaKY57SeS4sjntOdPbgq/90ilYrF40NOEehEeCRYygrWRhvaRK2mQuZgnYwxdJmDDOYPIy4d23Wk6M8C/BJWkDkq0h/a3G8QkjajQhGOlBshJtJdhqRnhNK+5qaIJJhM8ogNDBY6o8rLZB3J4apQAhrE0T2g4U39PZDhSahr5JhlhPVbLXiH+5w1SHV57GRNJqqkg80VhyqGOYdEGDJikRPOpIZhIZm6FZIwlJtp0trBFadOYMgF1HplorIqK0HIhf0n3oolQE91f1lu3ZVlVcAxOQAMgcAVa4A60QQcQkINn8AJerSfrzXq3PubRilXOHIIFWJ8/MiuiSA==</latexit><latexit sha1_base64="qDcu8JtBqUrLNMzX/g0+CcfktTY=">AAACHnicbVDLSsNAFJ3UV62vqAsXbgaL0IWWjAi6LOjCZQX7gCaUyWTSDp1MwsxEKCH/IrjV33AnbvUv/AQnbRa2emDgcM653DvHTzhT2nG+rMrK6tr6RnWztrW9s7tn7x90VZxKQjsk5rHs+1hRzgTtaKY57SeS4sjntOdPbgq/90ilYrF40NOEehEeCRYygrWRhvaRK2mQuZgnYwxdJmDDOYPIy4d23Wk6M8C/BJWkDkq0h/a3G8QkjajQhGOlBshJtJdhqRnhNK+5qaIJJhM8ogNDBY6o8rLZB3J4apQAhrE0T2g4U39PZDhSahr5JhlhPVbLXiH+5w1SHV57GRNJqqkg80VhyqGOYdEGDJikRPOpIZhIZm6FZIwlJtp0trBFadOYMgF1HplorIqK0HIhf0n3oolQE91f1lu3ZVlVcAxOQAMgcAVa4A60QQcQkINn8AJerSfrzXq3PubRilXOHIIFWJ8/MiuiSA==</latexit><latexit sha1_base64="qDcu8JtBqUrLNMzX/g0+CcfktTY=">AAACHnicbVDLSsNAFJ3UV62vqAsXbgaL0IWWjAi6LOjCZQX7gCaUyWTSDp1MwsxEKCH/IrjV33AnbvUv/AQnbRa2emDgcM653DvHTzhT2nG+rMrK6tr6RnWztrW9s7tn7x90VZxKQjsk5rHs+1hRzgTtaKY57SeS4sjntOdPbgq/90ilYrF40NOEehEeCRYygrWRhvaRK2mQuZgnYwxdJmDDOYPIy4d23Wk6M8C/BJWkDkq0h/a3G8QkjajQhGOlBshJtJdhqRnhNK+5qaIJJhM8ogNDBY6o8rLZB3J4apQAhrE0T2g4U39PZDhSahr5JhlhPVbLXiH+5w1SHV57GRNJqqkg80VhyqGOYdEGDJikRPOpIZhIZm6FZIwlJtp0trBFadOYMgF1HplorIqK0HIhf0n3oolQE91f1lu3ZVlVcAxOQAMgcAVa4A60QQcQkINn8AJerSfrzXq3PubRilXOHIIFWJ8/MiuiSA==</latexit><latexit sha1_base64="qDcu8JtBqUrLNMzX/g0+CcfktTY=">AAACHnicbVDLSsNAFJ3UV62vqAsXbgaL0IWWjAi6LOjCZQX7gCaUyWTSDp1MwsxEKCH/IrjV33AnbvUv/AQnbRa2emDgcM653DvHTzhT2nG+rMrK6tr6RnWztrW9s7tn7x90VZxKQjsk5rHs+1hRzgTtaKY57SeS4sjntOdPbgq/90ilYrF40NOEehEeCRYygrWRhvaRK2mQuZgnYwxdJmDDOYPIy4d23Wk6M8C/BJWkDkq0h/a3G8QkjajQhGOlBshJtJdhqRnhNK+5qaIJJhM8ogNDBY6o8rLZB3J4apQAhrE0T2g4U39PZDhSahr5JhlhPVbLXiH+5w1SHV57GRNJqqkg80VhyqGOYdEGDJikRPOpIZhIZm6FZIwlJtp0trBFadOYMgF1HplorIqK0HIhf0n3oolQE91f1lu3ZVlVcAxOQAMgcAVa4A60QQcQkINn8AJerSfrzXq3PubRilXOHIIFWJ8/MiuiSA==</latexit>

Standard approach: Solve average risk minimization problem

Problem: We don’t observe                                                  !
Y|X

<latexit sha1_base64="KXPqhQQ6S0sm5fNzS0Lc9LY10dk=">AAACCnicbVDLTgIxFO3gC/GFunTTSEzcSGbQRJckunCJiQMYmJBO6UBDO520d0wI8gcmbvU33Bm3/oR/4SdYYBYCnqTJyTnn5t6eMBHcgOt+O7mV1bX1jfxmYWt7Z3evuH9QNyrVlPlUCaWbITFM8Jj5wEGwZqIZkaFgjXBwPfEbj0wbruJ7GCYskKQX84hTAlbyH/ATbnaKJbfsToGXiZeREspQ6xR/2l1FU8lioIIY0/LcBIIR0cCpYONCOzUsIXRAeqxlaUwkM8FoeuwYn1iliyOl7YsBT9W/EyMijRnK0CYlgb5Z9Cbif14rhegqGPE4SYHFdLYoSgUGhSc/x12uGQUxtIRQze2tmPaJJhRsP3NbDNh2jA2YM2mjyoxtRd5iIcukXil75+XK3UWpepOVlUdH6BidIg9doiq6RTXkI4o4ekGv6M15dt6dD+dzFs052cwhmoPz9QuxtJs9</latexit>

Hard to estimate because of  limited replicate labels
! c(" ; X ) := EPY | X [! (" ; X, Y ) | X ]

<latexit sha1_base64="JoujAiWcHxfbjmY5+EqEGzMW8fg="></latexit>

minimize
! ! !

EPobs [! (" ; X, Y )]
<latexit sha1_base64="CCLhENnN2PW06sr3eSYrR7b+ANw="></latexit>

minimize
! ! !

sup
Q X " "

EQ X [! c(" ; X )]
<latexit sha1_base64="A3/nS9n4sTqceXzM3VgfhWwQah0="></latexit>

DRO over covariate shift

Covariate shift



Dual representation

sup
Q X ! !

EQ X [! c(" ; X )] = inf
"

!
1
#

EPX (! c(" ; X ) ! $)+ + $
"

<latexit sha1_base64="g21a7Ea+UEclhr5bFQxT9A2JNLc="></latexit>

Lemma (Duchi, Hashimoto & N Õ19)

Only care about      with conditional risk worse than X
<latexit sha1_base64="MFDTv3UZqNDmdaBApOuib0Vu99g=">AAACBnicbVDLSgMxFM34rPVVdekmWAQ3lpkq6LKgC5ct2Ae0pWTSO21oHkOSEcrQveBWf8OduPU3/As/wbSdhW09EDiccy735oQxZ8b6/re3tr6xubWd28nv7u0fHBaOjhtGJZpCnSqudCskBjiTULfMcmjFGogIOTTD0d3Ubz6BNkzJRzuOoSvIQLKIUWKdVGv1CkW/5M+AV0mQkSLKUO0Vfjp9RRMB0lJOjGkHfmy7KdGWUQ6TfCcxEBM6IgNoOyqJANNNZ4dO8LlT+jhS2j1p8Uz9O5ESYcxYhC4piB2aZW8q/ue1ExvddlMm48SCpPNFUcKxVXj6a9xnGqjlY0cI1czdiumQaEKt62Zhi7GuGeMC5lK4qDITV1GwXMgqaZRLwVWpXLsuVu6zsnLoFJ2hCxSgG1RBD6iK6ogiQC/oFb15z9679+F9zqNrXjZzghbgff0CVlyaAA==</latexit>

!
<latexit sha1_base64="07hMQI5B8JvGRqT4zMynCmJ8VzQ=">AAACCXicbVDLSsNAFJ3UV62vqks3wSK4sSRV0GVBFy4r2Ae0oUymk3boPMLMjVBCv0Bwq7/hTtz6Ff6Fn+CkzcK2Hhg4nHMu984JY84MeN63U1hb39jcKm6Xdnb39g/Kh0ctoxJNaJMornQnxIZyJmkTGHDaiTXFIuS0HY5vM7/9RLVhSj7CJKaBwEPJIkYwZFKPAu6XK17Vm8FdJX5OKihHo1/+6Q0USQSVQDg2put7MQQp1sAIp9NSLzE0xmSMh7RrqcSCmiCd3Tp1z6wycCOl7ZPgztS/EykWxkxEaJMCw8gse5n4n9dNILoJUibjBKgk80VRwl1QbvZxd8A0JcAnlmCimb3VJSOsMQFbz8IWA7YcYwPmQtioMlNbkb9cyCpp1ar+ZbX2cFWp3+VlFdEJOkXnyEfXqI7uUQM1EUEj9IJe0Zvz7Lw7H87nPFpw8pljtADn6xfPFJtc</latexit>

Let ! c(" ; X ) := EPY | X [! (" ; X, Y ) | X ]
<latexit sha1_base64="JoujAiWcHxfbjmY5+EqEGzMW8fg="></latexit>

.

For any                 such thatk, k! > 1

<latexit sha1_base64="Nk2i2Ush2pAkOhdKfPsByeA8aPk=">AAACD3icbVDLSgMxFM3UV62vqks3wSKIaJmRgrqRgi5cVrAPbIeSSTNtmDyGJCOUoR8huNXfcCdu/QT/wk8wbWdhWw8EDuecy705QcyoNq777eSWlldW1/LrhY3Nre2d4u5eQ8tEYVLHkknVCpAmjApSN9Qw0ooVQTxgpBlEN2O/+USUplI8mGFMfI76goYUI2Olx+gURt0TeA29brHklt0J4CLxMlICGWrd4k+nJ3HCiTCYIa3bnhsbP0XKUMzIqNBJNIkRjlCftC0ViBPtp5OLR/DIKj0YSmWfMHCi/p1IEdd6yAOb5MgM9Lw3Fv/z2okJL/2UijgxRODpojBh0Eg4/j7sUUWwYUNLEFbU3grxACmEjS1pZos2tiJtA/qM26jUI1uRN1/IImmcl71K+eq+UqreZmXlwQE4BMfAAxegCu5ADdQBBgK8gFfw5jw7786H8zmN5pxsZh/MwPn6BfnMnGQ=</latexit>

1/k + 1 /k ! = 1

<latexit sha1_base64="YWOHbKdQWAhbCpcszPS9l3f9iag=">AAACFnicbVDLSgMxFM34rPXRUZdugkUQxTojBXUhFHThsoJ9QDsMmTTThuYxJBmhlP6H4FZ/w524detf+Amm7Sxs64GEwznnci8nShjVxvO+naXlldW19dxGfnNre6fg7u7VtUwVJjUsmVTNCGnCqCA1Qw0jzUQRxCNGGlH/duw3nojSVIpHM0hIwFFX0JhiZKwUugX/vA9Pof3DE3gD/dAteiVvArhI/IwUQYZq6P60OxKnnAiDGdK65XuJCYZIGYoZGeXbqSYJwn3UJS1LBeJEB8PJ4SN4ZJUOjKWyTxg4Uf9ODBHXesAjm+TI9PS8Nxb/81qpia+CIRVJaojA00VxyqCRcNwC7FBFsGEDSxBW1N4KcQ8phI3tamaLNrYpbQP6jNuo1CNbkT9fyCKpX5T8cun6oVys3GVl5cABOATHwAeXoALuQRXUAAYpeAGv4M15dt6dD+dzGl1yspl9MAPn6xekU52l</latexit>

EPX (! c(" ; X ) ! #)+ " (EPX (! c(" ; X ) ! #)k!
+ )1/k !

= sup
h! 0,E[h(X )k ]" 1

E[h(X )( ! (" ; X, Y ) ! #)]

<latexit sha1_base64="v2AaoBeAJkpXtc1SSDrPayX9t3c="></latexit>



Variational form
Lemma (Duchi, Hashimoto & N Õ19)
If                   , and                           are L-Lipschitz,x !" ! c(" ; x)

<latexit sha1_base64="IUpqLFZlNQWbvRHoJ9YWQjc6yGA=">AAACI3icbVDLSgMxFM34rPVVdamLYBHqwjKjgoKbgi5cKtgHdErJpGkbTCZD7h2xlG78F8Gt/oY7cePCf/ATTGsXtnogcDjnXG7uiRIlAX3/w5uZnZtfWMwsZZdXVtfWcxubFTCp5aLMjTK2FjEQSsaijBKVqCVWMB0pUY1uz4d+9U5YkCa+wV4iGpp1YtmWnKGTmrmdexpqlgAaGioD0OSFELsC2Rm932/m8n7RH4H+JcGY5MkYV83cV9gyPNUiRq4YQD3wE2z0mUXJlRhkwxREwvgt64i6ozHTAhr90RUDuueUFm0b616MdKT+nugzDdDTkUtqhl2Y9obif149xfZpoy/jJEUR859F7VRRd/OwEtqSVnBUPUcYt9L9lfIus4yjK25iC6CrDVwADrSLGhi4ioLpQv6SymExOCoeXh/nSxfjsjJkm+ySAgnICSmRS3JFyoSTB/JEnsmL9+i9em/e+090xhvPbJEJeJ/fP5SlBA==</latexit>

(x, y) !" ! (" ; x, y)
<latexit sha1_base64="Q9iJk9WU4XY5Yqatsm56TFpuaIU=">AAACKXicbVDLSgMxFM3UV32PunQTLEIFLTNVUHBT0IXLClaFTimZNLWhyWTIvSOW0r3/IrjV33Cnbv0BP8H0sfB1IHA451xu7olTJQGD4M3LTU3PzM7l5xcWl5ZXVv219UswmeWixo0y9jpmIJRMRA0lKnGdWsF0rMRV3D0Z+le3woI0yQX2UtHQ7CaRbckZOqnpbxXvdmlvh0aapYCGRsoAFCPsCGTHdOQ1/UJQCkagf0k4IQUyQbXpf0YtwzMtEuSKAdTDIMVGn1mUXInBQpSBSBnvshtRdzRhWkCjP7plQLed0qJtY91LkI7U7xN9pgF6OnZJzbADv72h+J9Xz7B91OjLJM1QJHy8qJ0p6o4eFkNb0gqOqucI41a6v1LeYZZxdPX92ALoygMXgD3togYGrqLwdyF/yWW5FO6XyucHhcrppKw82SRbpEhCckgq5IxUSY1wck8eyRN59h68F+/Vex9Hc95kZoP8gPfxBRWcplk=</latexit>

Estimable bound 

! c(" ; X ) := EPY | X [! (" ; X, Y ) | X ]
<latexit sha1_base64="JoujAiWcHxfbjmY5+EqEGzMW8fg="></latexit>

Replaced                                                with ! (" ; X, Y )
<latexit sha1_base64="CbknlKVGlYc9asGKyoNuzFLJSiY=">AAACGnicbVDLSgNBEJyNrxhf0Ry9DAYhgobdKCh4CejBYwTzkCSE2ckkGTK7s0z3CiHkTwSv+hvexKsX/8JPcPI4mMSChqKqmm7Kj5QEdN1vJ7Gyura+kdxMbW3v7O6l9w8qoGPDRZlrpU3NZyCUDEUZJSpRi4xgga9E1e/fjP3qkzAgdfiAg0g0A9YNZUdyhlZqpTMNpQFyDewJZNe0dkofT1rprJt3J6DLxJuRLJmh1Er/NNqax4EIkSsGUPfcCJtDZlByJUapRgwiYrzPuqJuacgCAc3h5PkRPbZKm3a0sRMinah/N4YsABgEvk0GDHuw6I3F/7x6jJ2r5lCGUYwi5NNDnVhR1HTcBG1LIziqgSWMG2l/pbzHDONo+5q7AmjbAhuAs8BGNYxsRd5iIcukUsh75/nC/UW2eDsrK0kOyRHJEY9ckiK5IyVSJpwMyAt5JW/Os/PufDif02jCme1kyBycr19FWqDF</latexit>

for any                 such that

!
EPX (! c(" ; X ) ! #)k!

+

" 1/k !

= sup
h! 0,E[h(X )k ]" 1,O( L )-smooth

E[h(X )( ! (" ; X, Y ) ! #)]

<latexit sha1_base64="ir2Amqf+56useIykU3rAdfBOL/s="></latexit>

k, k! > 1

<latexit sha1_base64="Nk2i2Ush2pAkOhdKfPsByeA8aPk=">AAACD3icbVDLSgMxFM3UV62vqks3wSKIaJmRgrqRgi5cVrAPbIeSSTNtmDyGJCOUoR8huNXfcCdu/QT/wk8wbWdhWw8EDuecy705QcyoNq777eSWlldW1/LrhY3Nre2d4u5eQ8tEYVLHkknVCpAmjApSN9Qw0ooVQTxgpBlEN2O/+USUplI8mGFMfI76goYUI2Olx+gURt0TeA29brHklt0J4CLxMlICGWrd4k+nJ3HCiTCYIa3bnhsbP0XKUMzIqNBJNIkRjlCftC0ViBPtp5OLR/DIKj0YSmWfMHCi/p1IEdd6yAOb5MgM9Lw3Fv/z2okJL/2UijgxRODpojBh0Eg4/j7sUUWwYUNLEFbU3grxACmEjS1pZos2tiJtA/qM26jUI1uRN1/IImmcl71K+eq+UqreZmXlwQE4BMfAAxegCu5ADdQBBgK8gFfw5jw7786H8zmN5pxsZh/MwPn6BfnMnGQ=</latexit>

1/k + 1 /k ! = 1

<latexit sha1_base64="YWOHbKdQWAhbCpcszPS9l3f9iag=">AAACFnicbVDLSgMxFM34rPXRUZdugkUQxTojBXUhFHThsoJ9QDsMmTTThuYxJBmhlP6H4FZ/w524detf+Amm7Sxs64GEwznnci8nShjVxvO+naXlldW19dxGfnNre6fg7u7VtUwVJjUsmVTNCGnCqCA1Qw0jzUQRxCNGGlH/duw3nojSVIpHM0hIwFFX0JhiZKwUugX/vA9Pof3DE3gD/dAteiVvArhI/IwUQYZq6P60OxKnnAiDGdK65XuJCYZIGYoZGeXbqSYJwn3UJS1LBeJEB8PJ4SN4ZJUOjKWyTxg4Uf9ODBHXesAjm+TI9PS8Nxb/81qpia+CIRVJaojA00VxyqCRcNwC7FBFsGEDSxBW1N4KcQ8phI3tamaLNrYpbQP6jNuo1CNbkT9fyCKpX5T8cun6oVys3GVl5cABOATHwAeXoALuQRXUAAYpeAGv4M15dt6dD+dzGl1yspl9MAPn6xekU52l</latexit>

sup
Q X ! !

EQ X [! c(" ; X )]

! inf
"

!
1
#

sup
h" 0,E[h(X )k ]# 1,O( L )-smooth

E[h(X )( ! (" ; X, Y ) " $)] + $

"

<latexit sha1_base64="2MrMaIxCWnUNbNaDvNBV5sARrek="></latexit>



Estimator
Standard approach: Solve empirical risk minimization problem

minimize
! ! !

1
n

n!

i =1

! (" ; X i , Yi )
<latexit sha1_base64="Yw1cEKwK1VYV6tO+QiVvO53FpW0="></latexit>

Worst-case subpopulation approach: Optimize worst-case 
subpopulation performance

Can efficiently solve using dual version. See paper for details.

minimize
! ! ! ,"

!
1
!

sup
h" 0, 1

n

! n
i =1 h(X i ) k # 1,O( L )-smooth

1
n

n"

i =1

h(X i )( "(#; X i , Yi ) ! $)] + $

#

<latexit sha1_base64="EjVnYVh+pGB4TUhd9E3dY5fOHRk="></latexit>



Semantic similarity
• Given two word vectors (GloVe), predict their semantic 

similarity


• Per word pair, there are 13 human annotations on similarity in 
range {0, …, 10}


• Train on 1989 indiv. annotations, test on 246 averaged values


• Fix train-time             , test on varying 

[Agirre et al. Õ09]

! (" ; x1, x2, y) = |y ! (x1 ! x2)! " 1(x1 ! x2) ! " 2|
<latexit sha1_base64="ZbL8Xu63vFIhfsIWOiO7SR9HOAY="></latexit>

Word 1 Word 2

Similarity

! = .3
<latexit sha1_base64="00V0hOeCZWYh53VmiDnWurzDkB0=">AAACGHicbVDLSsNAFJ3UV62vVJduBovgxpC0gm6Egi5cVrAPaEKZTCbt0EkmzEyUEvojglv9DXfi1p1/4Sc4abOwrQcuHM45l3s5fsKoVLb9bZTW1jc2t8rblZ3dvf0Ds3rYkTwVmLQxZ1z0fCQJozFpK6oY6SWCoMhnpOuPb3K/+0iEpDx+UJOEeBEaxjSkGCktDcyqK0iQuYglIwSvodWYDsyabdkzwFXiFKQGCrQG5o8bcJxGJFaYISn7jp0oL0NCUczItOKmkiQIj9GQ9DWNUUSkl81en8JTrQQw5EJPrOBM/buRoUjKSeTrZITUSC57ufif109VeOVlNE5SRWI8PxSmDCoO8x5gQAXBik00QVhQ/SvEIyQQVrqthStS6a6kDsjzSEe5zCtylgtZJZ265TSs+v1FrXlblFUGx+AEnAEHXIImuAMt0AYYPIEX8ArejGfj3fgwPufRklHsHIEFGF+/Q3qgSA==</latexit> ! test

<latexit sha1_base64="ntcp/mDH8oHGWnBPcFEX/mvx0EQ="></latexit>



(p=2)

(p=1)

W
or

st
-c

as
e 

lo
ss

Worst-case group size

R ! 0
("

)

! 0! test

<latexit sha1_base64="ntcp/mDH8oHGWnBPcFEX/mvx0EQ="></latexit>

R ! test (! ) := sup
Q X ! ! test

EQ X " PY | X ["(! ; X, Y )]

<latexit sha1_base64="vbDUxn4RJpKKEjyvkTHAVu3+FPI="></latexit>

R
!

te
st

(!
)

<latexit sha1_base64="TX7Ao+MymGHY8UJEWYOeI0AxdxI="></latexit>

k = 2
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Endnote

• DRO = Worst-case subpopulation performance


• The question: choice of worst-case region
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