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SENef A functionR: Rd-R is convexifNOERd, RAPTCSOY SAR(01+(HAR(8) HFOD

#pe Let RIRd+1R be differentiable on the interior of to domain. R is convex iff

VO,0'E1Rd 101 ] RCOH+URCOT(O'-8) ②1storder opportis a global immorization
Pf1 ==> From def of connenity, R(O+ +10-01) [R(0) +t(R(81-R(01). =R(01)-R(0)] (RO+0:01)-R101). Send too.

El Define OF = t8+CH718' Combining RIOTIRIOA +URCOSCO-ON, RLOP IRCON+ ORIOCO-OH,
tR(b)+(wt)R(01) =R(O) +vR(01)"( tO+ (t+10'-Or 8=0, 1]. #

Rank The patter def of connectly matiatedgeneralizationof gradients to nonsinoath, whosefunctions.
timalityconsider mugRCO),for RAR diffchec

&ToLemmn 80:againstRCO) iffPRCOM10-00 10 000 0
-

pf) 'E From per lamina, R(01-R10%]0R(0%(0-0710 000.
=>PR101-18-0 =lim (R(84t18-00) -R(61) 20 00C. #

Car Let#be a chised comesetinIRd. Define the projectionoperatorTo107::agingNO-Ok.
-

Then, 11 To(0)- o'll = 0-8'l NOE VORd
Pf) From firstorder conditionsfor minoto18-8'll,

0 =(0(0) - 0)" (0'-8(0) =(T0(8)-0 + 0-8)" (0'-T0(01) =- 18'-T0(0)1( + ((8:0)" (8'-T0(0)).
From CareySchert, 18-TACO:10-0110'-TOO. VO'O #

A stochaste gradentG(R) is a RV St. EG(0) =UR(0) .&hastagradient
study first-order optimizationmethods based on stockgradients.

(canonical minimizeofaSEl(Oiz) =:R9He
If OK l(0:Z) is differentiable, then Pol(OiE) is a stochastegradientif E.To can be interchanged.

·SED Idea:Go inthe directionof stock, gradent, then project to
· Algo:retco) bea stoch gradentofe-GG,(01) for some stepsizea 0.

↑
We're implicitingassumingthatprojections are efficientto compute.

Link we can'teven evaluate EllOTE). 500 SGP takes samples. In the simplestform,
draw ZIP, then take Gloc:=Voflociza). We could take multiplesamples and

average over them.

#k2 We could consider IRM MoElloizi),and think of Vollizi) as a stock.

gradientof the empirical loss. Our followingconvergence resultsstill apply inthis case.

The rationaleor SKO vvit. empirical loss is parely computational:
instead ofincurringO(u) to evaluateeach gradient, I want to computeall approximategradment inOCs).



convergence Assume OrecrgiinpR(A)>-t eists.
-

Ten Let # be compact. Assume FRT0 St. Ng 18-801 IP, FM30 St. EGOIEME NO

Let as he dec, pos, step sizes, and ORFEAn Then,

p2#[R(OK) - R(OT] I IK +EZCnM?
pf) We expand on the error 110k+-801.

#104+1 - 0"12 =E/IT0(8k -6kG(0k)) -0
=El0k-CkG(0K)-81, by non-expansiveness of DO
= E118x-8017 -44 <G(81), 8x-8') +1 NG(OK1.

Add subtract<kCORCPP,0r-8etqCPCEIR - G,<G(0x-VRIod, ore
E ENIOk-ON - a<(R(0,0) -R(0)) +EP 1IG(05/- 4(G(01) - VR(01), 0p-0") by coursity

Divide each side by xx, and rearrange
RCOD-RIOP <(100-80 - 1100-0i) +NG10d1? - <G(01) - VR(ON, 0p-0")..(*)

Now, notethatEntiti DONOI-10-R)dlOI-p-ccKIOROTEEdDlRTe
so summing both side of (8),
EERION)- R(0) =+EEakM3 - EukTAGIOnl-VRIOn), On-8"

Taking expectations on bothsides and noting
EKEIO-URIO, ox-04] =BfI<G100-vR(ON,0,-8" 10k]]

=ETIO-URION01-0)] =0,
we getERCON- R(01) <p + IZCuM? Noting RLOK) 1EERON), we getthe result.

#R(OT1-R100 1OMar) forSMTNSK Id =2, ms < #M +M. #
2π

Enk ThinkofK as #access to gradient oracle. If (10) =Polloizi), then K=Asamples.

Rk

oftenweitseatsthroughdatatimes.This give gain on empiricalasit
grows.

In fact, we can'tdo better. We show this next class.



SGP /
of A functionR:Rd-RR is convexif VORd,

RAO+(1+)0) EtR(01+(HAR(8) HED.

Lead Let RIRd+1R be differentiable on the interior of to domain.
-7

R is convex iffR(O)] R(0H+URCOSCO:0). VO.O'Rd

& Ist order opportis a global immunization

Optimality consider mig RCO),for RAR diff;ame.
-

Imman 80 :againsa0) iff ↑R(84 (0-00 10 000



Car Let#be a dised comesetinIRd,
-

rafine the projectionoperatorTo107::agingNO-Ok.

Then, 11 ToC01-o'l = 18-8'll VOED VORd



Adrastagradients A stochaste gradentG(R) is a RV St. EG(0) =UR(0) .

We study first-order optimizationmethods based on stock gradients.

(canonicalin minimizeofa Elloiz) =R(0)]

·SED Idea:Go inthe directionof stock, gradent, then project to

· Algo;letG10) be a stock gradientof10).k

Ateach iterationK,

01=TP(*K-1pG((01) for some stepsize <p>0.

We're implantilyassumingthatprojections are efficientto compute



convergence Assume ·earginofRCA)>-t eists.
-

Theorem Let#be compact.-

Assume FRT0 St. NO18-8PII IP, FM30 St. ENIGORIME VOD

Lettobe dee, pos, step sizes, and Ox= E*An

#[R(OK) - R(04] I + ExE<nM?

IOM
- F &k= ERC-R109 2π

P Noting ZP11." Edt =2K, RUS1 + M.
#


