
- projects -Recap of annoyance . gen .
- SGP - tied dorm to a procedure .

Information theoretic Lower Bounds

Regine studied convex (stochastic) optimization problems
minimize RCO) ,

①Ekd coma
, compact , R : ① → R amice

.

OE ④

OI Csukgradienb ) The abgradeeot set of R at O is aRb): - Eg : Rto'

H Rkhxcg , o'-o> to' ]

of. orca is awe and compact. sukgradeats are supporting hyperplanes of the epigraph

\# : Ot -- agonize④ Roo) iff Lg .
0-0*720 Fg Ed RCO ) O_O

Example hlok 10 -d 2h01 = sign CO-c) if Otc
- {

El . I ] if 0--1

of . Useful for e.g .
min n'Elcock4) +711011, or min IE#-Exit

stochastic Kb)gradient descent : consider stochastic sukgradeats gCoi3 ) sit .

pr some independent RV 8
, EgCORI EZRA .

0kt ' c- IT (Oh- Aug6434) : SGP update

e.g . BE Hinted . glo :3) = oolcoix.tl . Cor you can use batch > 1)
,

theorem Let 0Eagmoifo.RlOl7-oo.D7ost.fI@ko-otlkEPTmsos.t . If@EtllglOi3llhEM2.Let
ax he dee , pos . step sizes , and ZE EEYOU

ECRCEK ) - RCO )] E ZEIT t#IF an M?
Pf) Identical as last oak's result for differentiable functions

.

are setting an -- MFT , ERCOII -Rko ) E FFT .

Rink To solve problem to e-accuracy , you need 0¥) - iteration of SGP.
compared to logCle) of Hms

,
this is terribly slow .

I can we improve the SGO rate of one ? Or is it
"

optimal" ? ie. un improvable



Minimax rates considers worst-case optimality gap among a class of "

problems "
.

Components 1) A collection of functions F:= { OH Epecoizl : Pep ve ) induced by class of probabilities P
2) closed

, convex set ④Ekd ⑧ of everything

37 A stochastic gradient oracle g : Rdx I x F → Rd sit . EgCOB ; R) ESRB) .
Implicitly a pub.

distribution on I induced by P.

↳ Think of this as # access to data points .

Example Rfd = Epilogue apt-40×1) : Logistic regression 0=9 Pst . YES-1.13 , X EG, Dd a. s . )
F= { Rp : PEP 3 Define 3--kid .

gCOi3 :P) = volcoix.tl = - µ⇐pT¥o ,
Ez-p glo i3 :P) = ToRp (O) .

View algorithms as making K queries to the stock
. grad . oracle at Oi, - - -

. Ok Cadaptivhp
and it returns One .

Optimality gap : Ez€Rp( Ethic"Bk) ) - iof RHOD 120k what this is . so we think of naturechoosing the worst- possible instance .

Measure performance wit . hardest problem ( dist. PEP)

are
,
Ffp Ez€Rp( Ethic"Bell - iff RED . . . Ca)

i.e . I want on to achieve low amor uniformly over- PEP
.

My girls as statistical modeler lstoch optimizer is to aime up
with algo Est . CH tou

.

The optimal algo gives the minimax risk

MkC ,
P ) : = ing *

,
Ffp Ez€Rp( Genii :3all - iff Blob

where inf is over all measurable Hhs of 3 , i :3 K .

And we can consider random procedures that incorporate more randomness using same

techniques (bounds(proofs .

This measures extent to which we can optimize worst-case optgap do the dass
of problems PEP

, using finite access to stock grid oracle .

Rink Sander quantities can be defined for estimation problems where 3. i
- 'ihr oe dater pouts .

This would measure sample cmptedy . Ecoythug in today's class has a straightforward analogs
to this setting .

Rink though we define mineral risk over k queries to stock grad oracle
, we can

see sane band applies to all procedures using K samples .



Rmd Minimax can be very conservative .

Step (worst - case - Bayesian) Let {PIE P ke a collection of distributions ordered

by finite or countable V. Let T be a prob on V. For any fixed l ,

Supp⇐p EfRr - iff Recoil 2 Ever Tcu) Ftl Rpd - iff RHOD
! !

step (Reduction from optimization to hypothesis testing)
A

Pet for two ax functions Ro
,
Rae define the optimization separation bet Rio & R, as

dopt CR.. RH : = SupTsao :
REME Riis ⇒ Road > Roots

I Roche Ries ⇒ Rico, z ra +g fn any Of ④ }
where Ri -- ufoeor. Ru lol .

↳ Optimizing Ri means we can't optimize R. very well if dpt (Ro , R) targe .

This says if we optimized one function well
,
then we couldn't have optimized

other functions well-separated in dept .
e.g - ft O is sit. Rico )- RE E dopt CAR. ) , then 0 cannot optimize Ro cell .

Et R.#1=10-01 Ricoh 10+01 \
.

:# dept (Ro , A) =D ,

consider canonical hypothesis testing problem :
1) Nature chooses VEV unit . at random

2) and . on Ver , we observe sukgradrents associated with Rpv fm iii. d Bii ; 3k .

God figure out which index Nature chose
.

If we can opt to better than dopt (Rr , Rui ) tiEV , then we can identify V-- v .

Lemme Let V he drawn a.a.r
. from V , IVKoo , and assume Biber is S-separated :

dopt (Rv.
Ru ) Z d Vvtv ' EV

.

For any fixed e, f.
over V & 39

Then
. # few EERIE - Rt] z s

in! Pci # V )
where int is over all testing procedures based on observed dates

.

↳ In patienter , this lower bounds Bayes -risk with Kirk .

Gameplay construct a class of well-separated functions in dopt . Then stun testing among them
is difficult .

↳ Trade-off : Easier to distinguish functions when 8 huge , and vice-versa .



Pf) FERKO )-RT ) Z STEIGRiot-RI 283=8 Ipv (Riot-Ru. zs)
.

SIR is over 3k, for the oracle it defines .

Define the hypothesis test f = qv if Rulon ) E Rft so
random oh ← this can be arbitrary

↳ This is well-defined since doptck.RU.) Zg v#u ' , so
) such v is unique .

Nn note Ftv ⇒ RuCEI Z RE + S
.

So Pff#v) E Puckett 's Russ) .

Heme'
# few EERIE) - Rt] I suffer Puff # v) = S - IP(ft V) by def of V . *

Le Chen 's method . Reduction to binary hypothesis testy . V=9 - I , + if
we construct Pi

, Ri , and show hardness of optimizing on IR '
? ① .

PCI TV distance IIP- ①Hey = FEE men .
IMAI-QCA) /

KL divergence Kalra) = f¥C3llogK3Yqcq , dm I

hemmed I- HP,-Aku = int Splitt) + ACT# -D)a best prob of being wrong
.

in binary typo test,
Pf) Aiy f

: I-7194,13
, define A = f- IS it .

A' = f- 'Foh so RCF# 1) + Picot - l) = IRCAT t R CA) = I- RCAHR.CA)

Taking int oro f , RHS = pint.=n⇐MAKECAB = I- staff men, PEA)-Rita) = I- HR- Pekar. A

we get Macon , p) Z ing T.EE, Er @
cone)- R:3 's sizing 4K¥# It Rite#-D)

where Pti are K-product distr over 3, ii.3k .

= 8 . I ' ( t- HR's RE Ha )

↳ If Ri , Ri are diff , then 8 is big (optimizing one makes other worse )
,
but this

will likely make R .
Ri to ke dypnat .

Now , HR " - filler is unwieldy since TV distance don't play well with products .

Leonard (Pinsker) HP-Otta E E Kalp ,
Q)

Learned DKLCRK
,
Rik ) = K. DKLCR . A)

PA ftp.eadbgtYI-iff?Ygd3...d3e-- Eliftp.csiadclyfp?gInd3i-d3k--E!ifpaC3albgftp.fsf#d3a--E=FBiaCPnP-i ) ax .

n

so we get ARK- Rilla E EWR.P.IM
. Plugging this in ,

Midori .P) I doptlr. . Rt ) . ( I - ftp.T) .
A

Now , construct Pi
,
Ri Cui th corresponding oracles ) st. they're close in KL so testing is hard, butwell- separated in dept .



Let ①Ekd ke sit. K-body radius D is included in ④
. we consider stock . grad .oracles s# EH glo IRAN E M2 pm all Of . Let P ke s .. Oh Rpplol is M-Lip in IHH .

construction azseig.gg?p..a:::s.:r.foE.ynemo.EYokr9.Eh? -

snow
.

From picture, dope-CAR-i) = SMO .

Now , construct stock
. grad . oracle at . I gCOi3iRv) ' EM ' .

for 84
,

the oracle for Pv
,
v f ftB is

flip coin 3~Berfdtrs.kz) , glo;3 ; Ru ) = SYM Sgu ( O
- VD) if 3=1

- RM sign CO - up) if 3=0

of . If O-- VO
,
return random IM .

ftp.gcoihirv ) = HI vmsgnco-co) - 'Is vmsgnlo-00) = rt . vmsgn Co-ro) = Smqnco-vo)E2RvlO)

Distance aacr.P-i-Ezeso.is peg)hgff? = ¥bgE÷t # log 'I¥
= slog '¥s

Taylor expansion of xhbgt¥=aGc) at x=o : a'Cock +¥ a"Gd= -c¥tg¥

log'¥s = alo) t a' lots + a s
'

for sane EEE, d ]
to it 28 + 28

'

if SEE ti a'
'(E) EKITI az=4 )

E 38 if SEE .

So Daca .
A) E 382

. Plugging this into Lebar's result ,

Midori , D) Z E SMO - G- FEE) .

set 8 I need 1- FEET to behave like a const
.
i.e. 82- ¥ .

Set s=¥ so that I - Ese = E CK?a) .

conclude Mid P) Z air . f k -72 .

Recalling pree result , if

QnnerBzE@EDontoBziErcMEMkCQP7EETM.Q
My construction was in IR

'
. Surely thugs are harder in d> I .

Can we stun a more explicit bound with dimension ?



Assouad's method Reduce opt to d binary hypothesis tests .
Let V= SEI 3d ke the d-dias binary hypercube . Far each EV, we construct function Rv
and R

, a point distribution over 37
.

W. log. assume OE ①
. We say {Pulver is E-separated in the Hamming distance if for all Of

Rulo) - Rit I Ejd , Sj 19 sgnloj) # Vj3 .

⇐ Riot Ejasdjlofvjl
,
VE ① .

so Riko trutv
. Then , Rulo)-RT = Egad fjloj-vjlzgasjflsgncoit.ly. } .

Lemme CAssound ) Let {Rider he 8- separated in Hanning distance . f- Gild .
Let Ej=zd÷§± , Pv

⇐ In,µ EACH -Ri Z E Ed Sj ( t- Hptj -Rjlku)
Pf) zedo.IS#yaEfRvCOieI--Rv72zndIEs*zaEj-idsjlB(sgn(Ejkvj) = Ejadsj IIe dlpulgncojttuj)

= Edsj.z.IE, Rlsgncojt # 1) + Ey.=, Pvlgncojtt - D}
= EEdsj{ Rifsgrcojtiltpjlsplojtt - IB
Z E Idg. ( e - Khj -Pyka) ax .

Are Let Raj ke Re where v ' is v with gth entry of v forced to be II .
Then.

Mid 8) z des ( I - T.io#j.R..jy) wherever SA- separators in Hamming holds
.

Pf) Note that P±j=zdE Pr,±j since Ev Puig. = %.
Pv + Ziyi - i Putj = a Ev: Pv

then prom triangle inequality ,
HAJ -Rj ku = HITZ Cmj -R.-jllku E ITE HR

.
-

y
'
-Britta E Ff HR.j -Ri-jlku E MY ftp.j.R.jt.bg Pinsker

.

Mr C B) 2¥11 - IED Khj-Pjlku) Is dat ( i -YYjF¥I) , ax .

Consider Eko]dE④
,

and EkgKeihin HT EM' toe
, and I Rpco )-Rp (O

' )# M HO-O'Hoo

construction Let Rukh = It 110- Full , per vest 'll
d

. Then

Rulo) -Ri = Rukh Z Mat Ed OA{sgncojttvj } .

so # 1- separated in the Hamming distance .

For stock . grad . oracle , take Br = {fig. YP:p . "÷fy÷d Fli 'd
d

glo :3 ; Rv) = q M - vjisgncoj -Nj) - ej if 3u=ej ,
IM randomly if 0j=Wj

t
- Mvjsgncoj-Pvjlej if 3v= - ej

ftp.gloiziru/--Ejad4tIdIMvjsgnloj--ovj)ej-tEd- Mvjgnloj-Ovjlej}
= Ejadsdvjsgnloj - Oy- leg. = IM sgnlo-or ) c- ARCO)



Distance we need to bound Halper . R . )
por vav

' that dygo only in a single coordinate .
Wiley . let this be the first coordinate , and recall Pv is a gout distribution over Bk .
Since Pu is a product distribution over iii. d . 3i , let 3in Pun , .

Then R = Rig .
.

So Dalia ,
Pu ) -- Qadri . , Rika . ) = k Kalka . . Rita)

Now
,
note frm definition that if vj=vj

'

tjtl ,
with UH ,

Vi 't

QalRim , Rim) = P C3u=a) - log pptaI.ee#+PC3.---eDlogPGr=-eDC3uPEE -e)

=
'II log 'I¥%, + Edt by '÷¥. = delights EEE ,

se 's

so we conclude Macon, P) Z E. MODI - f -EEE ) = MIS . G- IKE ) .
2

setting 8k¥ ,
which is possible if f- . EI - K , ¥52 = I .

Mid P) Z F. ¥f - I = MIFF whenever K2 -1
.

Let's say ←Din
,
Din]d E E at

,
Ootid

.

Then
,

DinjMf¥ E Mad P ) E E' art - M - FI from previous result .


