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Reward contraction principle :
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Theorem ( Dudley's entropy integral) Let {Vn : htt} be a sub-Gaussian prongs art. d on T
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Pf ) Let N -- NIT. d. s) , and U:={hj3jE , be a S- cover of T. fix an arbitrary HGT .
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There exists gist . dlh.hg.IE 8 . Then,

Vu - Vin = Vu -Vy. + Vy. - Vu. Eddy?f;¥ , ( Vr
- Vi) t Ff.fm/Vnj-Vu . I

Given another arbitrary WET , the same bound holds for Vh
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Instead of bounding the last term via Lemmen
, we use a draining argument.

for L sit . D2-L E 8 , think of MEN as a 2h ) - cover of N . Now, for each m:
'
i'it ,

define Un : = minimal 2-
n ) -cover of Um# Care

'allow elements of T ) .

By def , Html E WCT
,
d
, p. zm ) .

Best fqpmx of hell in Um .

For each meh - it , define an : U Um
,

TimCh) = wgmniehum dlh , h' )
using this , we construct a drain from any hell . Tm . , ⇐ Tm-i frm)

Ui Vi
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.
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We arrive at Wh-Vail = Hu - Vr. + Vr. -hi the -Val
C- Ivr. - Vril t wa- Vril tlvr - Vol
#bound via chaining
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.
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-hi is dcri.TT- subGaussian .

and mff.fm dorian-ich) E - 2- in-4
,
and Matt NCT, d , 0.2-7 .
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,
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combining with * , we get the result. DX
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Asymptotics we use the pillowing notation .

Pet RVs Xu-- Op Cl) if Sapna PAKHI M ) → o as M-so

Xu - op le) if IPCIIXNHZM ) -70 FM >o .

We write Xu -- Op(n) if n' Xu = 0pA) .

ULLN we want to show that into
,
where 019ft. Eecoiz)

.

We use uniform law of large members snpoe I ntElCOiZi ) - ELCOIZY -90 to prove this
.

To simplify notation , let RCOH-EICO.tl ,
Rico) a'Elbit)

.

Prof if ULLN holds
,
and an is at . RHODE Inf Rilo) + gold , RCE) tiffs RCO)

.

Pf) Let 0Eagmoi.no. Not . RAY-Rco.)= Riot-Rico) + Rican)-Rico) e- Rico)- RCO)
by hypothesis④¥Mtop4) + oplc) ✓ by WLW = op IN .

A-

Coy Let Rt) he sit
.

V-E>o JS>o st
.

RLOIZR LOT c- S whenever 110-0917 E
.

Under auditions of Prof , £→PO-
.

Pf) IPC Hoi-091>e ) E IPC Riot-RCO) 28 ) → o by Rep .
A .

Theorem het H be an envelope function for H : the 71 , 1hL EH .
Let EIHCZH CA;

-

and define truncated version of H : Hm :={h¥¥ : HEH )
.

P
" hm

If n' clog NCHM , Allain . e) → o for all peed Ezo
, Mao ,

then Stephen IEEhail - Ehall to .

Pf) from symmetrization , EYE, EEHCZII- Ethel EZTERNH
⇐ 2ft Efx I%i(hCZ. ) - hmftil) + 2ERuHm
£2 EHIZIIIHCZI>M) t ZERNHM

Take a E-cover Hm
, e g Hm in ltlkypis

.

Rahm E Ruthie + E

Now, note that since apnea, linkup , E M , Leonora gud
P

ra Rahmat zmbgiNCHT.oii.TT .

⇒ Ruthie -70
same bound holds f Rnfttme) .

so TEsapnq.tl a'2hAM - Ehtt) l E 4Eh#I{HAI >M) t #ERnHm ,
et E

= lion!:p E Eff, liithttil-Ethel E 4EhH7II3HCHsM3t E too , Mca .

Taking M-ra ,
Edo

,
we get the result . DX
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Rates of convergence we um characterize the rate of convergence p E-709

Intuition
i RIO) Hauvatwe of R is higher that perturbations Ri-R

,
then we're good .

Rico) -Rico) = Rica-RCO)- kilos-ROM) x plot- Rio)
- -

=:once) fluctuation Growth

we call on the localized process .

Pet The modulus of continuity around Otis Walsh :=%foqeg# (O"
.

theorem Let Onn EMMET. @ RICO)
,
and assume GIO! we assume Wu is small compared to aeovdete .

fluctuation Ewnls) E €8 pm some Mcm , a > o .

Growth FPZI . X >o , so sit . RCOIZRCO.) th KO- OTB to st - Ho- O-HEE .

Then
,

Hoi- O'll = Op (n
- 4k¥)

.

if 17h Intuition : xsBz coat = 8=546-5 .

1-

"

i÷÷÷÷÷tEEr¥E÷ii÷mi:'t:mmiE¥imset
. 2J - ' L rn Hoi- O 'll E 2J of . DE rue

concentric shells with↳ In this case
,
on = Eloi) -RIOM - Crim-Room) doubling radius
To e

satisfies

Wnlrii 'd ) I#COIL Z RE-Roy 's XIII -o- KP zx.fi ' . zit)B .

so taking a union bound gives
IP(ru Hoi - 04122M ) E Ejzm ,

zjernelpcrullon-OHEE2ttdd-lpllloi-o.kz e) .

d- Ejzm . ziering lP(wn(ri'2J ) Z X. Cri ' 2h18) + pflloi-osl.se )
⇐ 5pm ,

zicrnexfn-tzi.ge Ewulrci'd ) t 1p(Koi-0912 e)
E C- 9. pish

arm
2 Efm,2iErE zjM + PUKE-091 .se )

= I -2B Ejzm zi¥, t IP ( Koi-0417 e)
- -

→ o as M-70 → o as n→-

we've shewn that ration-091=947 .
A

.

Example Let Omelet) he d ' z
, onecoin is LCH- Lipschitz ht

,
with ELEM Loo .

Assume 02 RCO) so . From Taylor expansion,
Rko) = RIO) t ORCO.TK-09 + Eco-0970740910-O) t 01110-0413 )

⇒ RCO) t Elo-0970740910-0) t 01110-0413 )

Z RIOT t # Amina'RE) ) 110-0412 . f 110-091
small enough .



so on Rko) satisfies growth audition with B -2 and A- #Xining'RE'D .

To show fluctuation
,

we use Dudley's entropy ortegal . From symmetrization ,
Fhwa Hi ] E a ELEI.to#eslnECkoizil-lcoi7iD6ilIZiI
Recall that E- covering number offzhlco.it/-lCOiz7:ko-o9lEs3isbddkyNC9O:ko-o9lEd3

,
lill
, µ÷⇐ ,

) E (It £Y4hi#)d .

Elwnlsltzin) Erin f."""""dhgft8s de
E fda . 8. Kdka

Noting that Elkllucpi , E FEELEY = FEET
,

Ewa Eff 8. FEET .

(x -- I )
we conclude that THE-091=941 .



Y
%%_ A function R : Kd → IR is convex if too

'

ElRd
,
RftOth- Ho') ETR@HA-ARLO't HEED

.

Lemme Let R:lRd→lR he differentiable on the interior of its domain . R is convex iff
to

,o
' ElRd (O') > RCOHPRCOTCO'-o)

.

← 1st order approx is a global memorization
Pf) '

⇒
'

From def of convexity , RCotto'-01) ER + two't -Nol) . = RIO't -R lol ? I (Rlottlo'-ol) -R lol) . Send tho
.

'E' Define Ot = tota-HO ' - combining RCOIZRCO# + ORCOETCO-OH
,
RCOYZRCOTI 't ORCOTPCO

"
-OH

,

TRIO) -1 Crt)RCO) > Rca) t ORCOH
' ( tot KHO' - OE) atEG.

IT . At

rink the latter def of convexity maturity generalization of gradients to ironsmith , come functions .

Optimality consider nff.ORG) , por R :RMR diff
; come . y¥Rko)

Lemere Ot -- Mmff FRIO) iff PREMIO - O') so to E ①

Pf) 'E ' from prow lemma
,
Rfd-Rko) Z ORC0470-0920 to c- O'

. §
'
⇒

'

ORCOTTO-oh = figs #(RLOItlo-o.lt -R69) 20 TOE ④
.

A

Coy Let ① be a closed convex set in Rd
.

Define the projection operator told :-. ogmftfo, 1110-0112
.

Then
,

HT lol- O
'

Hz E KO- O 'll z fo 't VOE IRD
.

Pf) from first order conditions per min 'oe 110-0119
,

OE ⇐① lol - OT(O '-T lol) = ⇐① Col-o ' to'-05 (o'- T Col) = - HO'-T lol Hi t KO'- OT (O
'
-TEA)

.

From Cauchy- Schwarz , HO' -T COME E KO-O'll 110 '-T COW .

"O't Ax .

stochastugradients A stochastic gradient Glo) is a RV at
. EGG) = ORCO) .

We study first-order optimization methods based on stock
. gradients .

§mon1) minimize
, ① HELLO# = '

-RAB
.

If Oh lcoiz) is differentiable , then OOLCOIZ) is a stochastic gradient if E. To can be interchanged .

• SGO Iden Go in the direction of stock . gradient, then project to ④
.

° Algo :

"

let G be a stock . gradient of Ako) .
At each iteration K

. 0kt, = IT ( Ok - de GION) for some stepsize 4k >o
.

9
We're implicitly assuming that projections are efficient to campsite .

Rink we can't even evaluate Elbit) . So SGO takes samples . In its simplest pom ,
draw Zika P , then take Glad :-. Tolkki Zed . We could take multiple samples and

average over them .

Rmk2_ We could consider ERM moi a'Ello:Zil
,

and think of DolCoit) as a stock
.

gradient of the empirical loss . our following convergence results still apply in this case
.

the rationale for SEO art . empirical loss is purely computational :
instead of mourning OG) to evaluate each gradient, I want to compute an approximate graduation Ocd .



Convergence Assume ⑥ Eogmotif RCO) >- - exists
.

them Let ① be compact . Assume FR>o sit
. EI@ KO - 09k ED

,
am>o st

.

EVGENI EMZ toe④
.

Let xx be dee , pos . step sizes , and -0k ' E'Zion Then ,

ECRCOII - RCODE zk t#Ikaw M?
Pf) We expand on the error 110*1 - O- 114 .

I 110*1 - Olli = E HT (Oe -McG CON) - 0419
E IH Oe-akGlad -04122 by non-expansiveness of to
= I 110k- 0419 -AccGlad

, Oe- O
'

> + It
'

Kato.) Ili .
Add & subtract de corked , Ok-07 to get

= IHOK -Olli - de LORCA) , Ok-O' > + IF HGCoe) 115 - de (Glad - ORCoe) , Ok- O
'

>

⇐ IllOr- 04122 - da (Read - RCO)) + IF 116104117 - de (Glad - ORGe) , Ok- O - 3 by convexity
Divide each side by no, and rearrange
KOH -RCO) E ztedloe-Olli - koku -Olli ) t # HG kadlli - (Glad - ORGe) , ok- O ' > .

. . Cr)

Now , note that Eliza dok-Olli - koku-0914=21911*-0411-#HOK-Olli + Eh! Can't - zig
. .) Koe- o-Hi

c- + EE.li#-ai.i--Eni* .

So summing both sides of &) ,
EERION - Rco) E 2%2 t IzakMZ - Zu.EE#lOaI-oRloal , Oh- O' > .

Taking expectations on both sides and noting
EKG lad-ORION , Oe-071 = EIEECGlad - ORLON , Or-0710k) )

p
= EK tequila- o's] = o

,

we get 3404- RCO.DE 2¥ t Eam? Noting RCE ) E IER
,

we get the result . #
D 30M

are for an -- MRT , GREEN-Rco.) E Tax .

Pf) Noting 3¥ c. I ."# dt --25k , EM EM DX .RHS E 25kt of -

Rmd Think of K as # access to gradient oracle . If Glo) = Pollo :Zil , then k= # samples .

And often
, we iterate through data c times

. This give gains on empirical loss .
But population loss-wise, theory doesn't give gains as c grows.
In fact

,
we can't do better. We show this next class

.


